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FOREWORD 

A D V A N C E S I N C H E M I S T R Y SERIES was founded in 1949 by the 
American Chemical Society as an outlet for symposia and col
lections of data in special areas of topical interest that could 
not be accommodated in the Society's journals. It provides a 
medium for symposia that would otherwise be fragmented, 
their papers distributed among several journals or not pub
lished at all. Papers are refereed critically according to A C S 
editorial standards and receive the careful attention and proc
essing characteristic of A C S publications. Papers published 
in A D V A N C E S I N C H E M I S T R Y SERIES are original contributions 
not published elsewhere in whole or major part and include 
reports of research as well as reviews since symposia may 
embrace both types of presentation. 
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PREFACE 

This book is the outgrowth of a joint Analytical and Polymer Division 
Symposium, entitled "Recent Trends in the Determination of Molecu

lar Weight." The papers deal primarily with molecular weight methods 
for polymers, but some are also applicable to non-polymeric materials. 

Wi th the advent of gel permeation chromatography ( G P C ) during 
the middle of the last decade, molecular weight determination has been 
so strongly dominated by this outstanding new method that it has tended 
to overshadow older methods and other developing new methods. In the 
present book on molecular weight methods, approximately one-third of 
the 26 papers are on G P C , indicating its continuing strong position in this 
field. However, there are also papers on four exciting new methods that 
promise to extend the determination of molecular weight into new tech
niques that seem far removed from conventional methods. These include 
self-beat spectroscopy, thin layer chromatography, mass chromatography, 
and electrospray mass spectroscopy. The papers on these provide an 
excellent introduction and progress report on the very newest molecular 
weight methods; these wi l l bear close watching in the years ahead as they 
develop further. Taken together with other papers on recent develop
ments in older methods, such as ebulliometry and ultracentrifugation, this 
collection of papers represents a significant sourcebook for the scientist 
concerned with molecular weight in the broadest sense. 

Generally, the molecular weight literature on synthetic polymers and 
on biochemical systems has been separate, as though they were unre
lated. The two fields, of course, share common methods of molecular 
weight. There is much to be gained by an open exchange of ideas and 
experience between the biochemist and polymer physical chemist. This 
volume contains six papers by outstanding biochemical scientists, two of 
which deal with sedimentation equilibrium. Here, too, the emphasis is 
on recent trends in molecular weight determination. 

A very important aspect of recent molecular weight work is the 
effort by the National Bureau of Standards to provide well documented, 
certified standard samples of known molecular weight. One of the papers 
included here is a progress report on this work. NBS is anxious to provide 
the type of standards that are needed on as broad a basis as possible. 
Dr. Wagner and his associates at NBS welcome suggestions from scientists 

ix 
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in all fields as to standards that may be needed and the usefulness of the 
present standards. 

Another recent trend in molecular weight work that was discussed at 
the A C S Symposium but is not covered formally in the book is the work of 
the American Society for Testing and Materials; A S T M is in the process 
of preparing and testing standard methods of measuring molecular weight. 
Those who are interested or have suggestions to make may write to A S T M , 
1916 Race Street, Philadelphia, Pa. 19103. The committee numbers are 
D20.70.04 and .05. 

Enfield, Conn. M Y E R E Z R I N 
September 1973 
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1 

Determination of Number-Average 
Molecular Weights by Ebulliometry 

CLYDE A. GLOVER 

Research Laboratories, Tennessee Eastman Co., Division of Eastman Kodak 
Co., Kingsport, Tenn. 37662 

This paper describes an ebulliometric system for routine 
and special determinations of molecular weights. The sys
tem uses a simple ebulliometer, an immersion heater, and a 
Cottrell-type pump. Temperature sensing is by differential 
thermopile. Precision varies from about 1 to 6%, and values 
compare well with those from other laboratories and those 
from other methods. Values as high as 170,000 have been 
successfully measured. Some problems encountered in using 
the ebulliometric method are: selection and effect of refer
ence temperature, limitations of the vapor lift pump and a 
possible substitute for it, measurement of equilibrium con
centrations within the operating ebulliometer, and the ex
perimentally determined ebulliometric constant and some 
factors which influence its value. 

"Ebulliometry, one of the classical methods for determining molecular 
weights, has undergone great improvement in recent years. The re

quirements of a successful ebulliometric system are thermal stability, 
temperature and concentration equilibrium, and temperature sensing. 
These requirements have been met by a number of investigators in 
various ways. The systems of each are reported to have met the need 
for which they were designed; in spite of this, however, the method does 
not now appear to be used widely either for routine determinations or in 
special problems. Here we present the case for what appears to be a 
neglected technique which is felt to have great potential. We describe 
a system which has been in use for several years for both routine and 
special molecular weight measurements, discuss some of the results ob
tained, and finally consider some of the problems and unanswered ques
tions which have been encountered. 
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2 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

The Ebulliometric System 

The system consists of a simple ebulliometer, a temperature sensing 
element, and an electrical recording device. The ebulliometer is essen
tially the same as that described by Glover and Stanley (I ) and is shown 
in Figure 1. It consists of a platinum immersion heater, a vapor lift pump 
of the Cottrell type, and a recycle arrangement patterned after that de
scribed earlier by Ray (2). There are other successful designs, such as 
those of Ray (2), Lehrle (3), and others, which differ in detail from the 
one shown, and there are different types, such as the shaking apparatus 
of Schultz (4) which was improved by Ezr in (5). Temperature sensing 
is an important part of ebulliometry. In the work being described, ther
mopiles are used. They are very stable in operation and change little, 
if any, with age. One advantage is the leveling effect of the multiple 

temperature sensing points of the thermopile on rapid temperature fluc
tuations caused by uneven boiling or pumping. Thermistors have been 
used, with equal success, for temperature sensing by many workers. Also, 
devices such as the quartz crystal thermometer might be adapted to this 
application. Finally, the signal from the thermopile is amplified in this 
system by a Leeds and Northrup stabilized microvolt amplifier No. 
9835A and is recorded on a strip chart recorder. Thermal stability is ob
tained with a vapor jacket. This jacket normally contains the solvent to 
be used in the determination and is covered with aluminum foil which 
serves as a light shield as well as a thermal barrier. The jacket is con
nected directly to the ebulliometer to prevent pressure differences, and 
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1. GLOVER Ebulliometry 3 

the system is vented to ambient pressure through a surge tank. W i t h a 
thermopile having 80 measuring junctions in the ebulliometer, tempera
ture differences of 2 X 10" 5 o C can be detected with satisfactory accuracy. 

Operation of the system has been simplified to permit routine deter
minations by a laboratory technician with no active supervision. The 
procedure differs from those published by Dimbat and Stross (6) and 
others chiefly in that the ebulliometer is neither washed nor dried be
tween determinations. However, after fresh solvent is added, the output 
of the thermopile ("zero line") for the solvent is recorded. Further, a 
decreasing heat input program is followed to eliminate the effects of 
foaming and superheating. Normally three or four weighed portions of 
the sample are added successively, and the elevation in boiling tempera
ture is recorded for each portion. The molecular weight is obtained from 
these data by the limiting slopes calculation, or by any of the established 
calculation procedures (6, 7) , with the aid of an I B M 1130 computer 
programmed to give the molecular weight and an "error" indication for 
each data point. 

About 8000 determinations involving a range of solvents and solutes 
have been made with the system as described. The most recent and 
perhaps most interesting development in this respect is the use of hexa-
fluoro-2-propanol ( H F I P ) as an ebulliometric solvent for the study of 
polyesters and polyamides. H F I P has an ebulliometric constant ( K 6 ) 
of 3.0, compared with a value of 3.3 for toluene, and behaves satisfactorily 
as an ebulliometric solvent. Precision of these measurements varies with 
molecular weight level, solvent, and to some extent, solute. W i t h a series 
of polyglycols, as shown in Table I, the standard deviation was about 
1% at a molecular weight level of about 4100. For polyethylene, as shown 
in Table II, precision does vary with molecular weight and is obviously 
influenced by other factors, such as homogeneity and purity of the sample. 

Table I. Precision in Molecular Weight Determination: Poly glycol 
in Toluene 

Determination Molecular Weight 

1 4189 
2 4138 
3 4112 
4 4112 
5 4164 

Mean 4143 
Standard Deviation 36 or 0.85% 

Table III shows some surprising results obtained from the NBS ( National 
Bureau of Standards) polystyrene sample 705. This material has a very 
narrow molecular weight distribution; since it is a specially prepared 
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4 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

Table II. Precision in Molecular Weight Determination: Polyethylene 
in Toluene α 

A v . M o l . Wt . 18,170 
η 7 

Standard Dev. 756 or 4.2% 
A v . M o l . Wt . 24,620 

η 5 
Standard Dev. 1886 or 5.6% 
A v . M o l . Wt . 34,280 

Standard Dev. 942 or 2.7% 
α Data from Anal Chem. (1961) 31, 449. 

Table III. Precision in Molecular Weight Determination: Polystyrene 
in Toluene 

N B S Reference Material 705 
M o l . W t . Found 171,900 

168,400 
169,700 

Av . 170,000 
Standard Dev. 1756 or 1.03% 

reference material, it probably is more homogeneous than most samples 
and thus gives more precise data. 

Assessment of accuracy presents a problem since few authentic refer
ence materials exist in the molecular weight range of interest. However, 
our results have been compared with those obtained by other laboratories 
and those obtained by other methods. One comparison is shown in 
Table IV. The accuracy of the method is also shown by the data ob
tained from the previously mentioned NBS sample. These data are shown 
in Table V . 

Effect of Experimental Variables 

In spite of the apparently successful performance of the ebulliometric 
system in routine use, a number of variables exist in connection with the 
operation of the system as it has been described. Many of these variables, 
as many as possible, are overcome by standardization in routine opera
tion. However, they must be recognized if the ebulliometric method is 
to be understood and applied to special problems. 

First, the use of the condensing solvent vapors as a reference tem
perature can lead to considerable uncertainty, particularly with non-
polymeric solutes, because changes in the reference temperature, which 
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1. GLOVER Ebulliometry 5 

result from the presence of impurities in the solvent or the solute or from 
solute volatility, may go undetected. Such changes have actually been 
measured with special thermopile circuits and are real and significant. 
If a boiling l iquid reference (twin ebulliometer) is used, the problem is 
less acute. A n example is shown in Table V I ; the results were obtained 
when both types of reference temperatures were used to determine the 
molecular weight of biphenyl (bp, 256°C) in toluene (bp, 110°C). These 
results may explain some of the confusion found in the literature con
cerning the required difference between the boiling temperatures of a 
solute and a solvent necessary for valid use of the ebulliometric method. 

Table IV. Accuracy in Molecular Weight Determination: Polyethylene 
in Toluene* 

Ebulliometry r r 

Vapor 
Lab Lab Lab Pressure 

Sample A B C Cryoscopy Osmometry 

1 11,500 11,500 11,500 10,700 10,900 
2 18,400 19,200 — 19,100 18,800 
α * 'Advances in Analytical Chemistry and Instrumentation," Vol. 5, Table X I I , 

Chapter 1, p. 63, Wiley, New York 1966. 

Table V . Accuracy in Molecular Weight Determination: Polystyrene 
in Toluene 

N B S Reference Material 705 
M o l . Wt. (Elbulliometry) 170,000 
M o l . Wt . (Osmometry—NBS) 170,900 

Table VI . Molecular Weight of Biphenyl in Toluene 

Reference Type Mol. Wt. Found Theory 

Condensing Vapor 512 154 
Boiling Liquid 171 154 

The Cottrell-type pump presents an additional variable. Wi th it the 
rate and the heat input to the boiling solution cannot be varied inde
pendently. For this reason, the possibility of superheating cannot be 
rigorously eliminated. To overcome superheating, a no-dead-space me
chanical pump ( Figure 2 ) was designed, constructed, and installed in an 
experimental ebulliometer as shown in Figure 3. The unique feature of 
this pump is the loose fit of the piston which permits continuous flow 
of l iquid through the piston chamber during operation. The problems of 
superheating and equilibration are currently being reexamined with this 
apparatus in a twin configuration. 
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6 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

PLATINUM WIRE 

4-MM.-O.D. TUBE 

6-MM. ROD 

8-MM.-O.D. TUBE 

6-MM.-O.D. TUBE 

Figure 2. Mechanical pump for ebulliometer 

SAMPLING 
CAPILLARIES 

PLATINUM WIRE 

SAMPLING CUP 
SOLVENT LEVEL 
PUMP 

Figure 3. Experimental ebulliometer 

A further need is to know the actual solute concentration at the 
temperature sensing point in the ebulliometer at operating equilibrium. 
Amounts of solvent and solute added to the ebulliometer can be accu
rately measured and controlled; however, their distribution within the 
apparatus at equilibrium is difficult to establish. As shown in Figure 3, 
provisions have been made for removing samples during operation. The 
problem of solvent-solute distribution and the accompanying problem 
of analysis are being studied, but so far the studies have been less than 
completely successful. 

The last variable to be discussed is that of the experimentally de
termined value for the ebulliometric constant, Kb. Equation 1 indicates 
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1. GLOVER Ebulliometry 7 

that theoretically ΔΓ 6 varies with solute molecular weight to make Kb 

constant. 

π _ Solute mol wt (grams) X ATb (°C) X solvent wt (grams) , . 
6 ~ 1000 X solute wt (grams) ^ ' 

In the work described here, this has not been found to be true. Con
siderable effort has been expended to eliminate this apparent inconsistency 
or to explain it as instrumentally induced. To date neither has been 
successful, and the observations remain unexplained. It appears from 
this work that the experimentally determined value of Kb is influenced 
by both the chemical nature and the molecular weight of the solute. 

(C 6H 5 ) 2 

(C6 H s )2Si Si(C6 H 5 )2 (C6 H 5 ) 2 Sr ^Si(C 6 H 5 )2 

(C 6H 5) 2Si .Si(C 6H 5) 2 (C 6H 5) 2Si Si(C 6H s) 2 

(C 6H 5 ) 2 (C 6 H 5 ) 2 

MOL WT.911 
I 

(C 6H 5) 2Si 

(C 6H 5) 2Si 

Si(C 6H 5) 2 

Si(C 6H 5) 2 

MOL WT. 1094 
II 

MOL. WT. 729 
III 

Figure 4. Organosilicon compounds 

This is demonstrated by a problem in which an effort was being made 
to establish the structure of an unidentified organosilicon compound pre
pared by Dr. Gilman of Iowa State University. Other data and the his
tory of the compound indicated that the structure was either I or II as 
shown in Figure 4. The boiling point elevation of the unknown compound 
was obtained in toluene with the apparatus shown in Figure 1. A Kb 

which had been established with tristearin (molecular weight 891) was 
used to calculate the molecular weight of the unknown, and an incon
clusive value of 973 was obtained. A new Kb was then established with 
an authentic compound of structure III, Figure 4. The new Kb was used 
to recalculate the molecular weight of the unknown, and a value of 921 
was obtained. The structure was later confirmed by x-ray diffraction 
as I, Figure 4. 

This paper has attempted to show that the ebulliometric method 
can be used successfully for the routine determination of molecular 
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8 POLYMER MOLECULAR WEIGHT METHODS 

weights and in special problems. It still presents some worthy challenges 
and some opportunities of a theoretical nature. 
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2 
Application of the Summative-Fractionation 
Method to the Determination of Mw/Mn 

for Narrow-Distribution Polymers 

FRED W. BILLMEYER, JR. and LEONARD R. SIEBERTα 

Rensselaer Polytechnic Institute, Troy, Ν. Y. 12181 

The summative-fractionation method was extended to apply 
to narrow-distribution polymers with polydispersity ( M w / 
Mn) less than 1.12. A fractionation parameter H, previously 
defined and calculated for theoretical molecular weight dis
tributions for normal polymers, was computed for narrow
-distribution polymers. The calculations were made both 
with and without correction for fractionation errors, using 
the Flory-Huggins treatment. The method was applied to 
a well-characterized anionic polystyrene with Mw = 97,000, 
for which the polydispersity was estimated by this technique 
to be 1.02 (in the range 1.014-1.027, 95% confidence limits). 

"Precise measurement of some parameter describing the breadth of the 
A molecular weight distribution ( M W D ) has become particularly im
portant for narrow-distribution polymers in recent years. The commercial 
availability (J ) of narrow-distribution anionic polystyrenes (2, 3) has 
provided valuable standards for the calibration of gel permeation chro
matography ( G P C ) and other characterization techniques. Although it 
is generally accepted that these polymers have approximately the Poisson 
distribution (4) of molecular weights, the measurement of the breadth 
of their M W D remains a difficult task. 

In terms of the ratio Mw/Mn, hereafter called the polydispersity, 
taken as the common measure of distribution breadth, these polymers 
usually have nominal polydispersities below 1.05 or so. Classical methods 
of determining polydispersity are not accurate in this range. In the sepa
rate determinations of Mw and Mn, combined experimental errors are 

aPresent address: Rochester Products Division, General Motors Corp., Rochester, 
Ν. Y. 
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10 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

estimated to range between ± 5 % and ± 1 5 % , with the smaller figure 
likely too optimistic in our opinion. Fractionation by conventional solu
bility-based techniques and ultracentrifugation is likewise subject to 
significant uncertainties in absolute results and is relatively tedious, diffi
cult, or expensive to perform. While one might have thought that G P C 
would provide an easy solution to the problem, the errors derived from 
peak broadening (5) are comparable with the broadening caused by 
polydispersity in this range; in fact, accurate independent knowledge of 
the polydispersity of these calibrating standards would greatly alleviate 
the difficulty of correcting G P C results (6). Only the recycle technique 
proposed by Waters (7) but not yet widely adopted offers promise of 
overcoming this problem. 

For these reasons, we sought a fresh approach to this problem through 
the application of the summative fractionation technique as described 
by Billmeyer and Stockmayer in 1950 (8). (In this paper we follow a 
conservative treatment (8), feeling that less conservative treatments (9) 
can easily lead to overinterpretation of the data.) This method is rela
tively rapid and inexpensive and would seem to be particularly suitable 
for determining polydispersities in the range of interest since the experi
mentally determined parameter H experiences its greatest fractional 
change per unit change in polydispersity as the polydispersity approaches 
unity. Countering this advantage are increased experimental error in H 
at low polydispersities and the importance of the correction for imperfect 
fractionation. This paper presents a progress report on the application 
of the summative technique to determining the polydispersity of narrow-
distribution anionic polystyrenes. 

The Summative-Fractionation Method. To review briefly (8) , in 
the summative-fractionation method one performs a series of small-scale 
single-step fractional precipitations in which increasing percentages of 
the total polymer are precipitated. The weight fractions χ and average 
molecular weights Mw of al l the precipitates are determined. One calcu
lates and plots against χ a parameter 

ζ = x(M'x - Mw)/Mw = (1/MW) / (M - Mw)f(M)w(M)dM (1) 

in which iv(M) is the M W D of the sample and f(M) is the fraction of 
the polymer of molecular weight M appearing in the precipitate. For an 
infinitely sharp fraction, ζ is always zero while for a polydisperse polymer 
ζ is finite and positive (except at χ = 0 and χ =1 , where ζ = 0) and is a 
measure of the M W D . 

Theory 
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2. B i L L M E Y E R A N D S I E B E R T Summative-Fractionation Method 11 

If fractionation were perfect, f(M) would be zero below some value 
of M representing the transition between supernatant and precipitate 
and unity for all higher values of M . It is shown (8) that the most readily 
determined value of the z(x) curve is its maximum, H, occurring at the 
point where this transition value of M is Mw. Adopting the use of an 
asterisk to denote quantities calculated with the above assumption of 
perfect fractionation 

H* = f00 (M - Mw)w(M) dM (2) 

H = (1/MW) f°° (M - Mw)f(M)W(M) dM (3) 
J M 

w 
If the form_of w(M) is known, H * can be related explicitly to the 

polydispersity Mw/Mn. It was shown that the shape of the ) curve 
is virtually independent of the nature of the distribution, so that no 
further information about the M W D , beyond the polydispersity, can be 
obtained from the experiment. The magnitude of the error from imper
fect fractionation, expressed as the difference between H * and H, was 
also explored and shown to be small for polydispersities of the order of 
2 or greater. 

The Poisson Distribution. We have extended the earlier work (8) 
to obtain the relation between H * and Mw/Mn for the Poisson distribution. 

u Me~uuM-2 ... 
»M = ^7+1 ( i f ( 4 ) 

MJMn = 1 + ^ - ^ p (5) 

The calculations were performed by numerical integration, after replacing 
the factorial by a lower end Stirling approximation 

Ml = (2%My'*(M/e)M (6) 

which is within 1% of the true value at M = 10 and closer for all higher 
values of M . The results are summarized in Table I and are plotted in 
Figure 1. The calculations were carried only up to a polydispersity of 
1.122, corresponding to u = 6; lower values of u are not realistic since 
any sample with this high polydispersity can probably be described 
better by a distribution other than the Poisson. 

Other Distributions. W e have recalculated earlier results (8) for 
several distributions useful for describing samples with higher polydis-
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12 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

persity. These include the Schulz-Zimm form of the familiar exponential 
distribution (JO, 11) 

w(M)dM = ^6~^Ρ
Λλ ρ = (η + l)M/Mw η > 0 (7) 

Table I. Summative-Fractionation Parameter Η for the 
Poisson Distribution 

M w / M „ H * Ho.ooi Ho.oi 
1.001 0.0126 0.0071 0.0068 
1.002 0.0178 0.0105 0.0100 
1.003 0.0220 0.0135 0.0127 
1.005 0.0280 0.0179 0.0167 
1.008 0.0352 0.0236 0.0218 
1.010 0.0392 0.0270 0.0248 
1.014 0.0465 0.0333 0.0304 
1.019 0.0546 0.0405 0.0368 
1.024 0.0605 0.0460 0.0418 
1.031 0.0691 0.0541 0.0490 
1.045 0.0827 0.0673 0.0611 
1.083 0.1071 0.0918 0.0840 
1.099 0.1165 0.1013 0.0928 
1.122 0.1291 0.1139 0.1048 

τ 1 Γ 

Figure 1. The summative-fractionation parameter H * (ideal-fractionation 
assumption) as a function of polydispersity Kï w /Sî n for the Poisson, Schulz-
Zimm exponential, Lansing-Kraemer logarithmic-normal, and rectangular 

box distributions 
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2. B i L L M E Y E R A N D s i E B E R T Summative-Fractionation Method 13 

and the Lansing-Kraemer logarithmic normal distribution (12) 

w(M) = Ker* y = ( Ι /β) In (M/M0) (8) 

1/K = & M 0 ( x ) 1 / 2 ^ 2 / 4 

In addition, to demonstrate the lack of dependence of H * on the form of 
the distribution function, we included the calculation for a highly artificial 
rectangular box distribution 

w(M) = l/(2aMw) for ~MW (1 - a) < M < ~MW (1 + a) (9) 
w(M) = 0 elsewhere 

The results of these recalculations are listed in Table II and plotted in 
Figure 1. The curves for all the distributions studied differ insignificantly 
at polydispersities below, say, 1.2. 

Table II. Summative-Fractionation Parameter H for 
Other Distribution Functions 

Exponential Lansing-Kraemer Rectangular 

MJMn H * M w / M n H * M w / M n H * 
1.001 0.0126 1.005 0.0282 1.001 0.015 
1.002 0.0178 1.020 0.0564 1.002 0.020 
1.005 0.0281 1.046 0.0846 1.005 0.030 
1.010 0.0397 1.083 0.113 1.015 0.052 
1.020 0.0599 1.133 0.140 1.020 0.060 
1.050 0.0871 1.197 0.168 1.050 0.0925 
1.10 0.120 1.277 0.196 1.10 0.126 
1.20 0.163 1.377 0.223 1.20 0.165 
1.33 0.199 1.499 0.250 1.33 0.194 
1.50 0.230 1.50 0.215 

Fractionation Error . The effect of imperfect fractionation was 
studied by integrating Equation 3 numerically with f(M) given by the 
Flory-Huggins theory 

f(M) = ReaM/{\ + ReaM) (10) 

where R is the ratio of the volumes of precipitate and solution, and a 
can be eliminated by noting that at M = Mw, f(M) = 0.5 when H is 
calculated. These calculations were performed with the Poisson distribu
tion for w(M) and for R = 0.01 and R = 0.001, covering the range ex
pected in application of the summative-fractionation technique. These 
results are also listed in Table I and are plotted together with values of 
H * for the Poisson distribution in Figure 2. The differences, though not 
insignificant, are relatively small and decrease with decreasing poly
dispersity. 
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14 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

Figure 2. The summative-fractionation parameter H as 
a function of polydispersity for the Poisson distribution. 
H * is calculated for the ideal-fractionation assumption 
while Ho.ooi and H-o.oi a r e calculated including the Flory-
Huggins correction for imperfect fractionation, with the 

volume ratio R equal to 0.001 and 0.01, respectively. 

Experimental 

The summative technique was applied to the fractionation of a poly
styrene standard, catalog No. 500-16, molecular weight 97,200, ArRo 
Laboratories. This sample was prepared by Pressure Chemicals Co. and 
is identified by them as Polymer 4A. As measured at the Mellon Institute 
and reported by Pressure Chemicals it is characterized as follows: light-
scattering Mw = 96,200 ± 2% ; osmometry Mn = 97,600 ± 5% ; viscosity 
(Θ cyclohexane) Mv = 98,200 ± 3 % ; M W D J b y 20-cut fractionation, i n 
cluding maximum opposite error (plus for Mw and minus for M n ) < 
1.06:1. The fractionation was carried out in general as described in 
Ref. δ. The solvent was benzene (reagent, redistilled), and the precipitant 
was hexane with mixed isomers (Fisher H-291, A C S reagent grade, bp, 
68.7°C). The fractionation flasks were roughly conical with ground glass 
stoppers and an 8 X 60 mm tube extending down from the narrow end 
into which the precipitated phase settled. Capacity was approximately 
40 ml. Polymer concentration at precipitation was about 0.07 gram per 
liter. F inal equilibration was for 24 hr at 25.0 °C. The supernatant phase 
was drawn off with a hypodermic syringe, and the polymer was recovered 
from both phases by freeze drying. Molecular weights were determined 
from intrinsic viscosities in benzene using the relation 
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2. B I L L M E Y E R A N D S I E B E R T Summative-Fractionation Method 15 

[η] = 8.5 Χ Wr*Mv™* (11) 

for benzene at 25°C (3). 
In replicate series of experiments, the following values of Η were 

obtained: 0.0425, 0.0423, 0.0415. The corresponding values of polydis
persity are in the range 1.014-1.027, or an average value of Mw/Mn = 1.02. 

Table III. Upper and Lower 9 5 % Confidence Limits (C.L.) on 
Η and on the Polydispersity 

Η Lower C. L. Upper C. 

0.028 0.021 0.036 
0.040 0.032 0.048 
0.056 0.047 0.065 
0.078 0.068 0.089 
0.087 0.076 0.098 

Μ , / Μ , , Lower C. L. Upper C. 
1.005 1.0029 1.0080 
1.01 1.0065 1.0146 
1.02 1.014 1.027 
1.05 1.038 1.065 
1.10 1.078 1.13 

Independent of these results, an error analysis was carried out using 
data_obtained for the reproducibility of the precipitation step, determin
ing Mx. The results, summarized in Table III, were calculated using the 
exponential M W D , but should apply equally well to the Poisson distribu
tion at these low values of polydispersity. The experimental results fall 
close to the calculated 95% confidence limits for H at the appropriate 
level. 

Discussion 

The argument for using the summative-distribution method for de
termining the polydispersity of narrow-distribution polymers is far from 
complete, but it has been demonstrated for a single sample that a result 
with usable precision can be obtained. In fact, no other method known 
to us combines this order of precision with low cost and short time of 
the analyses. More work is needed, however, in several areas, including 
(1) improvement of experimental techniques, (2) application to samples 
at different levels of molecular weight (clearly, poorer precision can be 
expected for high molecular weight samples), and (3) comparison with 
recycle G P C results (7) on the same sample. 
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The Polymer Standard Reference Materials 
Program at the National Bureau of Standards 

HERMAN L. WAGNER 

Institute for Materials Research, National Bureau of Standards, 
Washington, D. C. 20234 

The National Bureau of Standards now distributes four 
polymer Standard Reference Materials designed for use in 
the calibration of instruments employed in polymer charac
terization. Polystyrene is available in narrow (SRM 705) and 
broad (SRM 706) distributions and polyethylene in high
-density linear (SRM 1475) and low-density branched (SRM 
1476) whole polymer. These materials are characterized 
with respect to many but not necessarily all of the following 
properties: weight and number-average molecular weight, 
limiting viscosity number in several solvents, ASTM density, 
and ASTM melt flow rate. In addition the molecular-weight 
distribution of the linear polyethylene is given, making it 
suitable for the calibration of gel-permeation chromato-
graphs at high temperatures. 

^T*he National Bureau of Standards has for more than 60 years provided 
Standard Reference Materials which have assumed a vital role in 

many areas of production, commerce, and research. These samples, which 
provide a universal basis for comparison and standardization of many 
material properties, are characterized with great care before they are 
certified and released for use. They also have the advantage of being 
continuously available, unchanged, for long periods of time. In 1963 
the first polymer Standard Reference Materials were issued, polystyrenes 
S R M 705 and S R M 706. 

The need for improving the reliability of characterization of poly
mers has long been evident. Other efforts in this direction include the 
round-robin testing conducted at various times, beginning in 1950, under 
the auspices of the Commission of Macromolecules of I U P A C ( J , 2, 3), 
as well as the work now in progress in A S T M concerned with establishing 
standardized methods of characterization. 

17 
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18 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

A recent survey has shown that our first polymer standard samples 
are widely distributed and used in research and industry for the calibra
tion of a variety of characterization instruments, particularly gel-permea
tion chromatographs. They also serve as materials with well defined 
properties for research in many areas. These properties should become 
better defined with time as results accrue in the literature. 

Polystyrene Standard Reference Materials 
The choice of the first polymer Standard Reference Material (4) 

was governed by some fairly simple requirements—that it be reasonably 
stable, that it be soluble in solvents ordinarily used in characterization 
work, and that it be readily obtained in the molecular weight range from 
40,000 to 500,000. This is the range most readily measured by conven
tional molecular-weight techniques. Polystyrene easily meets these cri 
teria and is of special importance because it is probably one of the most 
studied amorphous polymers. In addition, an attractive feature of poly
styrene is the fact that it can be polymerized anionically to give polymers 
of very narrow molecular-weight distribution. This is particularly impor
tant in characterization work because of the problems caused by diffusion 
of the low molecular-weight species of broad molecular-weight-distribu
tion polymers across the semipermeable membranes during osmotic 
pressure measurements. 

S R M 705 is the narrow molecular-weight-distribution sample; the 
other S R M 706, by contrast, is a broad molecular-weight-distribution 
polymer, the result of a thermal polymerization which more closely 
resembles commercially available polymers. Both of these were supplied 
by the Dow Chemical Co. (Certain commercial equipment, instruments, 
or materials are identified in this paper in order to specify adequately 
the experimental procedure. In no case does such identification imply 
recommendation or endorsement by the National Bureau of Standards, 
nor does it imply that the material or equipment identified is necessarily 
the best available for the purpose. ) 

Because sample homogeneity is particularly important for a Standard 
Reference Material, it was carefully assessed for both polystyrenes using 
solution viscosity, a measure of molecular weight, as an index. There is 
essentially no variation with location within the lot, or from pellet to 
pellet, within the limits of error of the viscosity measurements. Viscosity 
measurements may be made with a standard deviation of a single deter
mination of about 0.3%. 

The details of the measurements made on these samples are dis
cussed elsewhere (4, 5) . The certified values from the certificates for 
all the samples are shown in the Appendix. For S R M 705 the number-
average molecular weight by osmometry, 170,900, and the weight-average 
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3. W A G N E R Polymer Standard Reference Materials 19 

molecular weight by light scattering, 179,300, are, as expected^ very close 
to each other, giving an Mw/Mn of 1.05. The value of Mz/Mw/Mn was 
determined by fractionation into 36 fractions giving an Mw/Mn of 1.07. 
Weight-average molecular weight by sedimentation equilibrium was 
about 190,000. Since both the light-scattering and the sedimentation-
equilibrium results are based on completely separate absolute calibra
tions, the 6% difference between the two values is small and certainly 
well within the expected range of uncertainty for such measurements, 
which is usually considered to b e ± 1 0 % at best. In addition to the 
molecular-weight values, limiting viscosity numbers in benzene at 25° 
and 35 °C as well as in cyclohexane at 35 °C are certified. 

For S R M 706, the broad molecular-weight-distribution polystyrene, 
the certificate provides weight-average molecular weight both by light 
scattering and sedimentation equilibrium, with the latter method again 
showing the higher value. Limiting viscosity numbers in benzene at 
25 °C and in cyclohexane at 35 °C are given as well. Number-average 
molecular weight by osmometry could not be determined because of the 
diffusion problems referred to above. However, from the ratio of molecu
lar weights found by fractionation into 44 fractions, Mz/Mw/Mn = 
2.9/2.1/1.0, and the number average is estimated to be 123,000. 

Weight- and number-average molecular weights were recently re
determined for S R M 705. No significant difference could be found 
between the recent and earlier measurements. The same holds true for 
the viscosity numbers. The results of this more recent work are given in a 
Special Publication available from the National Bureau of Standards (5). 

Polyethylene Standard Reference Polymers 

The next polymer Standard Reference Materials, issued in 1970, were 
a linear and a branched polyethylene. They are representative of crystal
line olefin polymers, which have assumed great commercial and scien
tific importance. The linear material was kindly provided by the Dupont 
Co. and the branched by Union Carbide Corp. 

Both samples are in the form of pellets containing antioxidants as 
specified on the certificates. They have also been examined for sample 
homogeneity by dilute-solution viscosity. In the case of the linear 
material, S R M 1475, although the lot is uniform with respect to location, 
a measurable pellet-to-pellet variation exists. To make certain that a 
uniform sample is obtained, at least one gram of pellets should be blended 
to reduce the expectation of error from pellet variability to less than 
0.5%. The branched material on the other hand is quite uniform and 
does not show pellet-to-pellet variation. Both materials have low ash 
and volatile content. 
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20 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

There is no evidence of branching in the linear material, S R M 1475. 
Infrared measurements show that there is about 0.15 methyl group for 
100 carbon atoms. This is consistent with the value expected for a 
number-average molecular weight of 18,000, assuming two methyl end 
groups per chain and no short-chain branching. The absence of long-
chain branching is indicated by the linearity of the log limiting viscosity 
number-log molecular-weight relationship for the fractions (6). 

The weight-average molecular weight of S R M 1475 determined by 
light scattering in 1-chloronaphthalene at 135 °C is 52,000 with an esti
mated standard deviation of about 4%. Again, number-average molecu
lar weight could not be determined by osmometry for this whole polymer. 
It was possible, however, to determine the number-average molecular 
weight and, in fact, the entire distribution by gel-permeation chromatog
raphy. The columns of the gel-permeation chromatograph were first 
calibrated with 9 fractions of polyethylene obtained by column elution. 
The number- and weight-average molecular weights were determined by 
osmometry and light-scattering measurements, respectively, and ranged in 
weight-average molecular weight from 19,000 to 688,000. Two zone-
refined linear hydrocarbons, C 9 4 and C 3 6 , were also employed to help 
anchor the lower end of the calibration curve, which is shown in Figure 1. 
The distribution is given in tabular form on the certificate (see Appen
dix) . Hence this linear whole polymer may be conveniently used for 
the calibration of gel-permeation chromatographs without the necessity of 
resorting to a whole series of narrow-distribution polymers in the range 

30 35 40 45 
ELUTION COUNT 

Figure 1. Calibration curve for the gel-permeation chro
matographic tracing obtained with polyethylene fractions, 

and n-C9iH190 and n - C 3 6 H 7 4 
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3. W A G N E R Polymer Standard Reference Materials 21 

of a thousand to a million. This is the range of molecular weights most 
readily measured by conventional methods. 

The certificate also gives limiting viscosity numbers in 1-chloronaph-
thalene, 1,2,4-trichlorobenzene, and decahydronaphthalene. Density and 
melt flow viscosity under specified A S T M conditions are also included. 
Hence S R M 1475 may be utilized in the calibration of a variety of instru
ments used for characterizing polyethylene. A series of papers describing 
the methods used to characterize this sample have been published (7). 

The low density-branched polyethylene, S R M 1476, has been charac
terized with respect to limiting viscosity number in the same solvents as 
the linear material, namely 1-chloronaphthalene, 1,2,4-trichlorobenzene, 
and decahydronaphthalene. Melt index and density were also determined 
using A S T M procedures indicated in the certificate. Because of the com
plications arising from branched polyethylene in light scattering and gel-
permeation chromatography, meaningful molecular weights could not be 
obtained by these methods for the whole polymer. The material has been 
passed through an elution column and the fractions are being charac
terized for molecular weight and branching. 

In addition to these studies on the branched polyethylene, fractions 
of linear polyethylene prepared by large-scale gel-permeation chromatog
raphy are being characterized for certification in the near future. These 
should be useful for gel-permeation chromatography calibration. We also 
expect them to be particularly valuable in dilute solution, crystallization, 
and rheological studies. 

Appendix 

Standard Reference Material 705, Polystyrene 
(Narrow Molecular-Weight Distribution) 

No. of Standard 
Determin Deviation 

Specification ations Average of Average 

Number-average molecular weight 12 170,900 580 
(measured by osmotic pressure) 

Weight-average molecular weight 9 179,300 740 
(measured by light scattering) 

Weight-average molecular weight 22 189,800 2,100 
(measured by sedimentation 
equilibrium) 

Limiting viscosity number (ml/gram) 
(intrinsic viscosity) 
Benzene, 25°C 5 74.4 0.18 
Benzene, 35°C 13 74.5 0.23 
Cyclohexane, 35°C 6 35.4 0.24 

Ratios of molecular weight Mz/Mw/Mn = 1.12:1.07:1 
(based on fractionation) 
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22 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

Standard Reference Material 706, Polystyrene 
(Broad Molecular-Weight Distribution) 

Specification 

Weight-average molecular weight 
(measured by light scattering) 

Weight-average molecular weight 
(measured by sedimentation 
equilibrium) 

Limiting viscosity number (ml/gram) 
(intrinsic viscosity) 
Benzene, 25°C 
Cyclohexane, 35°C 

Ratios of molecular weight 
(based on fractionation) 

No. of Standard 
Determin- Deviation 

ations Average of Average 

12 257,800 

17 
4 

930 

288,100 9.600 

93.7 
39.5 

0.19 
0.10 

M2/Mw/Mn = 2.9:2.1:1 

Standard Reference Material 1475, Linear Polyethylene 
(Whole Polymer) 

Estimated 
Standard 

Average Deviation 
Specification Value of Average 

Molecular weight 
Weight-average molecular weight α 52,000 2,000 
Number-average molecular weight 18,310 360 
Weight-average molecular weight 53,070 620 
Z-average molecular weighty 138,000 3,700 
Ratio of molecular weights Mz/Mw/Mn 7.54:2.90:1 Ratio of molecular weights Mz/Mw/Mn 

See Table I below 
Limiting viscosity number (dl/gram) 

1-Chloronaphthalene, 130°C 0.0032 
Limiting viscosity number (dl/gram) 

1-Chloronaphthalene, 130°C 0.890 0.0032 
1,2,4-Trichlorobenzene 130°C 1,010 0.0086 
Decahydronaphthalene, 0 130°C 1.180 0.0032 

Melt flow rate (gram/10 min) d 2.07 0.0062 
Density (gram/cm 3 ) e 0.97844 0.00004 

α By light scattering in 1-chloronaphthalene at 135°C. 
6 By gel-permeation chromatography. 
c "Technical" grade, which assayed at approximately equal proportions of cis- and 

Jrans-decahydronaphthalenes. 
α By a procedure similar to Procedure A , A S T M Method D1238-65T, Test Condition 

D, 190°C, load 325 gram. 
e By A S T M Method D1505-67; sample prepared by Procedure A, A S T M Method 

D1928-68. 
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Table I. Cumulative Molecular Weight Distribution by 
Gel-Permeation Chromatography 

log M Wt.% log M Wt. % log M Wt. % 

2.800 0.0 4.014 15.2 5.065 90.7 
2.865 0.005 4.070 18.1 5.113 92.2 
2.929 0.020 4.126 21.5 5.161 93.7 
2.992 0.052 4.182 25.2 5.209 94.8 
3.056 0.105 4.237 29.3 5,256 95.8 
3.119 0.185 4.292 33.7 5,303 96.6 
3.181 0.343 4,346 38.5 5.349 97.3 
3.243 0.475 4.400 43.4 5.395 97.9 
3.305 0.706 4.454 48.5 5.440 98.4 
3.366 0.999 4.507 53.5 5.485 98.7 
3,427 1.38 4.560 58.3 5.530 99.1 
3.488 1.88 4.612 62.9 5.574 99.3 
3.548 2.51 4.664 67.3 5.618 99.5 
3.607 3.30 4.715 71.4 5.662 99.7 
3.667 4.28 4.766 75.1 5.705 99.8 
3.725 5.46 4.817 78.5 5.789 99.9 
3.784 6.87 4.868 81.6 5.87 100.0 
3.842 8.56 4.918 84.4 
3.900 10.50 4.967 86.7 
3.957 12.7 5.016 88.9 

Standard Reference Material 1476, Branched Polyethylene 
(Whole Polymer) 

Average 
Value 

Estimate 
of 

Precision 

No. of 
Points or 
Measure

ments Specification 

Limiting viscosity number (dl/gram) 
1-Chloronaphthalene, 130°C 
1,2,4-Trichlorobenzene, 130°C 
Decalin,* 130°C 

Melt index (gram/10 m i n ) 6 

Density (gram/cm 3) at 23°CC 

° "Technical" grade, a mixture of cis- and fraws-decahydronaphthalene. 
6 By Procedure A, A S T M Method D1238-65T, Test Condition E , 190°C, load 2160 

gram. 
c By A S T M Method D1505-67T; Sample prepared by Procedure A , A S T M Method 

D1928-68. 
d Standard deviation of the intercept of the least-squares line. 
* Standard deviation of a single determination. 

0.8132 0.0033 d 14 
0.9024 0.0034 d 30 
1.042 0.0022 d 5 
1.19 0.010e 35 
0.9312 0.0006 e 10 
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4 
Self-Beat Spectroscopy and Molecular 
Weight 

N. C. FORD, JR., R. GABLER, and F. E. KARASZ 

University of Massachusetts, Amherst, Mass. 01002 

Self-beat spectroscopy is a newly developed optical tech
nique in which the spectral distribution of light scattered 
from solute molecules undergoing Brownian motion is ana
lyzed to allow calculation of the diffusion coefficient of the 
molecules. A brief review of the literature shows that this 
technique has been applied to many types of solutions con
taining molecules whose molecular weights range from 104 

to 108. Using proper experimental procedure and solutions 
in thermal equilibrium, diffusion coefficients can be obtained 
in several minutes with accuracies typically on the order 
of 1%. Diffusion coefficients can be related to molecular 
weights by the Stokes-Einstein equation, by combination 
with sedimentation velocity data, or by the consideration 
of homologous polymer solutions. 

'T^he interaction of light with matter has long provided important clues 
A into the mysteries of molecular structure and behavior. The informa

tion obtained from such interactions is almost as varied as are the different 
parts of the electromagnetic spectrum itself. The phenomena of light 
scattering, absorption, fluorescence, rotation, reflection, and refraction 
have been used to add to our knowledge of molecular systems. Tech
niques utilizing these phenomena can yield information on a gross level 
in which parameters such as the general shape, conformation, and molec
ular weight are important; they can also help elucidate details of micro-
structure in which the nature and strengths of chemical and physical 
forces are important. Each technique gives a unique type of information 
about the system being studied because of the nature of the interaction 
process with it. In this paper we describe a recently developed technique 
utilizing the interaction of light with matter—i.e., self-beat spectroscopy. 
In particular, we consider the light scattered from a solution of molecules 

25 
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26 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

which are in a state of macroscopic equilibrium and show that diffusion 
coefficients of these molecules may be readily obtained by studying the 
spectral distribution of this scattered light. 

When light traverses a perfectly homogeneous transparent solution, 
it w i l l not be scattered although it may be refracted at the entrance and 
exit interfaces. If, however, the solution contains inhomogeneities, which 
all real solutions do because of thermal excitations, the incident light w i l l 
also be scattered. Lord Rayleigh ( J ) was the first to obtain a quantita
tive expression relating the intensity of the scattered light of incident 
wavelength λο to the scattering angle Θ. His results pertained to dilute 
gases containing molecules small compared with λ 0, and his work also 
provided a theoretical explanation for the blue color of the sky. ( It has 
also been reported (2) that Leonardo da Vinc i around 1500 thought the 
color of the sky was caused by scattered light.) In 1935, Putzeys and 
Brosteaux (3) reasoned that Rayleigh's equations would also describe 
the excess fight scattered by a dilute solution of macromolecules over that 
of the solvent, and they used this fact to examine the molecular weights 
of several small proteins. Thus began the use of light scattering as an 
analytical tool in physics and chemistry. Analysis also showed that the 
light scattered from particles whose dimensions were on the order of 
the wavelength of the incident light contained information regarding 
their size and shape (4-6). This result becomes plausible when one con
siders that the light scattered from different parts of a particle with a fixed 
geometry wi l l interfere constructively and destructively in a manner de
pendent on that geometry, thus giving rise to an angular distribution of 
intensity. Zimm (7) utilized these concepts to develop a technique which 
would give both the molecular weight of a scattering molecule and its 
radius of gyration RG. This method has since become a standard way to 
determine molecular weights. 

However, Rayleigh's work failed to describe adequately the effects 
of scattering from concentrated solutions. Experimentally, one observes 
a diminution of scattering intensity from the expected Rayleigh intensity 
as the solution concentration increases. This is caused by stronger inter
actions between scattering molecules and a loss of the spatial domain 
in which the molecules may move. Concentrated solutions have neigh
boring molecules which scatter light whose phases are related, and the 
Rayleigh assumption of independent (or incoherent) scatterers is no 
longer valid. A theory describing all situations was advanced by Einstein 
(8) who asserted that the scattering was caused by fluctuations in the 
local dielectric constant. Debye (9, JO) then interpreted these fluctua
tions of the dielectric constant in solutions to be caused by fluctuations 
in the local concentration of the scattering molecules; it is this approach 
which has laid the theoretical foundation for macromolecular light-scat-
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4. F O R D E T A L . Self-Beat Spectroscopy 27 

tering experiments. The classical technique of light scattering, where 
the scattered intensity is measured as a function of scattering angle, can 
provide the molecular weight, information about the gross shape, and, 
although it is not discussed here, information pertaining to the thermo
dynamic interaction with the solvent in which the molecules are dispersed 
(virial coefficients). There are several reviews concerning this type of 
scattering and its applications (6, 11, 12, 13). 

In the application of Einstein's theory to conventional light scattering, 
only the time-averaged dielectric constant fluctuation < (8c )> was con
sidered and not its time dependence. The time dependence of these 
fluctuations would be expected to contain additional information. Micro
scopic fluctuations in concentration would not only cause the dielectric 
constant to deviate from an average value but would also shift the 
frequency of the scattered light in a manner directly related to the time 
dependence of the fluctuations. Because these fluctuations grow and 
decay in time, the scattered light is modulated, and consequently the 
frequency of the scattered light is shifted from that of the incident. Alter
natively, it is perfectly correct to consider the frequency shifts of the 
scattered light to be a Doppler effect initiated by the Brownian motion 
of the individual molecules. The light scattered from a macroscopic solu
tion illuminated by a monochromatic beam then would display a spec
trum centered around the incident frequency. The width of this spectrum 
would contain information related to the statistical motion of the mole
cules. This implies that the light scattered by concentration fluctuations 
in a solution exhibits a spectrum characteristic of the time dependence 
of these concentration fluctuations. The width of the expected spectrum, 
however, is much too small to be observed by conventional spectrometers. 
However, in 1947, Forrester, Parkins, and Gerjouy (14) proposed a tech
nique (optical mixing) where the beat frequencies of the interfering 
optical waves might be measured. Using this idea, Forrester, Gudmund-
sen, and Johnson (15) did observe beat frequencies between the split 
Zeeman lines of a mercury light source although their signal-to-noise 
ratios were low; because of this, the method was not directly applicable 
to molecular light scattering. W i t h the development of the laser, a suffi
ciently powerful light source with precise monochromaticity became 
available, and measurements of the beat frequencies contained in the 
scattered light became possible. 

Both Pecora (16) and Komarov and Fisher (17) adapted van Hove's 
space-time correlation function approach for neutron scattering (18) to 
the light-scattering problem to calculate the spectral distribution of the 
light scattered from a solution. Using a molecular analysis, Pecora 
assumed the scattering particles to be undergoing Brownian motion, and 
predicted a Lorentzian line shape for the spectral distribution of the 
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28 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

scattered light. He also predicted that the width of the Lorentzian would 
be directly related not only to the translational diffusion coefficient but 
also in some cases to the rotational diffusion coefficient and the frequen
cies of the normal modes of vibration for flexible molecules. In later work 
he considered the effects of solutions containing polymers and other 
types of molecules with a variety of different conformations and flexi
bilities on the spectral profile (19-21). 

In 1964, Cummins, Knable, and Yeh (22) observed the spectral 
broadening of the scattered light from the Brownian motion of solute 
molecules for the first time. Using dilute solutions of polystyrene latex 
spheres ( P S L ) and the technique of optical mixing, they achieved a 
resolution ( ω / Δ ω ) on the order of 10 1 4 which was much greater than any 
other form of optical spectroscopy. It remained, however, for Dubin, 
Lunacek, and Benedek (23) and Arecchi, Giglio, and Tartari (24) to 
make quantitative measurements on solutions of P S L to determine that 
the observed spectral profile agreed with Pecora's theory. In their work, 
Dubin et al. (23) also showed the scattered profile to be Lorentzian for 
solutions of several small proteins and non-Lorentzian for scattering from 
solutions of calf thymus deoxyribonucleic acid ( D N A ) and tobacco 
mosaic virus ( T M V ) , respectively. W i t h these initial successes, the tech
nique of optical mixing rapidly became a means of measuring molecular 
parameters not easily observed with other methods. 

A survey of the literature shows that the technique of optical mixing 
has been used to obtain the spectrum of the scattered light from many 
types of solutions containing biologically interesting molecules whose 
molecular weights have ranged from 104 to 108 daltons. As stated before, 
initial measurements on solutions of T M V showed a non-Lorentzian line 
shape (-23) although later analysis (25) demonstrated that the observed 
shape was a sum of superimposed Lorentzians whose individual widths 
were related to the translational diffusion coefficient (Dt) and the rota
tional diffusion coefficient (DR). Wada, Suda, Tsuda, and Soda (26) also 
measured the scattered depolarized spectral profile of T M V solutions to 
determine DB while Dubin, Clark, and Benedek (27) performed a similar 
measurement on solutions of the protein lysozyme. Other macromolecules 
whose spectral widths have been measured are the coliphages T4, T5, T7, 
and λ (28); the blood protein haemocyamin (29); the poly(«-amino acid) 
poly(y-benzyl L-glutamate) (30); polystyrene in 2-butanone (31); the 
copolymer poly-d(AT) (32); the enzyme RNase (33); the viruses MS2 
(34) and R17 (35); the proteins lysozyme (23, 36), bovine serum al
bumin (23, 37), ovalbumin (23), and casein (38); and the contractile 
muscle protein myosin (39, 40). The effect of motile organisms such as 
sperm and bacteria on the scattered spectrum has also been considered 
(41^43). Finally, it has been reported that the spectral profile of light 
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4. F O R D E T A L . Self-Beat Spectroscopy 29 

scattered from solutions may be used as a probe to investigate the kinetics 
of chemical reactions which are occurring within a solution (32, 44-48). 
A comprehensive treatment of many phases of light scattering is found 
in the text by Fabelinskii (49). A treatment of the specific topic of 
optical mixing techniques may be found in reviews by C h u (50), Cum
mins and Swinney (51), Benedek (52a), and Ford (52b). 

From this brief review of light-scattering techniques, it can be seen 
that this approach is one of the most powerful methods for molecular 
investigation. Not only is it profitable to measure the distribution of 
scattered intensities as a function of scattering angle, but it is also prac
tical and advantageous to measure the spectral distribution as well. 
Within the last several years, investigators using optical mixing tech
niques have progressed from considering simple systems such as solutions 
of P S L spheres to pursuing the complicated dynamics of myosin and 
probing the kinetics of the helix-coil transformation in polymers. From 
a biochemical viewpoint, optical mixing techniques represent a powerful 
investigative tool, both for the type of information obtained and for the 
rapidity with which information is obtained. When used in conjunction 
with already established physicochemical techniques, this should provide 
a more detailed description of molecular systems. 

Theory 

When an electromagnetic wave of angular frequency ω 0 is incident 
upon a dilute solution, it causes electrons to oscillate with a frequency 
equal to that of the initial wave. The magnitude of these displacements 
depends on the polarizability of the media, which we wi l l assume to be 
isotropic, and the magnitude of the electric field. Since it is a funda
mental principle of electrodynamics that an oscillating electric charge 
wi l l radiate energy, the vibrating electrons reradiate energy in the form 
of spherical electromagnetic waves of frequency ω 0. These waves com
bine through interference to form the resultant wave in the liquid. This 
then, is a brief qualitative sketch of the phenomenon responsible for 
light scattering as well as refraction. We now present a mathematical 
description of the process and later consider the statistical nature of the 
light scattered from a group of randomly moving particles. 

Consider a planar electromagnetic wave in a medium with index of 
refraction n, having the form 

E L = Ε exp[i(k · r - orf)] (!) 

where Ε is the vector magnitude, k is the wave vector with |k| = 2πη/λ 0, 
α>ο is the angular frequency, and r is the position vector. The medium 
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30 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

is then polarized according to the relation 

P(r, t) = a(r, t)EL (2) 

where « (r , t) is local polarizability. On a microscopic level a(r , t) w i l l 
not actually be a constant but w i l l vary because of thermal fluctuations; 
hence we can write 

a(r, t) = a 0 + 8a(r, 0 (3) 

with a0 being the time-averaged polarizability. The first term on the R H S 
of Equation 3 is responsible for refraction although we w i l l consider only 
the second term and its relation to the light-scattering phenomenon. This 
fluctuation of local polarization then gives rise to a fluctuating polariza
tion vector of the form 

8P(r, t) = 8a(r, t)EL (4) 

It is these fluctuations that cause the inhomogeneities in the fluid and 
the reradiated waves. The total amplitude of the electric field at a dis
tance R from the scattering volume is given by the summation of the 
contributions of the infinitesimal scattering elements and can be ex
pressed as 

where V is the illuminated volume, tR = t — ( |R — r\/cL) is the retarded 
time, cL and c are the velocity of light in the liquid and in vacuo, respec
tively, and Κ = (R — r ) / | R — r| is a unit vector in the direction of the 
scattered light. If it is assumed that the magnitude of the first two time 
derivatives of 8a(r, t) is negligible compared with the frequency of the 
incident radiation ω 0 , then after some manipulation and, remembering 
that for a nonmagnetic media 

ε = 4χα + 1 (6) 

where c is the dielectric constant, Equation 5 reduces to 

E . (R, t) = A k s x ( k 8 x E ) exp[i(k. · R - corf)] f 8e(r, t) (7) 
exp[t'(k - k.) · r]dV 

where now |ks| = n|ko|, and A represents constant factors. 
A t this point it is possible to gain some physical insight into the scat

tering process. To do this, we w i l l consider that the fluctuations in the 
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local dielectric constant can be represented mathematically by an infinite 
number of weighted sine and cosine functions, each pair having a differ
ent frequency (or wave vector) and phase argument. This is merely 
saying that the complicated fluctuations in the dielectric constant may 
be decomposed into an infinite number of well-defined periodic functions 
—i.e., the fluctuations may be represented by a Fourier decomposition 
(54). Using complex notation, this concept may be written: 

8e(r, t) = C0f 8ε(Κ, t) exp[iK · r]d*K (8) 

where C 0 is a constant and Κ is a dummy variable. Substituting Equa
tion 8 into Equation 7 yields 

E 8 ( R , t) = Ak8x(k8xE) exp[i(ks · R - ω at)] (9) 

f 8e(K, t)\fvexp[i(k - k . + K ) · r]dv\d*K 

where now we need only integrate over the illuminated volume as all 
other space wi l l give negligible contributions to the integral. The ex
pression in braces is a three-dimensional Dirac delta function δ[Κ — 
( k — k8 ) ] which has the property of being zero for all conditions except 
when Κ = k — ks. This in effect is telling us that the scattering is 
caused by one particular component of the dielectric constant fluctuation, 
namely that fluctuation whose wave vector Κ is equal to the difference 
between the incident and scattered wave vectors. Fixing the scattered 
angle θ and the wavelength of the incident light λ 0 w i l l determine the 
particular scattering wave vector ( K ) from which the scattering is being 
observed. From Figure 1 we see that 

|K| = 2k sin (19/2) (10) 

where we have assumed |k| = |ke| which is justified since ΔΚ/Κ — 10"1 2. 
Interpreting this in terms of wavelength shows 

λ = 2Λ sin ((9/2) (11) 

where Κ = 2ττ/Λ. Equation 11 is completely analogous to the Bragg 
equation for x-ray scattering from a crystal of lattice spacing Λ (55), 
and shows the similarity between the two processes. Equation 9 now 
becomes 

E. (R, t) = A k s x ( k e x E ) exp[i(k8 · R - <orf)]8e(K, t) (12) 

which shows explicitly that information concerning the fluctuations of 
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( k s -k ) = C(k s -k) (k s -k) ] ' 

= C l k s l 2 + l k l 2 - 2 l k l l k s l C O S ( T T - Ô ) ] 

= [ 2 l k l 2 ( l - c o s ^ ) J , / 2 

1/2 

C4 lk l 2 s in 2 ( 0 /2 ) J 

2 Ik I s in(0/2) 

1/2 

ΙκΙ 
LIGHT 

S O U R C E 0 

O B S E R V E R 

Figure 1. Derivation of the magnitude of the scattering vector k in terms 
of the incident wave vector and the scattering angle 

the dielectric constant is contained in the scattered electric field. Equa
tion 12 is essentially that developed by Einstein (8) who assumed noth
ing specific about the mechanism of the oscillating dielectric constant. 
Since 8e(K, t) is a randomly varying quantity, it is necessary to consider 
the fluctuations of the scattered field with time. 

In considering the statistical nature of the scattered light, it is useful 
to use the concept of the time autocorrelation function which is defined by 

C , ( T ) = lim ^ I x(t)x*(t + τ )Λ = <x(t)x*(t + τ ) > (13) 

where x(t) is a parameter measured at time t and x*(t + Ο is the com
plex conjugate of the same parameter measured τ units in time later. 
(For those unfamiliar with this function, Appendix A is provided which 
briefly describes some properties of Cx(r).) The utility of this concept 
can be seen in applying the Wiener-Khinchine theorem (56, 57) which 
relates the autocorrelation function of a signal to the spectral power 
density of that signal by a Fourier transform 

where I(ω) is the signal intensity at frequency ω. Applying this theorem 
to the scattered electric field should then yield the spectral line shape 
of the scattered light. Substitution of Equation 12 into Equation 13 gives 

(14) 

CEtM = < E8(t)E*(t + τ) > = (15) 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

00
4

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



4. F O R D E T A L . Self-Beat Spectroscopy 33 

Α2Θχρ[ζω0τ] < 8e(K, ί)8ε*(Κ, t + τ) > 

where now we must evaluate the correlation function for the fluctuation 
of the dielectric constant. This calculation has been performed by Pecora 
(16) in the limit of infinitely dilute solutions where it can be safely 
assumed there is no molecule-molecule interaction or correlation between 
molecular movements. 

Because of the length and complexity of Pecora's calculation, it w i l l 
not be reproduced here. Instead, we wi l l perform a somewhat less rigor
ous, but plausible, evaluation of CÔC(T) to reach the same result. In doing 
this, it must be assumed that the time dependence of CÔ€(T) is the same 
as that observed if a large fluctuation in concentration were artificially 
imposed on the system at time t = 0 and allowed to decay according to 
Fick's second law of diffusion (58) where 

dCu{*; τ ) = Dtf-CUr, τ) (16) 

with Dt being the translational diffusion coefficient. Using a spatial 
Fourier transformation to change from the variable r to K , we find 

C 5 e ( K , τ) = C 5 e(0) βχρ [ -Π] (17) 

with Γ = DtK2 and C O € ( 0 ) being a constant of integration. Equation 1 5 
now becomes 

CES(':) = constant exp(icooτ) e x p ( - H ) (18) 

Taking the Fourier transform gives 

κ \ _ (constant) Γ n Q , 
/ ( ω ) ~ Π + (ω - ω,)* ( 1 9 ) 

where we see that the spectral profile of the scattered light is Lorentzian 
in shape and centered around the incident frequency with half-width at 
half-height of 

Γ = DtK2 = D t ^ sin 2 (0/2) (20) 

This line shape was verified experimentally (23, 24) in 1967 for solutions 
of P S L spheres. 

Detection of Signal and Experimental Apparatus 

Equation 1 9 predicts that the spectrum of the scattered light con
tains frequencies that differ from the incident (•—5 Χ 1 0 1 4 H z ) by only 
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' K F - I O 3 Hz . Since conventional spectrometers (e.g., a grating spectro
meter or a Fabry-Perot interferometer) are not capable of resolving such 
small frequency shifts, it is necessary to rely on beating techniques to 
obtain the information contained in the scattered spectrum. 

Figure 2. Light of incident angular frequency ω0 is scattered from 
two particles undergoing random Brownian motion. Because the scat
tered light is Doppler shifted by the two particles respectively, the 

scattered signal contains two discrete frequencies. 

In a standard beating experiment, a photomultiplier tube is used to 
detect the scattered light. Since the output photocurrent is proportional 
to the square of the electric field incident upon the tube, it is known as 
a square-law detector. Thus, if the scattered light contained only two 
frequencies, as would be the case if only two molecules were in the 
scattering volume (as in Figure 2), we find the magnitude of the 
photocurrent i to be 

i oc (Εχ + E2)2 = E2[cos (ωό + Δωι)< + cos (ω 0 + Δω 2)*] 2 (21) 
= E2/2 [2 + cos2 (ω 0 + Δωι)ί + cos2 (ω 0 + Δω2)£] 
+ E2[cos (2ω 0 + Δωι + Δω2)£ + cos (Δωι - Δω 2)ί] 

Since a photomultiplier tube responds to frequencies only up to about 
10 9 H z , the terms in Equation 21 containing optical frequencies in their 
argument are time averaged out to a dc component. Hence, the photo
current output varies as 

i oc dc + E2 cos (Δωι - Δω2)£ (22) 

where the low or beat frequency term in Equation 22 reflects the relative 
velocities of the two molecules. Real solutions, of course, contain many 
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4. F O R D E T A L . Self-Beat Spectroscopy 35 

molecules in the scattering volume with a distribution of velocities, and 
the spectrum of the scattered light is the continuous spectrum of Equa
tion 19 and not the discrete one discussed above. The photomultiplier 
tube has the added advantage, as Equation 22 shows, of shifting the 
center of the scattering profile from ω 0 to zero frequency where conven
tional wave analyzers may be used. In extracting the beat signal, two 
similar techniques may be employed, and it is useful to distinguish 
between them. 

In the first technique, a signal is obtained from the incident light 
beam and allowed to combine with the scattered light to form beats. 
This signal is termed a local oscillator. Cummins et al. (22) first used 
this method and shifted the frequency of the local oscillator using an 
acoustical Bragg reflection modulator. More recently, it has been recog
nized that the shifting in frequency of the local oscillator is unnecessary 
so a local oscillator signal is produced by having the incident beam 
scatter from a stationary object placed in the scattering volume (usually 
a Teflon wedge). We shall call this technique homodyne spectroscopy. 
The second technique differs from the first in that the scattered light 
is allowed to interfere with itself on the photomultiplier tube to form 
beats. This is called self-beating and is a simpler experimental arrange
ment although the analysis of the results is more complicated because 
each part of the scattered spectrum beats against the entire spectrum. 
There is currently some ambiguity in the literature regarding the 
nomenclature regarding these two techniques. In keeping with common 
electrical engineering terminology, techniques involving a local oscillator 
derived from the same source as the signal are termed homodyne beating, 
independent of whether the local oscillator frequency is shifted from the 
incident frequency, while beating in the absence of a local oscillator is 
termed self-beating. This is the terminology we shall use here although 
in the literature the terms heterodyne and homodyne spectroscopy are 
sometimes used for what we call homodyne and self-beating spectroscopy, 
respectively. The spectral profile of the photocurrent is centered at zero 
frequency but is now given by the convolution of the original spectrum 
with itself. 

(23) 

or, in place of Equation 19 

P(Q) constant 
Γ (24) Ω 2 + (2Γ) 2 

where Ρ(Ω) is the spectral power density of the photocurrent. The spec-
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trum is still a Lorentzian, but now with a half-width at half-height of 
2Γ. Non-Lorentzian power spectra wi l l , in general, give more compli
cated results. The results presented here show then that measurements 
of the low, or beat, frequency power spectrum of the photomultiplier 
current may be interpreted in terms of the diffusion coefficients of the 
molecules responsible for the scattering. 

As an alternative to measuring the power spectrum of the photo
current, it is equally possible to measure its autocorrelation function to 
obtain the information contained in the scattered light. Recently, a 
number of real time correlation function computers have become avail
able commercially, and these instruments can calculate approximations 
to C ( r ) , as defined in Equation 13, directly, from an electrical signal. 
These computers typically obtain C ( T ) for 100 different values of τ simul
taneously. In principle, they are capable of obtaining data 100 times 
as rapidly as a single-channel wave analyzer. As with the wave analyzer, 
the signal correlator may be used to process the scattered light from 
either a homodyne or self-beat experiment. If a signal correlator is used, 
however, a somewhat different development of the theory is needed. 

We defined the autocorrelation for the scattered field as 

0Ε(τ) = < Ε(τ)Ε*(Τ + τ) > (25) 

However, in measuring the photocurrent's autocorrelation function we 
are interested in the quantity 

C,(T ) OC < I(t)I(t + τ) > = < E(t)E*(t)E(t + τ) E*(t + τ) > (26) 

where the photocurrent is proportional to the incident intensity I(t). 
CE(r) and Ci(r) must now be related. This relationship may be calcu
lated if it can be assumed that the scattered field is a Gaussian random 
variable (59). Stating the result, we have 

<Μτ) = /o 2[l + C V ( T ) ] (27) 

where I0 is the time-averaged scattered intensity. 

Substituting CE(r) from Equation 18 into Equation 27 yields 

<7,(τ) = / 02 + α β χ ρ ( - 2 Π ) (28) 

where α is a constant. 
In discussing experimental correlation functions, it is convenient to 

define the normalized function 

C V ( T ) = 
α·(τ) - Ct-(oo) ( V ( T ) 
Ci(0) - C t - ( » ) CE2(0) 

(29) 
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4. F O R D E T A L . Self-Beat Spectroscopy 37 

where Equation 29 shows the direct connection between the measured 
correlation function and the quantities of interest 

C " ( t ) = < δε(*) 2> 2 ( 3 0 ) 

U p to now, we have given a general theoretical development of the 
self-beat technique. As a practical illustration of the experimental appa
ratus used to detect autocorrelation functions in scattering experiments, 
the equipment currently used in our laboratory wi l l now be described. 
While our treatment of the autocorrelation function has been in terms 
of an analog signal, the computer that measures this function is actually 
a digital device. This is based on the fact that it is also valid to count the 
scattered photons in order to calculate C / ( T ) as the optical intensity signal 
is essentially determined by the number of photons that strike the photo-
cathode per unit time. We have then 

I(t) oc E(i)E*(0 oc n{t) (30a) 
lit + τ) oc E « + τ)Ε*(* + τ) oc n(t + τ) 

where n(t) and n(t - f T) are the number of photons striking the photo-
cathode in a small interval of time at times t and t + τ, respectively. 
Substituting Equations 30a into Equation 26 yields 

C i ( O oc n(t)n(t + τ) (30b) 

The photocurrent which is a series of discrete pulses gives n(t) and 
n(t + T) directly and can be used to calculate C^(T) digitally. 

A block diagram of the experimental apparatus is presented in 
Figure 3. The light from a Spectra Physics H e - N e laser of ~ 5 0 mw 
power (λ = 6328 A ) is focused to a point inside the scattering cell by 
lens L i . The cell itself is housed inside a copper water jacket for tem
perature control. Light scattered at an angle θ is focused on a pinhole 
by lens L 2 and detected by a photomultiplier tube. For the purposes of 
measuring correlation functions, an I T T F W 130 photomultiplier should 
be used. Foord et ai. (60) have shown that this tube gives the fewest 
spurious correlations. From the photomultiplier tube, the amplified signal 
is fed into a discriminator which generates pulses of uniform shape for 
each photomultiplier pulse of sufficient magnitude. The correlation com
puter itself was designed and built at this laboratory and uses digital 
logic to compute the correlation function of the photocurrent in the form 

CM = Ση(ί,·)η(**-*) 
3 

(31) 
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where k = τ/AT and n(tj) is the number of pulses during a time interval 
AT at time tj. The computer can calculate Ci(r) for 21 values of τ simulta
neously. Since we expect exponential signals, data near τ = 0 are of more 
interest than those at large values of r. Consequently, the first 10 channels 
obtain C ( τ ) at intervals of AT, the next six at intervals 2ΔΤ, and the last 
five at intervals 5ΔΤ. The last channel thus gives C i ( 5 8 A T ) . The range 
of AT varies from 0.1 to 0.2 χ 10" 6 sec with the computer having a mem
ory storage of 16 bits per channel. 

The correlation function data are then transformed by a digital 
analog converter and displayed on an oscilloscope where the evolution 
of C i ( r ) may be conveniently watched. Alternatively, the digital output 
may be punched on paper tape for subsequent analysis. A typical solu
tion wi l l allow Ci(r) to develop in .—5-15 sec with sufficient signal to 
noise ratio to obtain the time constant with an accuracy of 1 % or better. 

SPECTRA-PHYSICS 

MODEL 125 

He-Ne LASER 

EXPONENTIAL 
GENERATOR 

LIGHT S H I E L D ^ C 0 N S T A N T 

Χ χ TEMPERATURE 

CAMERA J -
BELLOWS 

SUMMING 
AMPLIFIER θ OSCILLO 

-SCOPE 

SIGNAL 
CORRELATOR 

COMPUTER 

ADJUSTABLE 
APERTURE " 

DISCRIMINATOR 
PULSE H.V. 

SUPPLY PREAMP 
H.V. 

SUPPLY 

D TO A 
CONVERTER 

TAPE PUNCH 

Figure 3. Block diagram of the experimental apparatus for an optical 
mixing measurement 

Experimentally, the time constant of CI(T) may be evaluated in one 
of two ways. First, an internally generated exponential with variable 
time constant and magnitude may be subtracted from CI(T) until a null 
is detected on the oscilloscope screen. The time constant is then read 
off a calibrated dial ; this procedure takes several minutes. In the second 
method, the coordinates of Ci(r) are punched onto paper tape, and the 
data are then analyzed using a C D C 3600 computer. The program used 
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4. F O R D E T A L . Self-Beat Spectroscopy 39 

for this computes a least-squares fit to Ci(r) and then determines Dt. 
This latter procedure is somewhat longer than the first as it depends on 
the availability of the University computer etc., but it is much more 
precise and is routinely used. The technique of measuring C*(T) directly, 
as opposed to measuring the Lorentzian spectral profile, has the advan
tage of being quick, accurate, and easy to analyze. Also, long term drifts 
in the laser output are unimportant. 

The optical arrangement as seen in Figure 3 is straightforward al
though it is important that it be designed with care as the final signal 
to noise ratio depends critically on this design. A n extensive discussion 
of the criteria to be considered has been given by Dubin (61). We wi l l 
present here only an introduction to the subject and a general statement 
of the results. 

Since we wish to obtain full modulation of the signal at the photo
multiplier, it is necessary to have the spherical wave fronts scattered by 
molecules at opposite extremes of the scattering volume essentially par
allel over the full area of the detector. Otherwise, the two waves would 
interfere with each other constructively over part of the detector and de
structively over the remainer leading to a relatively small change in the 
detector output as the molecules move with respect to each other. If, 
instead, the waves interfere either constructively or destructively over 
the entire detector surface, the signal wi l l undergo excursions from zero 
up to twice the average signal. The area at the detector satisfying the 
above criteria is called the coherence area. Since the size of the coher
ence area is roughly that of the central bright spot that would be obtained 
if a pinhole the size of the sample were illuminated with parallel light, 
we find that a small sample area permits a large detector area. 

The concept of the coherence area may also be described as follows. 
Suppose one of the sample dimensions in the plane perpendicular to the 
sample-detector line is a. Then, the angular range of light accepted in 
that direction Δα must be on the order of 

in order to obtain a single coherence area. In terms of the apparatus 
described here, the sample size is determined by the pinhole and Δα by 
the aperture. A single coherence area wi l l thus be obtained if 

Δ α ~ λ / α (32) 

X V 2 

α 2 

(33) 

where r is the distance from sample to detector. The total light intensity 
obtained in one coherence area is 
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I cc ( 3 4 ) 

a 

where R is the familiar Rayleigh ratio. Equation 34 tells us that the 
signal may be increased by focusing the laser beam to a smaller diameter. 
A focal length of 10 cm for L i is a convenient compromise as a signifi
cantly shorter focal length w i l l lead to several experimental difficulties 
including a broadening in the range of scattering angle accepted. 

As in conventional light scattering, beating spectroscopy requires 
considerable care in eliminating dust and other debris from the solutions. 
In self-beating experiments, dust acts as a local oscillator source and thus 
introduces a small deviation in the measured time constant. It can be 
shown that in order to reduce this shift to less than 1%, the intensity 
of light entering the detector from undesirable sources ( dust, stray light, 
etc.) must be kept below 0.5% of the sample light scattered intensity 
(62). The homodyne spectrometer, on the other hand, is relatively in 
sensitive to dust as long as it is very much larger than the molecule of 
interest. Unfortunately, the homodyne spectrometer introduces other 
difficulties as any local oscillator noise from either laser power fluctua
tions or vibrations in the apparatus wi l l overwhelm the true signal. Be
cause large particles scatter so intensely, particular care must be taken 
in experiments where θ is small or dilute solutions are used. The tech
niques used to clean solutions and scattering cells are those established 
by conventional light-scattering experimenters (IS). 

The first molecular system studied with this type of spectroscopy was 
suspensions of P S L spheres (22) whose spherical shape allowed theo
retical calculation of the diffusion coefficient according to the Stokes-
Einstein equation (58) 

Dt = -j- = η — (35) 

where kB is the Boltzmann constant, Τ is the absolute temperature, η is 
the viscosity, r is the effective radius of the sphere, and / is the frictional 
coefficient. Agreement between calculated and measured values of Dt 

was good for P S L particles with r as large as 1830 A (23). When the 
spectrum is studied as a function of scattering angle, Γ is found to be 
linearly related to sin 2 (Θ/2) as Equation 20 predicts. Verification of this 
has been shown for P S L spheres (23), and Figure 4 shows this relation
ship also holds for solutions of monodisperse polystyrene ( M = 1.8 X 
106 daltons) in 2-butanone (31). 

Application of Beating Spectroscopy to Molecular Weight Determinations 
Introduction. Previously we have described the way in which beat

ing spectroscopy may be used to obtain values of the diffusion coefficient 
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20 

10 

20 

msec. 

Polyttyrtne, M* 1.8 χ 10e 

Prsssurt Chtmicolt 
Botch No. 14 ο 
0.042% solution in 
mtthyl othyl kttont 

23.4·0 

slope* 2.35 x I0 4 secr l 

D«l.56 κ IO"7cm.2/soc. 

OJ 0.5 0.6 0.2 0.3 0.4 
Sin* 0/2 

Discussions of the Faraday Society 
Figure 4. Experimental verification of Equation 20 
for polystyrene in methyl ethyl ketone. Polystyrene is 

in the random-coil conformation (31). 

for macromolecules in solution. In this section we w i l l interpret these 
diffusion coefficients in terms of molecular weights. These ideas and 
interpretations are not necessarily new, and have been used before in 
describing conventionally measured diffusion coefficients. However, the 
fact that measurements of diffusion coefficients are now more readily 
available does give greater emphasis to these methods. Thus this section 
is essentially a review of the older techniques together with examples 
taken from recent beat spectroscopy experiments. 

Diffusion coefficients can be related to molecular weight in three 
ways: first by application of the Stokes-Einstein equation, second by 
combination with sedimentation data, and third by consideration of 
homologous polymer solutions. In the first method, an equivalent spher
ical size of the molecules is calculated from Dt, and an approximate mo
lecular weight is found by combining these data with the appropriate 
density. In the second method, diffusion measurements are coupled with 
those of sedimentation velocity to give molecular weights, and in the 
third method, molecular weights may be determined directly from meas
urements of diffusion coefficients alone once a calibration has been 
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established. A l l three methods rely on fast accurate determination of 
diffusion coefficients for which optical mixing techniques are perfectly 
suited. 

Stokes-Einstein Relationship. As was pointed out in the last section, 
diffusion coefficients may be related to the effective radius of a spherical 
particle through the translational frictional coefficient in the Stokes-
Einstein equation. If the molecular density is also known, then a simple 
calculation w i l l yield the molecular weight. Thus this method is in effect 
limited to "hard body" systems. This method has been extended for 
example by the work of Perrin (63) and Herzog, Illig, and Kudar (64) 
to include ellipsoids of revolution of semiaxes a, b, b, for prolate shapes 
and a, a, b for oblate shapes, where the frictional coefficient is expressed 
as a ratio with the frictional coefficient observed for a sphere of the same 
volume. 

f-' - f t - [ Ι - Ρ / α Ί * · β ο 3 = α 6 2 (36) 
/„ fatf. n l + (l y/g*)*' 

0/ a 

fo " (a/6)* t a n - 1 [aW - 1]* ' ° K * 

where R 0 is the radius of a hydrodynamically equivalent sphere having 
a volume equal to that of the ellipsoid. Knowledge of the molecular 
dimensions and density w i l l again yield an approximation to the molec
ular weight. A note of caution is needed here as the actual molecular 
dimensions may be quite different from those calculated from diffusion 
measurements. It is likely that a certain amount of solvent w i l l adhere 
to the diffusing particle, and hence it must be considered as part of the 
macromolecule when the mass and volume of an equivalent hydrody-
namic shape are computed. A change in diffusion coefficient then could 
be caused by an actual conformational change, a change in degree of 
solvation, or both, and it is impossible to determine the real case from 
a single diffusion experiment. Polydispersity in the sample wi l l also lead 
to ambiguity in the interpretation of the molecular dimensions from 
diffusion data. More detailed discussion of these points is available 
(58, 65,*66). 

Since it is possible to measure the rotational diffusion coefficient by 
optical mixing techniques, and since expressions equivalent to Equations 
36 and 37 have also been calculated by Perrin ( 67 ) for rotational motion, 
we may solve the simultaneous equations 
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Dt = ^ and D R = ψ- (38) 
Jt J R 

and independently calculate the values of a and b subject to the am
biguities discussed above. A decision as to whether the molecules in 
question are best fitted by a prolate or an oblate shape cannot, however, 
be made without other evidence. Once this has been accomplished, an 
equivalent volume may be calculated and the molecular weight deter
mined if the density is known. A procedure similar to this was used by 
Dubin et al. (27) who showed that the protein lysozyme can be best 
described by a prolate ellipsoid. Alternately, knowledge of D and M 
can lead to information on molecular dimensions. 

Sedimentation Diffusion. If a molecule in equilibrium in a solution 
is suddenly subjected to a centrifugal field, it w i l l tend to move to a new 
equilibrium position subject to the centrifugal force, the buoyant density 
of the fluid, the frictional restraining force, and the molecular conforma
tion and weight. For a particular sedimenting force, the particle w i l l 
approach this new equilibrium point with some terminal velocity (vt) 
which it reaches after a short time. The ratio of this terminal velocity 
to that of the accelerating force ( vt/a, measured in 10~13 sec or Svedbergs ) 
is termed the sedimentation coefficient, and is the measurement of in 
terest in sedimentation velocity experiments. The sedimenting particles 
may be observed as a function of time with the aid of Schlieren optics 
which are sensitive to the difference in refractive index between solution 
and solvent. 

A n analytical expression relating the sedimentation coefficient to 
the molecular weight M is of the form 

s - ·' - 4 - m-h) (89) 

α ων Nof 

with N 0 being Avogadro's number, ω the angular frequency at radius r, ν 
the partial specific volume of the solute molecules, ρ the solvent density, 
and / the frictional coefficient. A comprehensive treatment of centrifuga-
tion techniques, both theoretical and practical, has been presented by 
Svedberg and Petersen (68), Schachman (69), and Tanford (58). 

To minimize the effects of concentration dependence, the sedimenta
tion coefficient is usually determined for a particular system at several 
concentrations and then extrapolated to infinite dilution (S°). If, on the 
other hand, the diffusion coefficient is also measured at several concen
trations and extrapolated to infinite dilution (D° ) , then values of S° and 
D° may be related through the frictional coefficient to determine the 
molecular weight of the solute molecules 
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RT 
Z>° (1 - vp) 

(40) 

where R is the gas constant. (It must be emphasized that the experi
mental conditions (solvent, ionic, strength, p H , temperature, etc.) must 
be as identical as possible in the two types of measurements.) This 
procedure is valid for any size or shape of molecule and is limited only 
by the experimental difficulties of obtaining S° and D°. The solvent plays 
a very important role in sedimentation and diffusion experiments, and 
hence both S° and D° are usually reduced to some standard reference 
conditions (e.g., H 2 0 at 20°C) . 

For large molecules, D° is difficult to obtain experimentally using 
conventional techniques because of the long times required for diffusion 
to take place and the necessity of preserving exacting experimental con
ditions over this period. [See Gosting (70) for a description of classical 
methods.] In this case, determination of D° by optical mixing techniques is 
clearly superior to the classical methods. For molecules of the coliphages 
T4, T5, and T7, Dubin et al (28) measured D° by optical mixing light-
scattering techniques and S° by conventional means and used previously 
determined values of ν ( 71 ) to determine the molecular weights for these 
particles. A tabulation of their results is presented in Table I. Also, using 
the results of a chemical analysis (71) for the percentage of D N A in 
each phage, Dubin et al. were also able to evaluate the molecular weights 
of the respective DNA's . In this way, D N A molecular weight determina
tions were made without actually working with the D N A itself. Com
parison of the molecular weights for the phages' D N A and T7 obtained 
by conventional means are also presented in Table I. In carrying out 
this work, Dubin et al. showed that the scattered spectral profile as a 
function of scattering angle was described by Equation 20 for T4, and 
it was assumed that this relationship held for the other phages. 

Table I. Tabulation of Results for Molecular Weights of T 4 , T 5 , 
and T 7 and Their Respective D N A ' s " 

Particle 10^cm"/sec W^^sec M 10* Daltons 

a Data from Dubin et al. (28). Molecular weights determined by other methods 
are included for comparison. 

T4 
T5 
T7 

0.295 =b 0.003 
0.397 ± 0.004 
0.603 ± 0.006 

890 ± 15 
615 =fc 10 
453 ± 8 

192.5 ± 6.6 
109.2 ± 4.0 
50.4 ± 1.8 

105.7 ± 3.8 
67.3 ± 3.1 
25.8 ± 1.0 

49.4 b 

104c 

65.7C 

23.2C 

T 4 D N A 
T 5 D N A 
T 7 D N A 

6 Ref . 71. 
c Ref. 72. 
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Homologous Polymers. As the size of a molecule increases, it is 
expected that its diffusion coefficient w i l l decrease. Figure 5 shows a 
plot of D° vs. M for solutions of polystyrene in 2-butanone (methyl ethyl 
ketone) where the relationship between D° and M may be expressed by 
the semiempirical formula 

Do = KDM~b (41) 

where KD and b are constants. This equation is analogous to that used 
by Eigner and Doty (73) in relating sedimentation coefficients to mo
lecular weight for solutions of D N A and also to the Mark-Houwink 
equation relating intrinsic viscosity to molecular weight ( [ 7 7 ] = KMa). 

— ' 1 « — I ' ' i n 1 1 1—ι ι ι ι ι ι 1 1 q 

Polystyrene in methyl 
ethyl ketone 

I04 I05 I06 

Molecular Weight 
Discussions of the Faraday Society 

Figure 5. Graph of the diffusion coefficient extrapolated to infinite dilu
tion (D°) vs. molecular weight of polystyrene (31 ). 

In fact, for random-coil conformations, b in Equation 41 is explicitly re
lated to the exponent in the Mark-Houwink equation by 3b = a + 1. In 
this way values of M may be determined directly from measurements 
of D° provided KD and b are known. Although both these parameters 
could in principle be calculated from a detailed knowledge of the geom
etry of the solute, it is usual to regard them as experimentally determin
able parameters. A similar relationship has also been found to hold 
true for the polypeptide poly(y-benzyl L-glutamate) ( P B L G ) dissolved 
both in 1,2-dichloroethane and in dichloroacetic acid. These results are 
shown in Figures 6 and 7, respectively. 
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M. W. 
Figure 6. Graph of D° vs. molecular weight for poly(y-benzyl-
la'glutamate) (PBLG) in 1,2-dichloroethane. PBLG is in a helical 

conformation. 

Polydispersity. The determination of molecular weight is mean
ingful only if monodisperse solute molecules are used or, if used with 
polydisperse solutes, the type of molecular weight obtained (weight 
average, number average, etc. ) is known. The case of a single component 
is the easiest of all to consider, but it is the least often encountered 
experimentally. Polydispersity is an almost universal phenomenon in 
synthetic polymer work, and in order to give a complete description of 
the self-beating technique, we wi l l summarize an approach to this prob
lem. A more general treatment has been given by Tagami and Pecora 
(75, 76). Other treatments are by Frederick, Reed, and Kramer (71) 
and Kopel (62). 

In the detection of the autocorrelation functions in self-beat spec
troscopy, solution polydispersity can lead to a non-exponential form. If 
we assume that there are no contributions to the autocorrelation function 
except those from translational diffusion for the different types of mole
cules, we can consider two simple cases: a continuous distribution of 
solute particle sizes and several distinct components in a solution. W e 
shall approach the two cases by determining their effect on the observed 
correlation function. 
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Library 
A m o r t ™ Chpiticaf Socfoty 

In considering the first case, it is convenient to assume a Schulz 
distribution W ( M ) for the molecular weight of the form 

W(M) = 1 γΗ-ι Μ2 β χ ρ [ - γ Μ ] (42) 
1 aU -Τ Ζ) 

where W ( M ) is the weight fraction of the molecules in the sample of 
molecular weight Μ, Γ α ( 1 -f- ζ ) is a gamma function of argument ( 1 
+ z), and the parameters ζ and γ are related to the weight-average mo
lecular weight by Mw = (z + l ) / y (78). Using the definition of the 
normalized correlation function for the photocurrent, Equation 29, and 
remembering Equation 27, we find 

0Ν(τ) = j j ^ i [ / M f ( M ) e - ^ D ^ d M ^ (43) 

Assuming now Γ = K2DT = K2KDM~b where KD and M are defined in 
Equation 41, Equation 43 may be evaluated to yield 

CN(t, z, b) = [(* +
zfZ+1 f xz+1e-{z+l)xe-T/*bdx J (44) 

where we have used the change of variables χ = M/Mw and Τ = KDK2T/ 

(Mw)b. Equation 44 is now a theoretical expression for the normalized 
correlation function observed for scattering from a solution containing 
a continuous distribution of molecular weights. Since Equation 44 can
not be evaluated explicitly, an approximate procedure w i l l be described 
which can yield the degree of polydispersity (z) and the weight-average 
molecular weight (Mw). 

Consider the two functions 

Χι = 

/2[CN(T{) + CN(Ti+1)] AT 
(45) 

where CN(Ti) and CN(Ti+1) represent the magnitudes of the normalized 
autocorrelation functions at two successive values of Τ whose difference 
is represented by ΔΓ. is essentially a difference quotient which, in the 
limit, is related to the derivative dCN/dT. X* is basically a function of 
the magnitude of CN ( Τ ). CN ( T, z, b ) is only a function of Τ for particular 
values of b and z, and it may be calculated numerically. If CN is a single 
exponential, as would be obtained for a monodisperse solution, then the 
plot of Y vs. X would be a horizontal straight line. If, however, the 
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solution is polydisperse, a deviation from a horizontal line is expected. 
( A nontranslational diffusion contribution to the scattered signal could 
also cause a deviation. ) Using numerical calculations and steps in Τ of 
AT = 0.08, plots of Y vs. X may be obtained and are found to be very 
good approximations to straight lines for 0 ^ ζ ^ oo, J ^ b ^ 1, and 
£ ^ X ^ 1. It should be noted that since the change of variables was 
made to T, it is unnecessary to know a specific value for the constant of 
proportionality between Τ and τ (KDK2/Mw

b), i.e., it is not necessary to 
know Mw to construct a plot of Y vs. X. This plot may then be used 
to find the value of Y when X = 0 [Y(0) ] and X — 1 [ Y ( 1 ) L respec
tively, by extrapolation for particular values of ζ and b. The ratio of 
Y ( 0 ) / Y ( 1 ) is then plotted vs. b for different values of ζ and is shown 
in Figure 8. Knowledge of b for the molecular system being studied and 
the value of Y ( 1 ) / Y ( 0 ) determined from the experimentally measured 
correlation function wi l l then give a value of z. 

Making a straight line fit to Y, MD may be calculated from Y ( l ) 

M. W. 
Figure 7. Graph of D° vs. molecular weight for PBLG in dichloro-

acetic acid. PBLG is in a random-coil conformation. 
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2.0 

Z=0 " 

yd) 
y(o) 

1.6 

1.8 

10 

1.2 

1.4 

.4 .6 .8 1.0 
b 

Figure 8. Graph of Y(1)/Y(0) vs. the molecular parameter b for 
various values of the polydispersity parameter ζ of the Schulz 

distribution 

where MD is the diffusion molecular weight obtained from Equation 44 . 
The quantity Y ( l ) may also be evaluated analytically from Equations 4 7 
and 4 8 to yield 

Combining Equations 4 6 and 4 7 gives 

where now the weight-average molecular weight may be found. Equation 
4 8 is shown as the dotted lines in Figure 9. Another way of arriving at 
Equation 4 8 can be made plausible by considering the following. The 
autocorrelation function derived in Equation 4 3 is essentially the square 
of a sum of weighted exponentials with each term in the sum representing 
a particular molecular weight present in the size distribution. Equation 
4 8 can be derived if it is assumed that the autocorrelation function 
( Equation 4 3 ) can be approximated by a single exponential of form exp-
[— 2Td(M)T] and by imposing the condition that the first derivative of 
both forms of the autocorrelation function be equal at τ = 0. 

The results of Equations 4 7 and 4 8 require that C N ( T ) be measured 
in the limit ΔΤ —» 0, a limit not easily achieved in practice because evalu-

(48) 
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Figure 9. Dotted lines represent the theoretical Equation 48 
relating M W / M D to b for various values of z. Solid lines are 
determined from straight-line approximations of the lines in 

Figure 8. 

ation of Y also requires Ci( oo ), from Equation 29. This problem can be 
seen in Figure 9 where the solid lines are determined from a straight-line 
fit to Y ( X ) of the lines in Figure 8. 

It is to be noticed that knowledge of KD and b is required to inter
pret correlation functions in terms of Mw and z. The quantities KD and b 
may be determined from separate experiments or possibly found in the 
literature. Thus a single measurement of the self-beat spectrum is ade
quate to give both the weight-average molecular weight (Mw) and the 
width of the weight distribution (z) . 

For the second case, that of a solution containing η distinct compo
nents, only the situation where η = 2 is sufficiently simple to consider. 
In this case, the photocurrent autocorrelation function is given by 

C<(T) = [Ae~r^ + Berr*]* (49) 

where A and Β are constants and ΓΊ and Γ 2 are the time constants asso
ciated, respectively, with the two pure components. Assuming Γι and Γ 2 

are not too different, C ^ T ) is most easily analyzed by fitting to a single 
exponential. Setting C 0 ( τ ) = A 0 V r o T and minimizing [0*(τ) — C 0 ( T ) ] 2 

with respect to both A 0
2 and Γ 0, we may find the ratio A/B. Thus, if we 

know the individual scattering powers and diffusion constants of each 
component, it is possible to determine the ratio of the two components 
in a mixture. This analysis can therefore find use in cases of monomer-
dimer equilibrium. 

Summary 

From the description presented here, it can be seen that self-beating 
spectroscopy as a technique for measuring the diffusion coefficient of 
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molecular systems has several distinct advantages over conventional 
methods. While older methods rely on the production of artificial con
centration gradients requiring precise experimental controls, the self-
beating technique is performed on systems in thermal equilibrium thereby 
reducing the time necessary to make measurements to as little as a few 
seconds. The rapidity of the measurement, however, is not obtained at 
the expense of accuracy for accuracies on the order of 1 % are routinely 
obtained. Values ~ 5 % are typical for more conventional methods. 
Another advantage lies in the fact that measurements may be made on 
small quantities. This is especially important for hard to isolate biological 
molecules. As seen in the last section, measurements from self-beating 
spectroscopy can be related to molecular weights in several ways, de
pending on the type of molecule being studied, and can give information 
on the homogeneity of the sample. It is also possible to measure diffusion 
constants for a wide range of molecular shapes and sizes, as preliminary 
experiments have been performed on particles from as small as a few 
thousand daltons to such large molecules as rat liver mitochondria. W i t h 
these advantages, self-beating spectroscopy should soon become a con
ventional method in the determination of molecular parameters. 

Appendix A 

The autocorrelation function is found by measuring the value of a 
signal at time t, and multiplying it by the magnitude of the same signal 
displaced in time τ units, and then averaging this product over all time. 
Equation 1 3 is essentially a mathematical expression of this concept where 
x * ( f -f- τ ) indicates the complex conjugate of the signal. The autocorre
lation function, unlike most average quantities, is not a number but is 
instead a function of the independent variable τ. L ike most average 
quantities, it is a nonunique description of the signal. To illustrate some 
properties of this type of function, the autocorrelation function w i l l be 
evaluated for a periodic signal of period T. Consider 

y(t) = A sin (ω* + θ) (I) 

where θ is some arbitrary phase angle and ω is the angular frequency 
ω = 2ΤΓ/Γ. Using Equation 13 , we find 

C „ (T) = <A2 sin (ω* + Θ) sin (ω< + ωτ + θ)> 
A2 

= g [<cos (ωτ)> - <cos (2ω< + ωτ + 20)>] (II) 

A2 

= ό cos (ω τ) 
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The autocorrelation function of a periodic signal is itself periodic with 
a frequency equal to that of the original expression. It is to be noticed, 
however, that all information concerning the phase of the original signal 
is lost illustrating the nonunique description aspect. 

By examining Equation II we can make the following observation 

Cy{-) = ϋυ(τ + Τ) (III) 

1 (̂0)1 ̂  |σ,(τ)| (iv) 

<\(τ) = 6 \ ( - τ ) (V) 

Equation III is merely stating that a correlation function of a periodic 
signal is also periodic while Equation IV states that the maximum amount 
of correlation of a periodic function occurs when the same point of that 
signal is compared with itself and that the correlation is diminished as 
one compares two points that are farther and farther apart (up to a 
difference of T ) . Equation V states that the autocorrelation function is 
symmetric about r = 0. 

In considering random fluctuations or signals, it is found from the 
definition of autocorrelation function that Equations IV and V also hold 
and further that 

C y(0) = <x2> (VI) 

where < x 2 > is the mean square of the fluctuation. If a random-noise 
source of zero mean is added to an informational signal like 

S(t) = x(t) + n(t) (VII) 

the C s ( T ) can be found to be of the form 

C . W = Cx(T) + C»(T) (VIII) 

or in setting τ = 0 

£ 2
 = -2 + —2 (IX) 

which states that the powers of the two signals are additive. If a periodic 
signal is obscured by noise, then the calculation of autocorrelation func
tions may be employed to withdraw information concerning the periodic 
function. Autocorrelation functions can also be used, as in our case, to 
determine the spectral distribution of a purely random fluctuation by use 
of the Wiener-Khinchine theorem. 
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Thin-Layer Methods for Determining 
Molecular Weight Distribution 

E. P. OTOCKA 

Bell Laboratories, Murray Hill, N. J. 07974 

Thin-layer chromatography (TLC) is a common laboratory 
technique for separating complex mixtures of solutes, usually 
by an adsorbtion mechanism. Several laboratories have 
applied the technique to the separation of polymer fractions 
and characterization of polymer molecular weight distribu
tions. This work reviews the experimental results and 
theoretical approaches to the fractionation mechanisms. 

^phin- layer chromatography ( T L C ) is a well-known technique for the 
separation of mixed solutes by adsorption. Compared with related 

techniques in column chromatography, T L C offers several advantages. 
The use of adsorbents having large surface area ( particle size ~ 1 0 μ vs. 
50 μ) results in excellent resolution. Separation and analysis time are 
reduced because many samples can be run simultaneously and material 
need not be eluted for quantitation. Several references provide a com
prehensive background on T L C ( 1-3 ). 

T L C has been a widely accepted technique in biochemistry and or
ganic chemistry for a number of years. With modern quantitation T L C 
is being used today in such diverse applications as air pollution analysis 
and clinical medicine. 

The initial applications of T L C to problems in polymer chemistry 
were directed to the separation of polymer blends, stereoisomers, and a 
variety of copolymers ( 4-8 ). From these investigations occasional molec
ular weight effects were noted (8). Recently efforts in three separate 
laboratories have been successful in determining the molecular weight 
distribution of a polymer sample by T L C techniques (9-12). A n explana
tion of the facility and high resolving power observed has been sought 
through a number of continuing experiments (11-16). The purpose of 
this report is to review the results of these studies and to comment on 
the fractionation mechanisms postulated. 
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Three types of interactions occur during a T L C run which determine 
the results. The following is a discussion of these factors, with special 
emphasis on their relation to the chromatography of polymers. 

The solvent-substrate interactions depend on the type of adsorption 
sites on the substrate particles and on the nature of the functional groups 
and dipole moment of the eluting solvent. The most common expression 
of the strength of the solvent-substrate interaction is the so-called eluo-
tropic series. Common solvents are rated in order of polarity and there
fore displacing power. A more quantitative rating is found using the 
solubility parameter δ or solvent strength parameter c° (3, 17). In prac
tical terms, the greater the solvent-substrate interaction, the more suc
cessful is the solvent in competition with the solute for the adsorption 
sites on the substrate, and the more completely wi l l the solute be eluted. 
The interaction of polar solvents with substrates can result in significant 
changes in the composition of the mobile phase when a mixed solvent 
elution is being executed. The relative magnitude of this fractionation 
effect increases as the initial concentration of the more polar component 
is decreased. Indeed, the chromatographic purification of solvents is the 
most outstanding example of this phenomenon. These considerations re
main largely unaffected by the nature of the solute (i.e., polymeric vs. 
monomeric). 

Another consideration unique to T L C is the variation in solvent con
centration in the direction of elution (18). The phase ratio r is simply the 
weight of solvent per weight of adsorbent measured at various distances 
from the dip line. The change in r generates the solvent concentration 
profile. The decrease in phase ratio is an important consideration in sub
sequent discussions of the fractionation mechanism. 

The solute-substrate interactions are responsible for the separation 
of low molecular weight solutes in conventional T L C . Solutes are par
titioned between the mobile phase and substrate. Adsorption takes place 
at the "head" of the spot and desorption at the "tai l . " For solutes with 
varying affinities for the substrate, relatively more or less time is spent 
in the absorbed state resulting in different migration distances. 

The adsorption and desorption behaviors of polymers have been the 
object of extensive study for a number of years (19-21). The low rates 
of polymer adsorption and desorption as determined by conventional 
methods would eliminate these processes from consideration as partici
pating in T L C separations. A recent study has shown, however, that the 
removal of polystyrene from silica gel occurs rapidly in benzene, an 
eluting solvent, and is several orders of magnitude slower in C C U , a non-
eluting solvent (IS). Both CCI4 and benzene are good solvents for poly
styrene, but benzene is a stronger eluent. A n important feature of polymer 
adsorption is the strong molecular weight dependence of the equilibrium 
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surface coverage and total number of adsorbed segments per molecule 
(19—21). It is very difficult for significant amounts of polymer to adsorb 
onto any type of substrate from a good solvent. 

Some mention should be made concerning the state of the polymer 
at the beginning of T L C experiment. Normally the sample is applied to 
the plate from solution in a relatively nonpolar solvent. This solvent 
is then evaporated, and the chromatographic plate is eluted with the 
chosen eluent. The drying step results in a polymer deposit which would 
be difficult to characterize; it is not simply a precipitate, and it probably 
is not a simple adsorbed (multi) layer. Redissolution and entry into the 
mobile phase under displacement conditions occur in a minute or less (13). 

The effects of solute-solvent interactions play a greater role in the 
chromatography of polymers than in conventional T L C . Normally, solu
bility plays a very small role in the T L C behavior of monomeric com
pounds. For polymers, however, the effects of solute-solvent interaction 
are critical. Solvents with 3s which match that of the polymer are "good" 
thermodynamic solvents, and should displace the polymer during devel
opment. 

c.103 

20 15 10 5 0 

Journal of Chromatography 

Figure 1. Determination of molecular weight distribu
tion for narrow polystyrene standard. Curve I, calibra
tion of Rf vs. M ; curve 11, densitogram of two dimen-
sionally developed sample; curve III, molecular weight 

distribution: Mw/Mn — 1.02 (12). 
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Polymer Behavior in TLC 

Figures 1, 2, and 3 show examples of molecular weight distributions 
( M W D ) determined by T L C . For the analyses of Otocka and Inagaki, 
similar gradient elution methods were employed. Quantitation was 
achieved by densitometry in situ in one case and by densitometry of a 
photographic record of the plate in the other cases. Belenkii and Gankina 
employ a two-dimensional development method to overcome "chroma
tographic spreading" followed by photographic densitometry to deter
mine the M W D of polystyrene fractions. These results are indicative of 
the broad range of polydispersities for which the technique is applicable. 
In order to advance in more generalized utility where other polymers 
can be studied, the mechanism of this high-resolution technique must 
be understood. 

Several experiments by Inagaki lead to the postulation of a precipita
tion mechanism as the prime source of fraction in T L C . Samples of 
isotactic poly (methyl methacrylate ) show migration with 0 < Rf < 1 ( R f 

is defined as the solute migration from the starting line divided by the 
solvent front travel from the starting line ) in mixed C H C I 3 - C H 3 O H in two 
separate eluent composition regions. In the first region (—80% C H C 1 3 ) , 
samples of different molecular weight show no difference in R{. The sec-

Polymer Journal 

Figure 2. Comparison of GFC and TLC molecular weight 
distributions_of polystyrene= 76,600, Mn = 45,400 
from TLC; Mw = 71,800, Mn = 39,300 from GFC (11). 
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ond region ( ~ 7 0 % C H 3 O H ) , where precipitation is imminent, shows a 
strong dependence of Rt on molecular weight (14). 

Another indication that precipitation and not adsorption is operative 
depends on the observation that samples of the same molecular weight 
migrate identical distances from the dip line, independent of their start
ing positions on the T L C plate (15). This of course would not be the case 
if adsorption governed chromatographic mobility. To explain these phe
nomena, Inagaki has proposed that the solvent concentration profile results 

in precipitation. A typical solvent concentration profile is shown sche
matically in Figure 4. The exact contours and values of the solvent con
centration profile depend on the method of development (ascending, 
descending, horizontal) and the nature of substrate (void volume) and 
solvent (polarity, vapor pressure). It was found that a measured solvent 
concentration profile and a series of R f * (distances from dip line) meas
urements indicated a polymer concentration of 0.01 volume fraction at 
precipitation. A separate measurement in the eluent gave ^0 . 03 as the 
concentration of polymer at precipitation for the same temperature (15). 

More recently, Otocka measured the R f * values for several polysty
renes using dioxane-methanol and dioxane-2-propanol θ solvents (16). 
The results shown in Table I indicate that despite a great variety in the 
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type of adsorbent nature, R f * values are quite similar for similar develop
ment techniques. However, the agreement in calculated concentrations 
at precipitation is not very good between ascending, descending, and 
horizontal development. Based on Inagaki's solvent concentration profile 
and our dip line phase ratio, Otocka calculated concentrations at precipi
tation for ascending development between 0.003 and 0.006 gram of 
polymer per gram of solvent depending upon molecular weight. Light-
scattering studies showed no turbidity at concentrations of polymer to 
0.01 gram of polymer per gram of solvent (molecular weight = 160,000). 
Thus, while the precipitation theory of fractionation offers good quali
tative explanation for the behavior of polymers in T L C , assessment of the 
quantitative aspects is not yet fully developed. 

CO 

< 
I 
Q. 

0.4 
REDUCED 

0.6 
DISTANCE z/z< 

Figure 4. Schematic solvent concentration profiles. Fhase ratio, 
r (weight of solvent per weight of adsorbent) as a function of re

duced distance z/zfinal from the dip line. 

The adsorption concept of fractionation cannot account for the fact 
that samples reach a constant position from the dip line or that the nature 
of the substrate is unimportant in determining the retardation of sample 
migration. There are still several general observations that indicate ad
sorption effects can be detected in T L C . CCI4 dissolves polystyrene of all 
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molecular weights studied, yet it does not displace any. Acetone dissolves 
only low ( < «20,000) molecular weight polystyrene samples and dis
places them quite readily. The addition of small amounts of acetone to 
CC1 4 permits displacement of molecular weights in excess of 105. Fur 
thermore, it has been noted that when polystyrene samples are applied 
to plates from eluting solvents, the spot concentration profile is high at 
the edges and low in the center, while samples applied from CC1 4 show 
a near gaussian concentration profile. This pattern indicates differences 
in adsorption during sample application, depending on the displacing 
power of the carrier solvent. 

Table I. Polystyrene Behavior for Various Development Techniques 

R f * a 

Platesb 

Sample S,A,a S,D,a C,a S,A,h S,D,h S,A,d 
PS-2 (19,800) 0.75 0.77 0.75 0.66 0.72 0.70 
PS-4 (160,000) 0.66 0.66 0.64 0.39 0.48 0.63 
PS-6 (860,000) 0.63 0.61 0.63 0.30 0.30 0.60 

α The eluent is dioxane (72%)-methanol (28%) θ solvent. Distances are measured 
from the dip line rather than the spotting line. 

6 S = silica, C = cellulose, A = activated, D = deactivated (fluorosilane), 
a = ascending, h = horizontal, and d = descending. 

A number of experiments are possible which wi l l add final clarifica
tion to questions concerning the details of the mechanism. Modern column 
chromatographic methods can be used to evaluate the role of the ad
sorbent. In a column, no solvent concentration profile exists, and there 
are at least two papers which indicate adsorption separations can be 
successful ( 22, 23 ). More extensive work is necessary to characterize the 
solvent concentration profile to improve the quantitative agreement be
tween bulk precipitation concentrations and in situ precipitations in T L C . 

Recent work has indicated that thin-layer gel permeation chroma
tography ( T L G P C ) is possible on wet plates (16). The resolution is 
much less than for the conventional T L C approach. 

Conclusions 

The precipitation mechanism proposed by Inagaki offers a good 
qualitative explanation for the fractionation of polymers by T L C . The 
quantitative agreement between T L C precipitation and bulk precipita
tion is lacking at the present time. Further experiments are needed to 
provide exact definition of the role of the adsorbent. 
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The Use of Mass Chromatography to 
Measure Molecular Weights and to Identify 
Compounds Related to the Polymer Field 

C. EUGENE BENNETT and DONALD G. PAUL 

Chromalytics Corporation, Unionville, Pa. 19375 

Mass chromatography is a new form of gas chromatography 
that uses two gas density detectors operated in parallel and 
provides (a) mass of components within 1-2% relative with
out determination of response factors, (b) molecular weight 
of components within 0.25-1% in the mass range 2-400, 
and (c) a powerful identification tool by the combined use 
of retention time and molecular weight data. The theoretical 
basis of the technique and its scope as a molecular weight 
analyzer, a qualitative identification tool, and a quantitative 
analyzer in the polymer field are discussed. 

TiTass chromatography is a new form of gas chromatography that 
A maintains the retention data of G C while providing new information 

to calculate the molecular weight and absolute weight of each component. 
Although mass chromatography is a recent innovation of Paul ( I , 2), its 
basis was established by Liberti , Conti, and Crescenzi in 1956 (3). In 
the earlier work, the response of a compound was measured with a single 
gas density detector by making consecutive runs with a high and low 
molecular weight carrier gas. In Paul's work, simultaneous measurement 
occurs in a parallel chromatographic system including matched columns 
and two gas density detectors. 

The predictable response of the gas density detector makes the overall 
method possible. The basic formula which describes its operation is 

D - k
 M W * (1) 

" X ~ 10 MW* - MWCG W 

where D x is the density of the unknown species x, k is a cell constant 

63 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

00
6

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



64 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

dependent upon operating conditions of the instrument, and M W X and 
MWQG are the molecular weights of the unknown χ and carrier gas, 
respectively. 

By definition, density is weight per unit volume. In case of the gas 
density cell, density is proportional to weight (ictx) per chromatographic 
peak area ( A x ) . Thus it follows: 

η ~ ^ = h M W * 
x ~ A x MW* - MWCG 

(2) 

For quantitative analysis, the cell constant k is determined with a weighed 
internal standard and then used in calculating the amount of other com
pounds present. Starting with Equation 2, Paul and Umbreit ( 1 ) derived 
the following equation for molecular weight determination in a dual 
chromatographic system: 

Λ2 
MWCGL 

A2 

(3) 
- 1 

where Κ is an instrument constant, Αχ and A 2 are the area responses for 
the unknown compounds in two detectors, and MWCGL and MWCG2

 A R E 

the the molecular weights of the two carrier gases. 
W i t h the Chromalytics Model M C - 2 mass chromatograph, a sample 

is introduced into the unit, split into two portions, collected onto traps, 
and then analyzed simultaneously with two gas density detectors as shown 
in Figure 1. The peak height or area ratios from each detector are 
measured and the molecular weights calculated from Equation 3. 

In actual operation, the molecular weight of an unknown can be 
determined by measuring the area or peak height ratio and using a Κ 
established for known compounds. Fortunately, it is not necessary to 
know the amount of sample introduced. For either molecular weight or 

INJECTION VALVE/TRAP 
PORTS COMPLEX 

GAS DENSITY 
DETECTORS* 

MW 

C 0 0 L _ l 

Figure 1. Schematic of the mass chromatograph showing 
flow, sampling, traps, columns, detector, and dual readout 
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quantitative analysis, it is only necessary for the split ratio to remain the 
same for standard and sample measurements, and internal standards can 
be used to avoid this requirement. 

The main benefits of the mass chromatographic system can be sum
marized as follows. (1) Precise quantitative analysis can be performed 
without individual peak calibration. (2) Molecular weights are readily 
determined for compounds that can be gas chromatographed. (3) Peak 
identification is usually possible by the combined use of molecular weight 
and retention data (when such data are available). (4) The unique trap 
design and dual aspects of the instrument are ideally suited for evolved 
gas analysis from thermal analyzers, catalyst studies, etc. These benefits 
wi l l be discussed throughout the paper with emphasis oriented to the 
polymer field. 

Scope as a Molecular Weight Analyzer 

The mass chromatographic method of measuring molecular weights 
can be applied to many thousands of compounds although it is limited 
to those materials which can be gas chromatographed or maintained in a 
vapor state. In many instances, volatile derivatives of nonvolatile or non
stable compounds can be utilized to extend the method. In general, or
ganic compounds with molecular weights up to and over mass 400 can 
be analyzed. For polymers and other nonvolatile compounds, the sample 
can be thermally decomposed and the fragmentation products analyzed. 
The composition of these materials can often be established by this 
procedure. 

The accuracy of the molecular weight measured on a theoretical basis 
can be determined from an analysis of Equation 3. The equation reveals 
that for any given pair of carrier gases, the error in a calculated molec
ular weight wi l l be dependent upon the uncertainties of Κ and the peak 
ratio A i to A 2 . Theoretical error curves for molecular weight can thus 
be obtained with pairs of carrier gases by varying the uncertainties of Κ 
and peak ratios. Such information has been reported by Swingle (4), 
and is reproduced in Figure 2. In Figure 2, COo and S F 6 were the carrier 
gases used, and the molecular weight errors are shown as a function of 
molecular weight and different uncertainties of K. The data assume no 
error in peak ratio measurement. If the Κ could be measured to a stand
ard deviation of ±0 .25%, then a standard deviation of ±0.5 mass unit 
would hold up to molecular weight 250. 

Swingle found, however, that with a variety of compounds, a 
± 1 % standard deviation of Κ was more realistic, and a standard devia
tion of ± 1 mass unit at 200 and below would be achieved. Dutton (5) 
has found similar results in studies of hydrocarbons, aldehydes, and 
methyl esters of fatty acids. W i t h careful work, however, our laboratory 
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has determined Κ with a standard deviation of ± 0 . 5 % . In so doing, a 
standard deviation of ± 1 mass unit at 250 is achievable. 

The uncertainties of Κ and the response ratio depend upon the 
ability to measure detector response. Peak height ratios can be used 
with excellent results (generally better than areas) when the peaks are 
symmetrical and sharp. Peak hight ratios are also more useful than peak 
areas in overlapping peaks. For automated systems, peak areas are pre
ferred since the ratios are readily measured, and the data are calculated 
with electronic integrators and computers. 

MOLECULAR WEIGHT 

Figure 2. Theoretical molecular weight error 
curves as a function of Κ from Equation 3 

The same precision as discussed above can be extended about 50 
mass units by using N 2 (molecular weight 28) and perfluoropropane 
(molecular weight 188) compared with C 0 2 and S F 6 . For example, with 
a standard deviation in Κ of ±0.5, a mass error standard deviation of ± 1 
mass unit would be 300 instead of 250. Since the measurement of detector 
response is a function of the recorder ( peak heights ), integrator system 
(for areas), columns (absorption sites), electronics, temperature, etc., 
the overall precision of molecular weight measurement should be further 
improved in the future. 

Mass chromatography has several advantages (2) over conventional 
methods of molecular weight measurement such as cryoscopy, ebulli-
ometry, vapor density, and osmometry. For example, these methods 
require a pure sample and are dependent on ideal solution behavior or 
extrapolation to infinite dilution. 

The main advantage of mass spectroscopy over mass chromatography 
is its precision of measurement and fragmentation patterns for structure 
determination. Mass chromatography, on the other hand, is a simple 
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technique, and the determination of molecular weights represents a cal
culation rather than interpretation. 

Scope as a Qualitative Identification Tool 

As a qualitative tool, gas chromatography has been limited to reten
tion data and a variety of ancillary techniques. Despite the limitation, 
retention data are widely used, and various tabulations of such informa
tion are available (2). Because mass chromatography provides both 
molecular weight and retention time for each peak, the technique repre
sents a powerful means of identifying compounds as is illustrated in 
Figure 3 and Table I. 

In Figure 3, a straight-line relationship between a retention index 
and molecular weight is illustrated for homologous series of n-alcohols, 
n-aldehydes, η-acetates, and η-hydrocarbons. The compound having mo
lecular weight 130 and retention index 1180 corresponds to n-pentyl 
acetate. Since the relationship in Figure 3 holds for all types of related 
compounds, it is obvious that this technique could be widely used in 
identification of G C peaks. 

-I I l I I L . 
50 100 150 200 250 300 

MOL. WT. 
Figure 3. Relationship between molecular 

weight and retention index 
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The utility of the method is illustrated in Table I for the identification 
of an unknown mixture. The only information provided with the sample 
was that the compounds were from a list of 340 compounds in a book by 
McReynolds (6) listing retention data. The procedure used for identifica
tion was as follows. ( 1 ) The sample was chromatographed on an SE-30 
column, and five separate peaks were observed. (2) Molecular weights 
and retention indices were determined, and the number of possible com
pounds from McReynolds having within ± 2 mass units and ± 5 0 retention 
index of the measured values were tabulated (Table I ) . Peak 2 was 
identified, and only two possibilities existed for Peak 3. (3) The sample 
was then chromatographed on a Carbowax 20M column, and an extra 
peak was separated making a total of six compounds. (4) Molecular 
weights and retention indices were determined. (5) A comparison of 
the molecular weights of six compounds along with retention indices 
on the two columns enabled positive identification as follows: peak 1, 
n-hexane or 2,3-dimethylbutane; peak 2, carbon tetrachloride; peak 3, 
chloroform; peak 4, toluene; peak 5, 2-, 3- or 4-heptanone; and peak 6, 
n-octyl alcohol. (6) Peaks 1 and 5 were identified as n-hexane and 
2-heptanone by comparing retention data of standards. 

Table I. Identification of Unknown Mixture Using Both 
Molecular Weight and Retention Index 

GC Peak Identification 
Peak Mol. Retention Possible 
No. Wt. Index Compds a 

SE-30 
1 100.2 6 600 6 
2 154.2 650 1 
3 91.9 760 2 
4 113.9 870 11 
5 138.5 1080 6 

Carbowax 20M 
1 85.7 b 600 2 c 

2 154.1 870 1 c 

3 119.5 6 1010 1 c 

4 92.3 1040 1 c 

5 113.8 1175 3 c 

6 129.9 1525 1 c 

° From McReynolds' 340 Compounds, ± 2 Mass Units, ± 5 0 RI. 
b Peak 1 (SE-30) = Peaks 1 and 3 (Carbowax (20M). 
c Uses both SE-30 and Carbowax 20M data. 

The mass chromatographic technique obviously has a wide scope of 
applications in the identification of volatile compounds. Its main limita
tion is the lack of retention data for all possible compounds. This is not 
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6. BENNETT AND PAUL Mass Chromatography 69 

a practical limitation where the worker deals in specialized areas such as 
monomers, plasticizers, additives, etc., or where data are available or 
can be readily prepared. 

Scope as a Quantitative Analyzer 

The gas density detector provides a predictable response as outlined 
in Equation 2 provided that the molecular weights of the various com
ponents in the sample are known. The detector has never achieved its 
full quantitative potential since molecular weight information is often 
not available. 

Since the mass chromatograph provides molecular weight data, the 
instrument is ideally suited for quantitative gas chromatography. Con
siderable time and uncertainty are saved using the system compared with 
flame ionization and thermal conductivity detectors which require re
sponse factors for each and every compound. 

In many laboratories, analysts do not determine response factors and 
hedge their results by reporting "area % " rather than "weight % T h e 
justification for this procedure is that related compounds have similar 
response factors. This assumption is a dangerous one as is clearly demon
strated in Table II. 

Table II. Quantitative Analysis of a Solvent Mixture 

Relative Error, % 

Thermal Flame 
Actual Gas Con- Ioniza

Compound wt.% Density a ductivity b tion b 

n-Octane 14.8 2.0 26.7 62.8 
Tetrahydrofuran 18.6 1.6 14.4 1.1 
Chloroform 30.9 0.3 23.6 84.5 
η-Butyl alcohol 17.0 1.2 9.4 15.9 
o-Xylene 18.5 1.6 4.9 75.7 
Average Net Error, % 1.3 15.8 48.0 

a Weight calculated using Equation 2. 
6 Weight calculated without determining individual response factors and assuming 

all compounds gave equal response by weight. 

The large errors associated with the analysis using thermal conduc
tivity (15.8%) and flame ionization (48.0%) detectors are understand
able because of the diverse chemical nature of the solvents. Obvious 
good results could be achieved by individual calibration of response 
factors. The point being made is that the gas density detector gives 
excellent results without calibration even for unknown mixtures. 

Other workers have found similar performance for the gas density 
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70 POLYMER MOLECULAR WEIGHT METHODS 

detector. Walsh and Rosie (7) reported an average accuracy of ± 1 . 6 % 
for a series of ten compounds and ± 1 . 1 % for a different series of five 
compounds. Guillemin (8) even recommends the use of the gas density 
cell as a "detector calibrator" to determine the response factors for flame 
and thermal conductivity detectors. 

One major aspect of quantitative analysis is sensitivity and dynamic 
range of linearity. Such data have been reviewed (2) for the gas density, 
thermal conductivity, and flame ionization detectors. Since response is a 
function of molecular weight in the gas density detector, it is difficult to 
make comparisons in a simple manner. In general, however, the sensi
tivity of the gas density cell is about twice that of comparable thermal 
conductivity cells and about one-tenth that of flame ionization detectors 
(when bleed of the column is limiting). 

Col. 10% DC 410- 12x1/8" 
Prog. 100-250°C @ 5°/min. 
Figure 4. Mass chromatogram of re
actor products 2,6-dibromohexane with 
sodium cyanide. Peak 1: 2,6-dibromo
hexane, molecular weight 244.0 (the
ory), 244.1 (MC-2). Peak 2: 2-cyano-S-
bromohexane, molecular weight 190.1 

Applications to the Polymer Field 

Mass chromatography, by virtue of providing molecular weight, re
tention time, and quantitative analysis, is widely applicable to solving 
analytical problems. Some categories of application are summarized in 
the following paragraphs. 

Identification of Reaction Products. Probably the biggest single 
application of mass chromatography is its use in analyzing reaction prod
ucts. The mass chromatogram shown in Figure 4 answered an organic 
chemist's question as to whether peak 2 represented 2-cyano-6-bromo-
hexane or 2,6-cyanohexane. He was developing a procedure to prepare 
2-cyano-6-bromohexane by treating 2,6-dibromohexane with sodium cya
nide. The retention time of peak 1 corresponded to that of the starting 
material, and neither product was available to compare retention times. 

(theory), 190.6 (MC-2). 
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6. BENNETT AND PAUL Mass Chromatography 71 

Col. 10% DC 410- 12x1/8" 
Prog. 120-250°C@5°/min. 

Figure 5. Mass chromatogram of photo-
initiators in a polymer system. Peak 1: 
benzoin, molecular weight 212.24 (the
ory), 212.6 (MC-2). Peak 2: hydroben-
zoin, molecular weight 214.26 (theory), 

214.5 (MC-2). 

A molecular weight determination clearly showed that the second peak 
corresponded to 2-cyano-6-bromohexane (molecular weight 190.1) and 
not 2,6-dicyanohexane (molecular weight 136.2). This procedure for 
identification offers clear advantages over collecting the peak for identi
fication by infrared or other techniques. 

Analysis of Volatiles in Polymers. A variety of volatile products 
appears in polymer products ranging from residual monomers, residual 
initiators, moisture, antioxidents, plasticizers, etc. The mass chromato-
graph is useful in providing both quantitative analysis and qualitative 
identification of such materials, especially in maintaining quality control 
and analyzing commercial products. A n example of the latter application 
is shown in Figure 5 in the identification of residual photoinitiators used 
in a commercial polymer product. A comparison of molecular weights 
of common photoinitiators with those in the sample suggested that the 
compounds were benzoin and hydrobenzoin. Their retention times also 
corresponded to these compounds. Subsequent analytical work confirmed 
the results to be correct. 

Study of Volatile Products from Thermal Analyzers. The M C - 2 
mass chromatograph is ideally suited for thermal analysis or pyrolysis 
studies for the obvious reasons of quantitative and qualitative analysis 
and also for its unique trapping assembly. W i t h the traps, sample effluents 
can be collected and concentrated over extended periods of time prior 
to analysis. 

O n the other hand, the design of most gas chromatographic instru
ments requires that pyrolysis occur rapidly in order to prevent peak 
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72 POLYMER MOLECULAR WEIGHT METHODS 

spreading. Thus, by necessity, pyrolyzers such as lasers, curie-point 
probes, and capacity discharge filaments have been designed to provide 
instantaneous high-temperature degradation. As a result, considerable 
fragmentation of products occurs, and a complex chromatogram results. 
Such pyrolyzers can be used with the mass chromatograph, but the more 
versatile technique of slow decomposition, trapping, and subsequent 
analysis is preferred. 

MMA STYRENE COPOLYMER #1021 

COL · CHR0M0S0RB 101 4 ' X 1/8" 

PR06 - 40° -100° @ 5°C 

2 

1 

THEORY MC-2 WT% 

1. METHYL METHACRYLATE 100.12 100.5 88.8 

2. STYRENE 104.2 104.7 31.2 

Figure 6. The use of mass chromatog
raphy to determine composition of a 

polymer sample 

A simple but elegant example of the broad utility of mass chroma
tography is shown in Figure 6. In this case, a polymer sample was 
thermally decomposed at 400°C, and the products were analyzed. The 
molecular weight, retention time, and quantitative analyses of the major 
products indicated that the sample was a 69% methyl methacrylate-31% 
styrene copolymer. 
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7 
Electrospray Mass Spectroscopy 

MALCOLM DOLE, H. L. COX, Jr., and J. GIENIEC 

Department of Chemistry, Baylor University, Waco, Tex. 76703 

Electrospray mass spectroscopy, mass spectroscopy of ions 
created by an electrospray process, should be significant for 
the study of nonvolatile substances such as high polymers 
or thermally unstable lower molecular weight species. Intact 
gas-phase macroions of polystyrene, polyvinylpyrrolidone, 
and lysozyme were prepared by this technique, and low
-resolution M/z distributions were inferred from data ob
tained using a nozzle beam system with repeller-grid, Fara
day-cage system as an analyzer-detector. Use of a time of 
flight mass spectrometer to improve resolution is not feasible, 
since the magnetic electron multipliers used to detect ions 
in TOF spectrometers have been shown to have negligible 
response to macroions. Applicability of the Flasma Chro-
matograph to determination of the charge states of gaseous 
macroions is also being investigated. 

/Currently available techniques of determining molecular weights and 
^ molecular weight distributions permit only low-resolution analyses. 
Mii l ler ( 1 ) has recently stated "If we could determine molecular weights 
[of macromolecules] to a tenth of a percent or better, a load could be 
taken from the microanalysis' shoulders/' The primary ( although not the 
only) problem which has heretofore prevented the development of a 
mass spectrometer for use with macromolecules is that of producing intact 
gas-phase macroions. Owing to the low vapor pressures of macromole
cules, macroions cannot be produced in the gas phase by conventional 
techniques without extensive degradation and/or fragmentation. Electro
spray mass spectroscopy provides a solution to this basic problem. 

Electrospray mass spectroscopy ( E M S ) is the mass spectroscopy of 
gaseous ions produced by electrospraying into a suitable gas at atmos
pheric pressure a dilute solution containing as solute the macromolecules 
in question. (Although the use of other gases is possible, we have ob
tained our best results with nitrogen gas.) Although the technique is 

73 
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74 POLYMER MOLECULAR WEIGHT METHODS 

still in its infancy, it was first proposed (2) in 1966, and demonstrated 
in the case of polystyrene (3,4) in 1968. Further studies (5-7) appeared 
in 1970 and 1971. 

The Electrospray Technique 

The prime requisite for any type of solution-spraying process suitable 
for use as an ion source in a mass spectrometer is that it produce droplets 
small enough so that on final evaporation of the solvent single macroion 
species wi l l result. Various methods of aerosol production have been 
considered for this application (8). Mechanical and ultrasonic methods 
of aerosol production are generally limited to droplet diameters greater 
than 1 μ. In order to produce a reasonable proportion of single macro
molecules, it is necessary that the solute concentration be such that an 
average of no more than one macromolecule be present in each of the 
final droplets. For a homogeneous droplet diameter of 1 μ, this requires 
a maximum solute concentration of the order of 3 pg ml" 1 amu" 1. This 
represents a very low concentration. We have demonstrated experimen
tally (5) that such techniques do not produce individual intact macroions 
at reasonable solute concentrations. If, however, we can produce droplets 
of 0.1 μ diameter, solute concentrations up to 3 ng ml" 1 amu" 1 are per
mitted. This represents a reasonable concentration for macromolecules. 
It was demonstrated in 1952 ( 9 ) that the electrospray process can produce 
aerosols with rather homogeneous droplet diameters in the neighborhood 
of 0.1 μ or less. 

The electrospray process consists of feeding a liquid through a metal 
capillary which is maintained at a high electrical potential with respect 
to some nearby surface. As the liquid reaches the capillary tip, the l iquid 
is dispersed into fine electrified droplets by the action of the electric 
field at the capillary tip. If the liquid is volatile, as the liquid evaporates 
the droplets shrink in size, become electrically unstable, and break down 
into smaller size droplets. This process has been experimentally demon
strated by Doyle, Moffett, and Vonnegut (10) and by Abbas and Latham 
(11). If the l iquid contains macromolecules, after the solvent has evapo
rated completely the macromolecules are left as electrically charged 
particles in the gas phase, that is, as gaseous macroions. 

Although numerous attempts to provide theoretical explanations of 
the electrospray process have been made (see, for example, ref. 12-17), 
2L good quantitative theory of the phenomenon would require simulta
neous solutions of the hydrodynamic and electrostatic differential equa
tions, and, to our knowledge, no such theory has yet been proffered. 
However, experimental observations have provided some insight into the 
process. 
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7. DOLE ET AL. Electrospray Mass Spectroscopy 75 

Experimental observations (19) have indicated that liquids with 
molecular dipole moments less than 10" 1 8 d y n 1 / 2 cm 2 or with specific con
ductivities outside the range 10"5-10~1 3 ohm" 1 cm" 1 cannot be dispersed 
electrically. Schultze (18) investigated the electrospraying quality of 
various liquids, and observed that the liquids producing the finest and 
most stable sprays had specific conductivities in the range 2 χ 10"8 to 
5.6 Χ 10"6 ohm" 1 cm" 1. He also observed that application of hydrostatic 
pressures to force the liquid out of the capillary resulted in a coarser 
spray with the coarseness of the spray increasing as the pressure increases. 
Gieniec (7) has obtained data indicating that the dielectric constant of 
the l iquid is also an important factor. Liquids with low dielectric con
stants such as dioxane cannot be electrosprayed while liquids with high 
dielectric constants such as distilled water cannot be electrosprayed easily. 
However, a l iquid having a high dielectric constant can be mixed with a 
liquid having a low dielectric constant to produce a liquid with an inter
mediate dielectric constant which can be electrosprayed successfully. A n 
example is 70% dioxane (dielectric constant 2.209 at 25°C) and 30% 
distilled water (dielectric constant 80.37 at 25°C) by volume. 

It has also been observed that differences in the physical structure 
of the spraying system can influence the spray. A typical spraying sys
tem as used in E M S is illustrated schematically in Figure 1. The N 2 gas 
flow is required to dry the droplets and to help sweep the ions away from 
the needle. In the system employed by Dole et al. (3-6) , the dimensions 
used were usually a = 13 inches, b = 100 mm, c = 24 inches, and d = 
0.1 mm. The orifice of dimension d is used to sample the gaseous mix
ture and is not functional in the production of the spray. Using voltages 

N 2 MIXTURE OUT 

GROUNDED 
METAL PLATE 

Figure 1. Schematic of a typical electrospray apparatus as 
used in electrospray mass spectroscopy (see text for explana

tion of dimensions) 
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76 POLYMER MOLECULAR WEIGHT METHODS 

on the needle of 4.5 k V and up they were able to obtain good sprays of 
both positive and negative polarity. However, best results were obtained 
with negative sprays. In a similar system used by Gieniec (7), the dimen
sions were a = 44 mm, b = 5.5 mm, c = 25 cm, and d = 9 mm. In this 
system the orifice of diameter d is a collimating orifice, and sampling 
takes place 9 cm downstream from this orifice. In addition, al l of the 
gaseous mixture exits through this orifice rather than through a separate 
orifice. Again, using high voltages of 4.5 kV, good sprays are obtained 
with positive voltages, but negative sprays could not be formed. Using 
variations of these basic systems, Drozin (19) and Vonnegut and Neu-
bauer (9) obtained both positive and negative sprays but observed that 
a spray with smaller droplets is obtained when the capillary is charged 
positively. 

A l l of the work with macroions reported to date has been done using 
mixtures of either ethanol and water or acetone and benzene. Further 
investigations into the electrospray process should permit optimization 
of the system and production of a wide variety of solvent mixtures suitable 
for use in the electrospray process. 

Formation of Macroion Beams 

After the macroions are produced by the electrospray process, they 
are injected into a vacuum by use of a nozzle-beam system of the type 
first suggested by Kantrowitz and Grey (20) and later modified by Becker 
and Bier (21). Articles describing in detail the principles of operation 
of such a system have been published, among them being articles by 
Anderson, Andres, and Fenn (22, 23). 

A typical nozzle-beam system with associated electrospray apparatus 
is shown schematically in Figure 2. Although nozzle-beam systems differ 
widely in the details of construction, the basic principles of operation 
are the same. 

The gaseous mixture at the stagnation pressure (p 0 ) (atmospheric 
pressure in our systems ) expands nearly isentropically through the nozzle 
orifice (100 μ diameter in our systems) into the region between the 
nozzle and skimmer, kept at pressure p i (normally 25 μ in our systems). 
As the expansion takes place, much of the energy of random thermal 
motion is converted into energy of forward-directed mass motion. Super
sonic flow and aerodynamic shocks result. The shock region is barrel 
shaped and closed off at the downstream end. Inside the barrel shock, 
near molecular flow results, and, for points more than a few nozzle d i 
ameters downstream of the nozzle orifice and away from the shock 
boundaries, the flow approximates that of a radial source with its point 
of origin located a few nozzle diameters downstream of the nozzle orifice 
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7. DOLE ET AL. Electrospray Mass Spectroscopy 77 

(24). That is, the gas density varies as the inverse square of the distance 
downstream of this point. 

Since the shock region is essentially a closed surface, the shock 
surfaces disrupt this flow. It has been shown [see, for example, Anderson 
et al. (22, 23)] that this disruption can be prevented, and molecular 
beams of rather uniform velocities and high intensities formed by im
mersing a conical "skimmer" into the shock region. The shocks become 
attached to the skimmer surface, and molecular flow through the skimmer 
orifice results. This also permits differential pumping of the system so 
that lower background pressures (approximately 5 Χ 10"5 mm in our 
systems ) can be achieved in the analyzing and detecting region. Anderson 
et al. (23) among others have discussed the optimum design and place
ment of the skimmer. 

N 9 gas out 
Faraday Cage. S k '«T' N o z z l e t Spray chamber 

1 
N 2 gas 

fj-j—1 «- in 

Liquid in 

Figure 2. Electrospray chamber-nozzle beam-mass analyzer assembly {after 
Dole et al. (4)] 

Since, during the expansion, thermal energy is converted into directed 
motion, the gas in the jet becomes very cold with local temperatures of 
tens of degrees Kelvin being possible. Because of this low temperature, 
quite narrow velocity distributions result (24). For a homogeneous gas 
with ratio of specific heats 1.4 (such as nitrogen) the final beam velocity 
is approximately 2.17ϋ0 where ϋ 0 is the speed of sound in the gas at 
pressure p0. For nitrogen gas, the final beam velocity is approximately 
750 meters/sec. 

If the gas is a mixture of several pure gases of different molecular 
weights, with one of the gases representing only a minor constituent of 
the mixture, then the minor constituent takes on the velocity of the major 
constituent. This is the "seeded beam" technique as first verified experi
mentally by Becker et al. (26, 27). Since the macroions constitute only 
about 10"8 mole % of the final gaseous mixture, intermediate energy 
beams of macroions can be produced with the macroions having narrow 
velocity distributions (2). 
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78 POLYMER MOLECULAR WEIGHT METHODS 

The seeded-beam technique has a further advantage in that the 
final beam is enriched in the heavier constituent (25, 26). This is the 
so-called "Mach focussing factor." 

Methods of Macromass Analysis 

In principle, a conventional magnetic analyzer type of mass spec
trometer could be used to measure the M/z (mass to charge) ratios of 
the macroions resulting from the electrospray process. However, for 
singly charged ions of mass 106 amu (atomic mass units), a magnetic 
field strength of about 450,000 G would be required to bend the ion path 
into a 10-cm radius circle if the initial ion velocity were that produced 
by an accelerating voltage of 1000 V . Thus, although use of magnetic 
analyzers with low mass macroions (15-50 kamu) is feasible, it is not 
practical for heavier macroions. 

In the case of a time of flight mass spectrometer, the estimates are 
more reasonable. Inasmuch as the time of flight is proportional to the 
square root of the mass, one can calculate that for an accelerating voltage 
of 3000 V and a flight path of 100 cm the flight time for an ion of M/z 
equal to 106 would be 1.4 msec. Measurement of these flight times is 
entirely feasible. However, two difficulties remain. The first difficulty 
concerns itself with introducing the macroions into the mass spectrometer 
in such a way that the initial velocity of the macroions is as near zero 
as possible. In our work we have attempted to do this by slowing the 
molecular beam (4) of macroions down to thermal velocities and then 
by pulsing the ions at right angles into the flight tube of the mass spec
trometer. To slow the ions down and to deflect them at right angles 
without loss of intensity represent two difficult problems. At the moment 
we are working on these two problems but without positive results as yet. 

The second major difficulty is that of detecting the macroions since 
the magnetic electron multiplier ( M E M ) on which commercial time of 
flight mass spectrometers are based do not respond sufficiently to macro-
ions. Our observations show no response to negative ions and a small 
response, amplification factor of about 20, to positive ions. A factor of 
about 106 is needed for operation of the time of flight mass spectrometer. 
The response of the M E M to positive ions is due to an Auger effect (28) 
which can exist when the ionization potential of the ion is more than 
twice the work function of the sensitive metal surface of the cathode of 
the M E M . In general the M E M detects ions because of either a kinetic 
or potential effect. Schram et al. (29) have obtained data on the rare 
gas ions which demonstrate that for operation of the M E M a critical 
velocity of about 106 cm sec"1, independent of the mass, is required. If 
the extremely long extrapolation of these results is made to ions of macro-
molecular size, the conclusion can be reached that the kinetic effect would 
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7. DOLE ET AL. Electrospray Mass Spectroscopy 79 

not function when using the M E M to detect macroions. In the case of 
negative ions an Auger or potential effect is not possible and, since in our 
experiments neither the positive nor the negative ions attained the thresh
old velocity, the kinetic effect could not contribute to the response of the 
M E M . A n ion detector of the sensitivity of the M E M but applicable to 
macroions is critically needed. 

The quadrupole mass filter ( Q M F ) is a mass analyzer on whose 
operation use of an M E M is not necessarily dependent. The ion currents 
produced are of sufficient magnitude to be measured by means of a 
Faraday cage and a suitable amplifier such as a vibrating-reed electro
meter. The Q M F is a true M/z filter which requires no magnetic fields. 
Since first being proposed by Paul and Steinwedel (30), the Q M F has 
been investigated extensively, and the principles and methods of operation 
are well known ( see, for example, ref. 31 ). 

The Q M F is comprised of four parallel rods excited by a combination 
of static and oscillating fields. Ions of a selected M/z range traverse the 
entire axial length of the mass filter while other ions are forced into un
stable trajectories and are ejected from the filter. Usually the ratio of 
the oscillating and static fields is kept constant, and mass scanning is 
accomplished by varying this ratio. Frequency scanning could also be 
used. For stable oscillations of an ion passing through the quadrupole 
mass filter the values of the ratio V/mr 0

2 <o 2 where m is the mass of the 
ion, 2r 0 is the distance between electrodes, ω is 2irf where / is the fre
quency, and V is either the dc or ac voltage (both are important) must 
be within certain limits as determined by equations of motion of the 
Mathieu type (32). Hence the stability of the ion path can be main
tained for high-mass ions by increasing V or decreasing r 0 and/or ω. Of 
importance also are the initial beam velocity, the length of the field, and 
the mass resolution desired. As yet quadrupole mass filters are not com
mercially available for the macromass range since no need has heretofore 
existed. However, calculations indicate that production of such an in 
strument for use with ions with M/z up to 106 and resolutions of 0.1% 
should be relatively straightforward (7). 

The Plasma Chromatograph ( P C , registered trademark of the Frank
l in G N O Corp. ) is also an instrument which does not depend on the use 
of magnetic fields (33). It should be well suited for the study of macro-
ions because (a) the currents measured are well within the range of a 
Faraday cage-vibrating-reed electrometer detector system, and (b) the 
instrument operates at atmospheric pressure, thus making unnecessary the 
reduction in pressure from that of the electrospray chamber. 

The fundamental property of the ions obtained from the P C is the 
electrical mobility of the macroions in nitrogen at atmospheric pressure. 
To a first approximation the mobility should be directly proportional to 
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the charge on the ion, and probably inversely proportional to its mass 
to the two-thirds power. Thus the drift time in the P C is more dependent 
on the ion charge than on its mass. W i t h the P C we hope to determine 
the charge distribution of the electrosprayed macroions. If the mobility 
is accurately a function of M2/s/z, and if M/z of the same ions could be 
measured in a quadrupole or time of flight mass spectrometer, then M 
and ζ could be determined separately. There are, however, problems 
associated with the introduction of the macroions into the P C from the 
electrospray chamber. First of all, the velocity of the nitrogen gas in 
the spray chamber, which sweeps out the solvent vapor, must not be so 
high as to cause turbulence in the drift region of the P C , and second, 
since the input end of the P C is 2500 V above ground, the electrospray 
chamber has to be floated above ground to about 2500 V . Results, as yet, 
are inconclusive. 

In the work to date, we have employed primarily a retarding grid 
system as an analyzer with a Faraday cage detector. The grid system 
is shown in Figure 2. This analyzing system is essentially an energy 
analyzer yielding an Ε/ζ spectrum. However, as mentioned above, in the 

51,000 M. WT. POLYSTYRENE 
0.01 WT. % 

Figure 3. Repelling voltage curves for an 
electrosprayed 0.01 wt % solution of 51,000 
amu polystyrene in two parts acetone to one 

part benzene by volume (4) 
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7. DOLE ET AL. Electrospray Mass Spectroscopy 81 

nozzle beam system the final velocity of the ions in the beam can be 
calculated, and the velocity distribution should be rather narrow (4). 
Therefore, from an E/z spectrum the M/z spectrum can be inferred. 

Figure 3 shows a typical result obtained with a fractionated sample 
of polystyrene of average molecular weight 51,000 in a solvent of two 
parts acetone to one part benzene by volume. The repelling voltage re
quired to stop a singly charged macroion of molecular weight 51,000 
traveling at the calculated beam velocity of 743 meters/sec is 150 V . A 
large decrease in beam current is seen at this voltage. This result is to be 

SOLVENT ONLY 

3 -

o RUN I 
ο RUN 2 

ZERO 

-100 -200 -300 VOLTS 
V R 

Figure 4. Repelling voltage curves for elec
trosprayed mixture of two parts acetone to one 

part benzene by volume (4) 

contrasted to that shown in Figure 4 when only the pure solvent was 
electrosprayed. 

Similar results obtained with lysozyme ( a protein of molecular weight 
14,600) in a 75% ethanol-25% water solution are shown in Figure 5. 
The vertical bars indicate the repelling voltage required to stop singly 
charged monomers, dimers, and trimers of lysozyme traveling at the cal
culated beam velocity of 754 meters/sec. Sharp dropoffs are seen to 
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occur at the position of the first two bars. A small dropoff of curve 2 is 
seen to occur at the approximate position of the third bar. 

These data provide strong evidence that singly charged macroions 
are being observed, and that the ions are traveling near the calculated 
beam velocity with a relatively narrow velocity distribution. Thus this 
technique can be used for low-resolution (approximately 5-10%) M/z 
analyses. 

Degradation in the Electrospray 

In some of the early work (4) data were obtained which were inter
preted in terms of multicharged macroions; specifically, macroions of 
mass 411,000 amu seemed to be carrying two, three, or five unit charges 
per molecule. However, these results could equally well have been inter
preted in terms of degradation into two, three, or five fragments each 

100 

R 
L 80-
A 
τ 
I 
Ε 60-
I 

Ν 
ε 40 
s 
I τ 

Y 2 0 -

M0LECULAR WEIGHT ΧΙΟ 
4 6 8 10 12 
τ—'—Γ Ί—γ-

,-4 
14 

1 1—!—ι—Γ~ 

ο CURVE I 
A CURVE 2 
• CURVE 3 
• CURVE 4 

f * • ι • • i J â_ 

16 
τ — r 

100 200 300 400 
REPELLING VOLTAGE (VOLTS) 

500 

Figure 5. Repelling voltage curves for electrosprayed 
solution of lysozyme (molecular weight 14,600) in three 
parts ethanol to one part water by volume. Curve 4 is 
the repelling voltage curve for electrosprayed solvent 

only, drawn to the same scale (7). 

one of which carried one unit charge. We have been studying (34) 
degradation in the electrospray, and the first results indicate that in the 
case of molecules of number-average ( M n ) molecular weight of about 
160,000 there was degradation sufficient to lower M n to about 140,000 in 
one electrospraying operation. This is equivalent to about 14% degrada
tion. W i t h the Plasma Chromatograph we should be able to obtain a 
more definitive answer as to whether the low values of M/z previously 
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7. DOLE ET AL. Electrospray Mass Spectroscopy 83 

observed (4) were due to degradation (low values of M ) or to high ζ 
values. The degradation studies are continuing. 
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8 
Recent Trends in the Determination of 
Molecular Weights and Branching in 
Elastomers 

WILLIAM S. BAHARYa 

Texas-U. S. Chemical Co., Parsippany, N. J. 07054, and Fairleigh Dickinson 
University, Teaneck, N. J. 07666 

The methodology in determining number- and weight-aver
age molecular weights of polybutadienes by osmometry and 
light scattering is described and applied to characterization 
of linear and branched samples. The ratio of intrinsic vis
cosities, g', and 10% solution viscosities, g", of branched and 
linear polymers having the same weight-average molecular 
weight was used to measure the degree of long-chain branch
ing. Results on 22 polybutadienes prepared by six different 
catalyst systems and ranging from 2 X 105 to 2 X 106 in 
molecular weight and 1.2 to 18 in polydispersity are pre
sented. Whereas the intrinsic viscosity range was 2 to 4.5 
dl/gram, the 10% solution viscosity for the same polymers 
ranged from 5 X 102 to 5 X 104 cps. The theoretical basis, 
advantages, and limitations of the method are discussed. 

'Tphis paper discusses the determination of molecular weights and mo-
lecular sizes of polybutadienes prepared by different catalyst systems. 

Molecular dimensions have been predominantly measured in dilute solu
tion by light scattering (1, 2), intrinsic viscosity (3), and more recently 
by gel permeation chromatography (4, 5). Only a few studies exist on 
the effects of long-chain branching on molecular coil size in concentrated 
solutions. Onogi et al. (6) and Greassley and Prentice (7) have exam
ined the effect of chain branching on the concentrated solution viscosities 
of poly (vinyl acetate) samples and report a reduction in viscosity with 
branching. This is in contrast to the enhancement of melt and bulk vis
cosities with branching observed by Long, Berry, and Hobbs (8) for 
poly (vinyl acetates) and by Kraus and Gruver (9) for polybutadienes. 

aPresent address: 291 N . Middletown Rd., Pearl River, N.Y. 10965. 
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86 POLYMER MOLECULAR WEIGHT METHODS 

This work examines the effect of long-chain branching on the low-
shear concentrated solution viscosity of polybutadienes over a broad range 
of molecular weights and polydispersity. It w i l l show that the reduction 
in molecular coil dimension arising from long-chain branching is more 
sensitively measured in concentrated than in dilute solutions for the 
polymers examined. 

To this end, branching has been determined conventionally in dilute 
solution by the ratio of intrinsic viscosities of branched and linear poly
mers having the same molecular weight, defined by (3): 

[ φ = Kg y λ, ζ) at constant M (1) 

where g is the ratio of the mean-square radii of gyration of the branched 
and linear polymers, λ is a branching structure parameter, and Ζ is an 
interaction parameter depending on solvent type. Since λ, Ζ, and poly
dispersity are unspecified, for the purpose of this work the experimentally 
determined ratio of intrinsic viscosities is represented by g' and called 
the average branching factor: 

[4̂  = g' at constant Mw (2) 
M L 

where M w is the weight-average molecular weight. 
Branching factors were also determined by the ratio of concentrated 

solution viscosities of branched and linear polymers having the same 
weight-average molecular weight denoted by g" : 

7~- = g" at constant Mw (3) 
V S L 

where τ?8Β and vSL are the low shear 10% solution viscosities of branched 
and linear polymers having weight-average molecular weights above the 
critical value (10). The powerfulness and usefulness of this approach 
are derived from the theoretical and experimental relation between g' 
and g " as shown below. 

Experimental Procedure 

Samples. Polybutadienes were chosen because samples prepared by 
different catalyst systems and containing broad ranges of molecular 
weights, polydispersities, and degrees of branching were available (11). 
The first group of samples consists of five linear polybutadienes having, 
narrow molecular weight distributions, and these were prepared using a 
butyllithium catalyst system according to the method of Hsieh (12). The 
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8. BAHARY Molecular Weights and Elastomers 87 

weight-average molecular weights of these samples ranged from 200,000 
to 700,000. The second group, consisting of branched and polydisperse 
polybutadienes, was composed primarily of commercial samples although 
a few were especially prepared to cover the broadest practical range of 
branching and polydispersity. Sample numbers, catalyst systems, and 
sources are listed in Table I. Identification of catalyst systems in most 
cases is based on the transition metal used in conjunction with the metal 
alkyl halide cocatalyst. 

Microstructure of polybutadienes refers to the percentage of cis, 
trans, and vinyl isomers. These were unavoidably variable because of the 
catalyst systems used (13): 2-98% cis, 1-76% trans, and 1-22% vinyl 
isomer. The vinyl contents of each sample are given in Table I for the 
purpose of light-scattering experiments. 

Osmometry and Light Scattering. The osmometer employed was a 
Stabin-Shell high-speed automatic osmometer, Model M-100, obtained 
from Dohrman Co. The membrane was gel cellophane No. 600 obtained 
from J . Stabin, Brooklyn, Ν. Y. The performance of the apparatus was 
checked periodically with Standard Polystyrenes NBS 705 and 706 ob
tained from the National Bureau of Standards, and the results agreed to 
within a few percent. In the procedure used with polybutadienes, sam
ples were dissolved and run without removal of the low molecular weight, 
nonrubber constituents. This procedure was followed after demonstrating 
that the addition of a few percent low molecular species has only a minor 
effect in lowering the osmotic number-average molecular weight. This 
phenomenon is explicable in terms of rapid diffusion of the smaller mole
cules or the Staverman effect (14). 

The light-scattering apparatus and procedure have been formerly 
described (15). The only modification and precaution with polybuta
dienes were to use the appropriate refractive index differential for each 
polymer as this was observed to decrease with vinyl content; values used 
were 0.118, 0.112, and 0.106 dl /gram for 2, 10, and 20% vinyl polybuta
dienes in cyclohexane at 25 °C and 546 τημ. 

Viscometry. Intrinsic velocities were run in toluene at 30 °C using 
Ubbelohde viscometers. Concentrated solution viscosities were deter
mined with a Weissenberg rheogoniometer, Martin Sweets Co., and a 
Brookfield viscometer, Model L V T , Brookfield Engineering Co. The 
calibration and operation of both were checked periodically with stand
ard viscosity silicone fluids obtained from Brookfield Engineering Co. The 
procedure followed was to dissolve 50.00 grams of the diced polybuta-
diene in 450.0 grams of toluene by slow shaking overnight. The viscosity 
of the 10% solution was determined using a Couette concentric cylinder 
attachment with the rheogoniometer. Evaporation was minimized by 
placing a Plexiglass compartment around the Couette and saturating the 
atmosphere with solvent with moist filter paper. The viscosity was meas-
used over a 100-fold range of shear rates to specify the range in which 
the high molecular weight polydisperse samples exhibited Newtonian vis
cosities. The Model L V T was used routinely on 500-gram solutions after 
it was shown to eliminate the evaporation problem and to yield the low 
shear Newtonian viscosity simply and adequately within the experimental 
error of 5%. 
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88 POLYMER MOLECULAR WEIGHT METHODS 

Table I. Description of Branched 
Sample Identification Catalyst System % Vinyl 

No. No. Isomer 
1 174 Butyll ithium 10 
2 181 10 
3 55N 10 
4 177 10 
5 172 10 
6 140 10 
7 141 10 
8 142 10 
9 182 Nickel based 1 

10 185 Titanium based 3-4 
11 186 3-4 
12 184 3-4 
13 187 3-4 
14 188 Cobalt based 1-2 
15 189 1-2 
16 36A 1-2 
17 126 Emulsion (5°C) 18-20 
18 126M 

Emulsion (5°C) 
18-20 

19 136 18-20 
20 136M 18-20 
21 190 18-20 
22 191 Alfin 20-22 

Results 

The weight and viscosity data obtained for reference linear polybuta
dienes are given in Table II, where M w is the weight-average molecular 
weight; M n , the number-average molecular weight; M w / M n , the polydis-
persity; [rç] L, t n e intrinsic viscosity of the linear polymer; and ^ S L , the 
10% solution viscosity of linear polymer. The relationship between in 
trinsic viscosity and weight-average molecular weight for these samples 
is shown in Figure 1 together with the corresponding equations of Cooper 
et al (16) (Equation 4) and Kraus and Gruver (9) (Equation 5) . The 
relationship of this work is expressed by Equation 6 which is intermediate 
between the other two. 

M L = (1.45 X 1 0 - 4 ) M > 7 6 Benzene, 30°C (4) 

h ] L = (2.17 X 1 0 " 4 ) M > 7 5 Toluene, 25°C (5) 

M L = (1-67 X 1 0 ~ 4 ) M > 7 6 Toluene, 30°C (6) 

The difference between Equations 4 and 6 is due in part (ca. 8% ) to 
the solvent effect (17) and in part to the different refractive index differ-
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8. BAHARY Molecular Weights and Elastomers 89 

Polybutadiene Samples 

Source Ref. 

Texas-U. S. Chemical Co. 12 
Diene 35, Firestone Tire & Rubber Co. 39 
Diene 55, Firestone Tire & Rubber Co. 
Texas-U. S. Chemical Co. 

yy yy yy yy 

Diene 35, Firestone Tire & Rubber Co. 
Diene 35NF, Firestone Tire & Rubber Co. 
Diene 55, Firestone Tire & Rubber Co. 
B R O I , Japan Synthetic Rubber 
B R O I , Japan Synthetic Rubber 
Cis B R 1203, Phillips Petroleum Co. 
Duragen, General Tire & Rubber Co. 
Cisdene 100, American Synthetic 

Taklene 1220, Polymer Corp. 
Ameripol CB-220, Goodrich-Gulf 11 
Ameripol CB-220, Goodrich-Gulf 
Texas-U. S. Chemical Co. 42^3 

U . S. Industrial Chemicals 44 

ential employed. The difference between Equations 5 and 6 may be at
tributed to small variations in branching among butyllithium polybuta-
dienes discussed below since solvents and refractive index differentials 
employed were identical (18). Variations resulting from light-scattering 
instrument calibration cannot be ruled out, however. Although Equation 
6 may not be superior to Equations 4 and 5, it was chosen since ?7SL values 
were available only for samples of Equation 6, and their use eliminated 
artifacts arising from differences in reference linear samples used in calcu
lating g' and g". Use of Equation 5, which presumably represents more 
linear reference polybutadienes, does not materially alter the conclusions 
drawn as shown in Figure 5. 

In Figure 2 the weight-average molecular weight and 10% solution 
viscosities for the linear samples are plotted. Linear polybutadienes hav
ing higher molecular weights were not obtained, so the relationship 
depicted in Figure 2 had to be extrapolated to higher values. This was 
felt justifiable since the samples at the high end fell in line with the slope 
of 3.5 in good agreement with published results (10). 

Molecular data for the branched polybutadienes are given in Table 
III. The values for the average branching factor g' were calculated from 

40 
41 
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Table II. Molecular Weight and Viscosity Data for 
Linear Polybutadienes 

Sample M w X 10-* M w / M n M 9' 
—/ 
Q corr 

1 2.15 1.18 2.02 1.07" 1.07 1,440 
2 2.6 2.58 1.96 0.91 0.94 1,250 
3 3.05 1.89 2.44 0.99 0.99 2.960 
4 4.07 1.31 3.05 1.00 1.00 8,870 
5 6.67 1.26 4.45 1.00 1.00 49,000 

Calculated from Equation 6. 

THIS WORK ( EQ . 6 ) 0 7 6 

[η] L * 1.67 χ I 0~ 4 S w 

_ KRAUS β G R U V E R ( E Q . 5 ) 

- 2 . i 7 x i o - 4 s i w yyy 

- J^/yT COOPER ET . A L . ( E Q . 4 ) 

-
[ q J L . | . 4 5 x l O * 4 M w

a 7 6 

1 1 

I 0 4 I 0 5 _ I 0 6 I01 

Figure 1. [ 7 7 ] L-Mw refotions for linear polybutadienes 

the weight-average molecular weight of the polymer in question and Equa
tion 6 to obtain [η] L , the intrinsic viscosity of the linear polymer having 
the same weight-average molecular weight. 

Values for the average branching factors obtained from the concen
trated solution viscosity g " were obtained similarly by using the relation
ship shown in Figure 2. The log-log plot of g' and g " is given in Figure 3, 
and values for g " are given in Table IV. 

Since intrinsic viscosity but not concentrated solution viscosity is 
known to be sensitive to polydispersity (10, 19), a correction has been 
applied to g' according to the calculations of Berger and Shultz (20). A 
value of zero was taken for b, exponent a was set equal to 0.75, and 
QBI/CLIN was related to M w / M n using Equation 21 of Shultz (19). The 
branching factor corrected for polydispersity, g ' C O rr, is given by 

?ΌοΓΓ = g' / (^-) 6 = 0 (7) 
/ V ^ L I N / a = o.75 
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Values for g ' C O rr are included in column 7 of Table III. In essence, 
g" c o r r is the ratio of the intrinsic viscosity of the branched polymer to 
the intrinsic viscosity of the linear polymer having a similar polydispersity. 

The log-log plot of gCOTr and g " is shown in Figure 4, together with 
the small spread in g ' c o r r for the linear samples. 

I03 io4 io 5 I0 6 I0 7 

T)SL ( IO%SOLN.VISO 

Figure 2. v8L-Mw relation for linear butyllithium polybuta
dienes 

Table III. Molecular Weight and Conventional Branching 
Factors for Polybutadienes 

Sample M B , 
No. M w X 10-* M w / M n dl/gram ÏÏ Q corr 

6 2.7 2 .68 1.90 0 .812 0 . 9 0 0 
7 3 .5 3 .50 1.91 0 .721 0 .764 
8 3.4 2 .23 2 .33 0 . 8 9 6 0 . 9 0 8 
9 4 .8 4 . 6 6 2 .99 0 . 8 7 9 0 . 9 6 5 

10 6.4 4 .32 2 .41 0 .571 0 . 6 2 0 
11 7.7 7 .26 2 .53 0 .522 0 . 6 0 8 
12 6.0 4 . 2 0 2 .44 0 .607 0 . 6 5 8 
13 7.9 5 .72 2.41 0 .482 0 .544 
14 4.1 4 .77 1.96 0 . 6 5 3 0 . 7 1 8 
15 6 .7 6 .98 2 .03 0 . 4 6 7 0 .541 
16 4 .8 6 .23 2 .37 0 .697 0 .796 
17 17 .9 17 .9 2 .17 0 .231 0 .301 
18 9 .5 9 .9 2 .08 0 .362 0 . 4 3 8 
19 19 .0 17 .3 2 .67 0 .272 0 . 3 5 2 
2 0 9.5 9.0 2 .59 0 .447 0 .533 
21 11.1 15 .4 2 .17 0 .334 0 . 3 7 8 
2 2 9.1 13 .6 3 .06 0 .552 0 .692 
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Table IV. Branching Factors g" for Polybutadienes 
from 1 0 % Solution Viscosity 

Sample y SB, cP 1 8 L , CP r 
6 869 2,220 0.391 
7 916 5.400 0.170 
8 2,437 5,000 0.487 
9 9,930 15,900 0.625 

10 2,529 42,000 0.0602 
11 2,969 78,000 0.0381 
12 2,178 38,000 0.0573 
13 1,297 84,000 0.0154 
14 712 9,400 0.0757 
15 425 49,000 0.00867 
16 1,547 15,800 0.0979 
17 1,160 1,400,000 0.000829 
18 1,060 160,000 0.00663 
19 4,330 1,700,000 0.00255 
20 3,460 160,000 0.0216 
21 1,640 275,000 0.00596 
22 17,810 135,000 0.132 

Discussion of Results 

The data of this work are analyzed in the light of published results 
before discussing their theoretical implications. 

From the results of Tables II and III, the polybutadiene samples 
identified by different catalyst systems can be arranged in order of i n 
creasing polydispersity: butyllithium, nickel based, titanium based, cobalt 
based, alfin, emulsion. Considering variations in polydispersity from 
sample to sample, the agreement of this order with the published results 
of Alliger, Johnson, and Foreman (21) and Hulme and McLeod (22) is 
excellent. 

Likewise, the samples can be arranged in the order of decreasing 
coil size and increasing branching, as determined by g'corr and g", again 
using the catalyst systems to identify the samples. The most linear poly
mers are the reference butylhthium samples followed by the nickel-based 
polymer, butyllithium, alfin, cobalt based, titanium based, and emulsion. 
The correction to the branching factor for polydispersity makes the nickel-
based and alfin polybutadienes less branched with respect to the other 
polymers examined. 

The variation in branching between the two sets of butyllithium poly
butadienes is attributable to polymerization impurities such as 1-butyne 
and vinylacetylene as shown by Adams and his co-workers (23). This 
factor might be responsible for the small difference between Equations 
5 and 6. The agreement of these branching factors with published data 
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for polymers prepared with similar catalyst systems (9, 22, 24) lends 
further credence to the experimental results of this work. 

Two basic theoretical models exist to describe the degree of long-
chain branching in dilute solution. According to the nondraining model 
depicted by Zimm and Ki lb (25) and Ki lb (26), the ratio of intrinsic 
viscosities of branched and linear polymers is given by: 

[ φ = gvi a t constant M (8) 

where g is equal to the ratio of mean-square radii of gyration of branched 
and linear polymer coils having the same molecular weight: 

g = £ V 2 P L (9) 

In this model, derived originally for star-shaped branched molecules, 
polymer molecules are represented by beads connected by identical 
Hookean springs, and the decrease in viscosity with branching is expressed 
by the g 1 / 2 rule. 

The second is the hydrodynamic model of Flory and Fox (27) which 
represents the polymer molecule by an equivalent nondraining hydro-
dynamic sphere. Assuming the Flory constant to be the same for linear 
and branched polymers, the degree of branching is given by the g 3 / 2 rule: 

ί φ = 0 3 / 2 at constant M (10) 

where g has the same significance as before. 
For concentrated solutions of amorphous polymers, Bueches mathe

matical model shows the ratio of zero shear viscosities of branched and 
linear polymer above the critical molecular weight in the entanglement 
region to be (28): 

— = 0 7 / 2 f o r M > Mc (11) 
L 

where M c is the critical molecular weight. 
The Bueche model is based on random-flight statistics of freely drain

ing polymer molecules. Accordingly, two possible relations exist between 
g' and g". (1) For the Z imm-Ki lb model, combining Equations 2, 3, 8, 
and 11 the relation obtained is given by: 

g" = {gJ (12) 
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(2) For the F lory -Fox model: 

Τ = (9')m (13) 

g " (FROM 10% S0LN. VISC.) 

Figure 3. Relations between branching factors g' and g" (g' from Equation 6) 

Both of these relations are shown by the solid lines in Figure 3 for the 
ratio of intrinsic viscosities uncorrected for polydispersity and in Figure 4 
for g corr* 

It is observed that Bueche's equation in combination with the g 1 / 2 

rule explains the results of this work whereas in combination with g 3 / 2 it 
does not. The correction to; g' for polydispersity brings closer the agree
ment between the data and the seventh power relation. The difference 
of a few percent between the expected and observed slopes of 7 and 6.4 
may be attributed to an undercorrection for polydispersity; in this regard 
according to Graessley's findings current theories do not sufficiently ac
count for the reduction in viscosity with polydispersity, whether the 
Beasley or the Stockmayer molecular weight distribution is employed 
(29). 

Using Equation 5 instead of Equation 6 to calculate gOorr as shown 
in Figure 5 leads to the same conclusion regarding the g 1 / 2 rule, thus 
bearing out the previous contention. 

It has been hypothesized by Graessley (30) and others (3, 31) that 
the g 1 / 2 rule is applicable to star-shaped and slightly branched polymers 
whereas the g 3 7 2 rule describes the behavior of highly branched "comb-
shaped" polymers for which [ 7 7 ] B / [η] L < 0.5. The results of this study 
indicate that the g 1 / 2 rule in combination with Equation 1 1 adequately 
represents the random trifunctionally and tetrafunctionally branched 
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8. BAHARY Molecular Weights and Elastomers 95 

polybutadienes even though the ratio of intrinsic viscosities is as low as 0.3. 
The foregoing discussion assumed that using a good solvent in place 

of a Θ solvent has no significant effect on the ratio of viscosities. W i t h 
some exception (32, 33), the evidence in the case of g' shows the validity 
to be unimpaired for polydisperse as well as monodisperse systems (29, 
34-36). It is expected that polymer expansion in good solvents would be 
in the same direction for branched and linear polymers in dilute and 
concentrated media so that any errors would be compensating. 

Furthermore, microstructural variations of cis, trans, and vinyl con
tents have no discernible effect on the relation between g and g " of 
Figures 3-5. Since the same linear butyllithium polymers containing 
10% vinyl isomer were used as reference in calculating g' and g", it is 
likely that microstructural differences have been cancelled. 

No enhancement of concentrated solution viscosity was observed in 
high molecular weight polybutadienes with branching as might have been 
expected from the bulk viscosities measured by Kraus and Gruver (9). 

g" (FROM 10% SOLN. VISC.) 
Figure 4. Relations between branching factors f c o r r and g" (g'corr from 

Equation 6) 

In analogy with the crossover molecular weight of 100,000 reported for 
bulk viscosities of tetrachain branched polybutadienes (9), it is possible 
to estimate a crossover molecular weight for 10% solutions. Using a 
constant value, ( M V ) C , for the critical crossover composition, where V 
is the volume fraction of polymer (37, 38), the crossover molecular weight 
is estimated at 1.1 million for 10% solutions. Since no enhancement in 
concentrated solution viscosity was observed up to 1.9 million, it appears 
that the concept of critical entanglement composition is not applicable 
here. One might speculate that the long-chain branches that are entangled 
in bulk "disentangle" rapidly with dilution as was observed by Graessley 
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g" (FROM 10% SOLN. VISC.) 

Figure 5. Relations between branching factors g'corr and g" (Wcorr pom 
Equation 5) 

and Prentice (7). Viscosity measurements of branched and linear poly
mers at higher concentrations might clarify this point. 

Practical considerations make the concentrated solution viscosity 
method for determining branching factors from molecular dimensions a 
powerful technique. First, it is considerably more sensitive than the 
intrinsic viscosity method. Although the range of intrinsic viscosities was 
1.9-4.5 dl /gram the range of solution viscosities was 425-49,000 cP, a 
factor of 2.4 vs. 100. Secondly, the method is simpler when applied to 
polydisperse samples since the concentrated solution viscosity is relatively 
insensitive to polydispersity, and no correction is necessary. It should be 
added that the method is limited to concentrations and molecular weights 
above the entanglement composition and below the crossover composi
tion. For the range of molecular weights examined, 10% was a valid 
choice. 

In conclusion, evidence is provided in support of a sensitive procedure 
for the determination of the degree of branching in high polymers based 
on 10% solution viscosity. The method is more sensitive by a power of 
seven. The data cover the range of molecular weight 200,000-2 million 
and polydispersities of 1.2 to 18. The results of this work are explicable 
by the combination of the models of Zimm and Ki lb and of Bueche. This 
is a fertile field for further research. 
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Fractionation of Linear Polyethylene with 
Gel Permeation Chromatography. 

V. IUPAC Samples 

NOBUYUKI NAKAJIMA1 

Plastics Division, Allied Chemical Corp., Morristown, N. J. 07960 

The number and weight average molecular weights were 
determined for two samples of linear polyethylenes dis
tributed by the Macromolecular Division of IUPAC. The 
methods used were GPC, osmotic pressure, infrared analysis, 
melt viscosity and intrinsic viscosity. Data interpretations 
are discussed for each method. By comparing the results 
the average molecular weights were obtained; for one 
sample, MN = 10,500 to 11,000 and MW = 150,000 to 
165,000: for another sample, MN = 13,600 to 18,500, and 
MW = 40,000 to 48,000. 

T n the previous papers of this series (1, 2, 3, 4) calibration and repro-
ducibility of gel permeation chromatography ( G P C ) have been ex

tensively examined. This paper describes the application of G P C to two 
selected samples of linear polyethylenes, one having a narrow molecular 
weight distribution ( N M W D ) and another a broad molecular weight 
distribution ( B M W D ) . These samples were distributed by the Macro-
molecular Division of I U P A C (5) for the "molecular characterization of 
commercial polymers." The average molecular weights by G P C are com
pared with the data obtained from infrared spectroscopy, osmotic pres
sure, melt viscosity, and intrinsic viscosity. Problems associated with 
data interpretation are discussed. 

1 Present address: B. F. Goodrich Co., Development Center, P.O. Box 122, Avon 
Lake, Ohio 44012. 

98 
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9. Ν Α Κ Α J I M A Fractionation of Linear Polyethylene 99 

Experimental 

Operating Condition of G P C . The operating conditions were the 
same as before (2) except that the sample concentration was 0.5%. Sol
vent was 1,2,4-trichlorobenzene, temperature was 137 °C, injection time 
was 120 sec, and the flow rate was 1 cc per minute. Four columns having 
nominal capacities of 7 Χ 106, 3 Χ ΙΟ6, 10 5, and 10 3 were used. 

Calibration. Figure 1 shows the calibration curve based on seven 
narrow distribution polystyrene standards. This is calibration No. β in 
the previous paper (4). At high molecular weights, where there was no 
calibration standard, a linear extrapolation was used in the semilogarith-
mic plot. This extrapolation is arbitrarily chosen. As long as the extra
polation is used, there is some degree of uncertainty (3). Some im
provement resulted by using a broad distribution polyethylene as a 
supplementary standard—i.e., a control sample ( Figure 2 ). The molecular 
weight distribution of this standard was predetermined by the following 

\ 

\ 
\ 

\ 
\ 

10 
18 22 26 5 30 3 4 

C O U N T N U M B E R 
38 4 2 

Figure 1. Calibration curve No. 6 with polystyrene 
standards 
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COUNT NUMBER 

Figure 2. Calibration curve No. 6 corrected by using 
broad distribution polyethylene as a reference 

sequence. First, a G P C fractionation curve was obtained. Then, the 
number average, AN, and the weight average molecular length, Aw, were 
calculated by using a polystyrene calibration curve ( calibration No. 3 of 
the previous paper) (4). Then, AN and Aw were calibrated to the num
ber average, MN, and weight average molecular weight, Mw, respectively 
by a constant factor of 17.5. The MN value was based on the end group 
analysis by infrared spectroscopy. The Mw had been calculated from the 
low shear Newtonian viscosity of the melt. For J h e control sample, 
polyethylene, two sets of values were obtained for AN and Aw- One set 
was based on calibration No. 3 and another on No. 6. These sets d id not 
have the same values. Therefore, correction factors, fN and fw, were 
derived as follows: 

fN = ί̂ φ = 0.774 Sw = St = 0.840 (1) 
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9. NAKAjiMA Fractionation of Linear Polyethylene 101 

where the subscript numbers refer to the particular calibration. This 
enables us to convert (AN)6 and (AW)Q to M N and M W , respectively. 

17.5 fN (AN), = 17.5 ÇTN)i = MN (2) 

17.5 fw (Aw)t = 17.5 (Aw)z = M w (3) 

The correction factors, fN and fw, together with the conversion factor of 
17.5 are applied to the samples in the present study. 

Instead of correcting the average molecular length, each molecular 
length, At, may be corrected against the reference: 

(Aj)z 

This was done in the following way. First, two cumulative distribution 
curves were prepared for the control sample; one is based on the calibra
tion No. 3 and the other on No. 6. 

(£dW)r(IMdAh-^A^ (5) 

(£dw^ = (f^dA)/s-ihsA^ (6) 

Then, (At)3 and ( A i ) 6 were read from the curves at the same cumulative 
fraction, 

( / » . - ( 7 ) 

The values of were calculated by Equation 4 for all ranges of the cumu
lative fraction. The results of the calculation enabled us to compare the 
characteristics of G P C performances at two different times. In this treat
ment any difference in the G P C performance—e.g., resolution—was ex
pressed in terms of the correction factor, fu to the chain length, A4. 

The calibration curve of Figure 1 is a plot of (log As ) 6 vs. count 
number, N6. The curve was corrected according to the procedure de
scribed above; the new calibration curve is a plot of (log Ai)3 = log ft + 
(log Αί)β against N 6 . A use of this calibration curve is discussed later 
with the samples of the present study. Noteworthy is a significantly dif
ferent performance of two G P C runs at the molecular lengths from 20,000 
to 100,000. With the polystyrene standards alone such detailed difference 
could not be detected. To illustrate this point the molecular lengths of 
the polystyrene standards are indicated on the graph. 
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Results 

G P C runs of B M W D and N M W D samples were made within two 
days after calibration No. 6 was done, and the G P C traces are shown in 
Figures 3 and 4. The baseline was stable and reproducible before and 

C O U N T N U M B E R 

Figure 3. GPC trace of BMWD sample 

I I ι ι ι ι ι ι ι 1 ι 
21 23 25 27 2 9 31 33 35 37 3 9 41 4 3 

C O U N T N U M B E R 

Figure 4. GPC trace of NMWD sample 

after elution of the samples. However, the separation from the baseline 
at the low molecular weight region is subject to interpretation because 
of interference by the additives in the polymers and/or the impurities in 
the system. Treatment of the data in this region is discussed below. The 
height reading at every half count was fed into a computer program (6) 
together with the calibration data of Figure 1 or 2. Table I is a summary 
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of the molecular weight data obtained by G P C and other methods. The 
experimental techniques and the data treatment are discussed individually. 

G P C Data Treatment. As discussed above, treatment of the data at 
the low molecular weight region presented a considerable problem. Inter
pretation 1 treated data as if there were no molecules smaller than chain 
length A4 = 50; it gave an arbitrary cutoff at the low molecular weight. 
Interpretation 2 faithfully treated the data as it appeared in Figures 3 
and 4. This meant that for B M W D sample there was no interference from 
the negative peak. For N M W D sample the chain length of as short as 
10 A was included. For both interpretations the calibration was done 
according to the curve in Figure 1. These two interpretations gave a large 
difference in MN values of N M W D sample obviously because of a low 
molecular weight peak influencing the difference. 

The average molecular weights by interpretation 1 were corrected 
by the method described previously (4)—that is, the correction factors, 
fN and fw, were applied. The results are shown as interpretation 3. 

The results by interpretation 4 were based on the calibration curve 
of Figure 2. For N M W D sample the low molecular weight peak at the 
count number larger than 37 was ignored, assuming that the peak resulted 
from an impurity. For all four interpretations the conversion factor, 17.5 
was used to calculate the molecular weights from the chain lengths. 

Osmometry. Measurements were made in tetrahydronaphthalene at 
130°C by using a membrane osmometer (Mechrolab model 502). The 
plots of osmotic pressures at different concentrations are shown in Figure 
5. Comparing the osmotic pressure results with those of G P C (interpre
tation 1) it appears that molecules larger than A* = 50 may have per
meated the membrane. If this is the case, the MN by osmometry is too 
high. 

Infrared Spectroscopy. Spectra were obtained on a Perkin-Elmer 
model 521 grating infrared spectrophotometer. The amount of branching 
in these materials is very small and appears to be of the methyl type, 
which is indicated by the small absorption near 1140 cm" 1. Ethy l branch
ing was also sought but not detected at 770 cm" 1. The results are sum
marized in Table II. 

Calculation of the methyl branch is based on the assumption that one 
double bond exists per molecule. The methyl absorbance at 1378 cm" 1 , 
in excess of that required for methyls terminating the backbone, was 
interpreted as methyl branches. The value may be incorrect if the as
sumption is not valid. Also, a part or all of the methyl may correspond 
to long branches rather than methyl branch. The number average mo
lecular weight by interpretation 1 is based on the assumption that there 
is one double bond per molecule. This assumes the presence of branches. 
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Interpre-
Technique tation 

G P C 1 
2 
3 
4 

Osmometry 
Infrared 1 

2 
Melt viscosity 

150°C 
170°C 
190°C 

Intrinsic viscosity 1 
2 

Table I. Molecular Weights of 

BMWD 

M N M w M w / M 
13,500 193,000 14.3 
11,000 150,000 13.6 
10,500 162,000 15.4 
10,600 165,000 15.6 

(17,700) 
165,000 

— 
10,500 — — 
(8,600) — — 

(112,000) — 
(115,000) — 
200,000 — 

— (100,000) — 

ο ζ 
0 O.I 0.2 0.3 0.4 0.5 

C 

C O N C E N T R A T I O N OF POLYMER , IN g/d l 

Figure 5. Osmotic pressure measurements with 
BMWD and NMWD samples 

Table II. Infrared Results 

BMWD NMWD 

Methyl branch/1000 carbons 0.6 0.6 
Unsaturation, wt % 

vinyl 0.248 0.080 
trans trace 0.003 
vinylidene 0.008 0.006 
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Two Commercial Polyethylenes 

NMWD 
M N M w M w / M N 

17,500 56,100 3.20 
10,700 55,600 5.20 
13,600 47,200 3.47 
13,700 45,800 3.35 
20,400 — — 

(30,200) — — 
18,500 — — 

39,800 — 
41,700 — 
44,700 — 

(87,100) — 
47,900 — 

The MN value for N M W D sample appears to be too large. On the other 
hand, if we do not assume the presence of the branching at all , the MN 

values are smaller, as given in interpretation 2. 
Melt Viscosity. Low shear melt viscosities were measured by Kepe's 

cone-plate viscometer (7) at 150°, 170°, and 190°C. No stabilizer was 
added to the sample. The flow curves are shown in Figure 6. The vis
cosities of N M W D are in good agreement with those observed by others 
(8); the viscosities of B M W D by our measurements are somewhat lower. 
The Newtonian viscosities, η0, were observed with N M W D sample. Wi th 
B M W D sample, η0 was estimated by extrapolation shown in the figure. 
The extrapolated values are uncertain; they may have been underesti
mated. The Newtonian viscosities are listed in Table III. 

The Mw values were calculated by an equation from Tung (9) : 

log V0 = 3.4 log Mw + (1.64 X 10 3 /T) - 15.5 

Intrinsic Viscosity. Intrinsic viscosity was determined in tetrahydro-
naphthalene at 130°C. B M W D = 1.80 dl /gram; N M W D — 0.98 dl /gram. 
These values were converted to the corresponding values in decahydro-
naphthalene at 135°C using a conversion factor of 1.16 given by Tung 
(10). Then, an equation by Billmeyer ( I I ) for whole polymer was used 
to calculate Mw (interpretation 1). For N M W D sample the equation for 
the fractions ( I I ) may be more appropriate; the calculated Mw values are 
given as interpretation 2. 
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I 0 6 c 

B M W D 

ο 
υ 

N M W D 

I 0 3 L 

ι σ 3 10" ιο' ΙΟ"* 10" 
-I 

S H E A R R A T E , f , IN S E C . 

Figure 6. Melt viscosities of BMWD and NMWD samples 

Table III. Newtonian Viscosities of Melt Flow 

Temperature, °C 
150 
170 
190 

BMWD" 
V0 Χ ΙΟ"5 

poise 

(3.5) 
(2.5) 

NMWD 
Vo Χ ΙΟ" 4 

poise 

1.10 
0.80 
0.58 

° Value estimated 

Discussion 

B M W D Sample. The MN of this sample appears to be about 10,500-
11,000. The values obtained by G P C with interpretations 2, 3, and 4 are 
in good agreement. They also agree with the result from the infrared 
analysis with one-double-bond-per-molecule assumption. This automati
cally assumes the presence of small amounts of branches in the sample. 
If we assume the unbranched chain, MN is 8600, which is somewhat 
smaller than other values. The G P C MN by interpretation 1 is larger 
because of the artificial cut-off at the molecular length larger than 50 A . 
The osmotic pressure measurements gave a larger value, which is prob
ably the result of the diffusion of low molecular weight species through 
the membrane. 

The Mw is more difficult to estimate precisely. The melt viscosity 
results provide only an order of magnitude which is about 100,000. Since 
Newtonian viscosity was not observed, no refinement can be made on 
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the data. The intrinsic viscosity gives an estimate of Mw of 200,000 ac
cording to an equation for whole polymer. If we use the equation for 
fractions, Mw is estimated as 110,000. Although the value agrees well 
with that from the melt viscosity, it must be in error because this polymer 
has a broad molecular weight distribution. 

The Mw values by G P C are between the above two extremes. Per
haps the correct value lies between 150,000 and 165,000 because these 
are obtained by better data treatment interpretations 2, 3, and 4. Taking 
the best estimates of MN and Mw, the ratio is calculated as MW/MN = 
13.5 to 15.5. _ 

N M W D Sample. The MN values of this sample are in the range 10,000 
to 30,000. However, 30,200 obtained from the infrared analysis appears 
to be too high. The value is based on the one-double-bond-per-molecule 
assumption. It automatically assumes the presence of branches. If no 
branches are present, MN is calculated as 18,500, which is more in line 
with other data. The G P C MN values are between 10,700 and 17,500. 
The lower value is the result of including the low molecular weight peak 
between 10 and 35 A . Probably this peak is not of polyethylene fraction 
because the lowest possible MN estimated from the infrared is 18,500. 
MN by osmometry may be too large for the same reason stated before. 
The correct MN for this sample is probably 13,600-18,500. 

The Mw values are in better agreements than MN's. They are in the 
range 40,000-48,000. The Mw calculated from intrinsic viscosity favors 
equation for fractions rather than that for whole polymers. The best 
estimates of MW/MN ratios are 2.0-3.5. 

Acknowledgments 
The author is indebted to R. T. Guliana for the osmotic pressure data 

and intrinsic viscosities, to G. A . Tirpak for the infrared measurements, 
and to R. D . Hoffman for the melt viscosities. 

Literature Cited 
1. Nakajima, N., J. Polymer Sci., Pt A-2 (1966) 5, 101. 
2. Nakajima, N., J. Polymer Sci. (1968) C-21, 153. 
3. Nakajima, N., Separation Sci. (1971) 6 (2), 275. 
4. Nakajima, N., J. Appl. Polymer Sci. (1971) 15, 3089. 
5. Benoit, H., Macromolecular Division of IUPAC, Centre de Recherches sur 

les Macromolecules, Strasbourg, France. 
6. Pickett, H. E., Cantow, M. J. R., Johnson, T. F., J. Appl. Polymer Sci. 

(1966) 10, 917. 
7. Kepe, Α., J. Polymer Sci. (1956) 22, 409. 
8. Wales, J. L. S., Pure Appl. Chem. (1969) 20, 331. 
9. Tung, L. H., J. Polymer Sci. (1960) 46, 409. 

10. Tung, L. H., J. Polymer Sci. (1959) 36, 287. 
11. De La Cuesta, M. O., Billmeyer, F. W., Jr., J. Polymer Sci. (1963) A-1 , 

1721. 
RECEIVED January 17, 1972. 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

00
9

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



10 

Reproducibility of Molecular Weight 
Measurements by GPC with Infrared 
Detectors 

J. H. ROSS, Jr. and R. L. SHANK 
Research and Development Department, Chemicals and Plastics, Union Carbide 
Corp., South Charleston, W. Va. 25303 

The variability of tests for physical properties and structural 
features of polymers usually exceeds ± 5 % at the 95% 
confidence interval. Molecular weight measurements of 
polymers are generally accepted to have large variances, in 
particular, the interlaboratory round robins. With the ad
vent of gel-permeation chromatography (GPC) and with 
the increased attention given measurements of this kind, 
significantly lower levels of variability may be expected. 
This paper shows that the capability of the GPC technique 
for measurement of molecular-weight parameters, Mw and 
Mn, for polyethylenes is better than ±2.5% in repetitive 
measurements over periods as long as a month. The excel
lent performance of this GPC system is attributed to the 
high photometric precision and sensitivity of the infrared 
detection device, to the data acquisition and computational 
procedures, and to the stabilizer used. 

"industry has rapidly accepted the G P C technique and exploited it for 
A a variety of uses including quality control, guidance of product blend
ing and polymer syntheses, and establishment of physical and structural 
property relationships. In each of these areas, requirements for pre
cision have increased as more information was obtained. 

Operation of the Waters Associates model 100 instrument at ele^ 
vated temperatures, necessitated by dissolution of polyethylene, requires 
several modifications in order to improve baseline stability and sensitivity 
( J ) . Usually the first modification is to reduce the unacceptably high 
temperature gradients in the oven which may be as much as 20 °C from 

108 
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10. ROSS AND SHANK Reproducibility of Measurements 109 

top-to-bottom when the oven is operated at 130 °C. The refractometer 
requires thermostating to better than ±0.01 °C, and the original re
fractometer is generally replaced with the Waters Associates R-4 refrac
tometer. W i t h these and even other modifications, it has not been possible 
to perform the analysis with the precision required by many of the appli
cations for the data. Several of the Waters Associates units have been 
relegated to operation at relatively low temperatures only, including the 
one in the authors laboratory. Other workers have accepted the poor 
precision and the difficult task of operation of the chromatograph at high 
temperatures and have attempted to draw conclusions from these data 
even though the reproducibility is not as high as desired (2). 

Statistical studies of the precision of measurements of molecular 
weight parameters by G P C are not common (3). Interlaboratory round 
robins of G P C analyses conducted by A S T M and other GPC-oriented 
groups have shown high variance. Gamble et al. indicate a precision of 
about ± 5 % for the replicate measurement of butyl rubber analyses of 
Mw and Mn (4). The test apparatus described here evolved as an effort 
to maximize precision and accuracy of the G P C technique. We chose 
the National Bureau of Standards (NBS) Standard Reference Material 
No. 1475 to indicate both the precision and accuracy capabilities of the 
system. It was assumed that the N B S sample is homogeneous and that 
the values of molecular weight parameters have high accuracy, although 
NBS considers it impossible to provide a statement as to the absolute 
accuracy at this time (5). 

The purpose of this paper is to demonstrate that the precision and 
accuracy capabilities of the G P C technique when operating at high 
temperatures for long periods can be quite high. It is not an attempt to 
make comparative systematic appraisal of the factors affecting precision 
and accuracy of this system with that of the Waters Associates chro
matograph, since in the author's laboratory even after quite vigorous 
effort the precision and accuracy of the latter instrument were so com
pletely unacceptable at the high temperatures required for polyethylenes 
as to make such a comparison impossible. W i t h the high precision and 
accuracy of the system discussed herein, many more applications for the 
data are revealed. 

Experimental 

Apparatus. A G P C system using infrared spectrophotometric detec
tion of the column effluent was described earlier (6). Because only 
branched polyethylenes were examined initially, certain modifications 
were necessary for the separation of linear polyethylenes. Certain im
proved components have been added although essentially the same appa
ratus as that already described was employed. For example, the oven 
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containing the columns was designed to have variations in temperature 
less than ±0.01°C from end to end. Porous glass-bead column packing 
was replaced with the cross-linked polystyrene gels (Styragel) as im
proved columns became available. The four columns contained gels 
having nominal porosities of ΙΟ4, ΙΟ5, 106, and 10 7 A and had plate counts 
of better than 700 plates/foot as determined with nonane. 

A Hughes Series II micropump was used to pump degassed per-
chloroethylene at a reproducible rate of 1 ± 0.003 ml/minute. This pump 
produces 300 overlapping pulsations per minute and was used without a 
pulsation damper because pressure variations were less than ± 1 psi. A 
Waters Associates automatic injection unit was used to add 2 m l polymer 
solution containing approximately 1 to 2 mg polymer to the stream for 
each determination. The concentration of sample is selected so that the 
height of the curve is about 7 inches. The concentration may range 
between 0.04 and 0.075%. This injection unit when loaded is capable of 
automatically injecting seven samples within a 24-hour period. Degrada
tion was avoided by adding 100 ppm 3,5-ditertiary butyl catechol to the 
solution. 

A schematic of the detection recording and data acquisition system 
is shown in Figure 1. The detector ( Perkin-Elmer model 112) had a 
double-pass optical system and a calcium fluoride prism set at 3.4μ. 
(2940 cm" 1). For the lowest signal-to-noise ratio, it was necessary to 
replace the globar with a Sylvania F T C tungsten-iodine, 375 W lamp 
operated at 100 W . The stability of this lamp was found to exceed that 
of other infrared sources by a factor of at least ten. Life time of the 
tungsten-iodine bulb operating at reduced wattage is at least three 

Figure 1. GPC infrared detection, recording, and data acquisition system 
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10. ROSS AND SHANK Reproducibility of Measurements 111 

Figure 2. Recorder output on a 10-inch chart for 2 mg of NBS SRM No. 1475 

months and some have exceeded a year. Baseline stability is better than 
± 1 % in a 24-hour period. 

A special zero suppressor was connected to the output of the pre
amplifier so that the transmission from 80 to 100% of the incident energy 
could be recorded. The relationship of concentration to signal output 
was found to be essentially linear in this range. A n example of the re
corder output on a 10 inch chart is shown in Figure 2. 

Data Acquisition. A Control Data Corp. ( C D C ) 1700 process con
trol computer was used for on-line data acquisition and storage without 
manual intervention, accelerating the collection of experimental data by 
eliminating the burden of handling the large quantity of data involved. 
Data reduction, which included smoothing, baseline correction, interpre
tation, and average molecular-weight calculations, was performed at a 
convenient time with simple operator initiation, producing tabular and 
graphical displays of the molecular weight distribution. The computer 
usage improved the accuracy of the results by employing a statistical 
analysis of the data instead of depending upon personal interpretation. 

The recorder drive gear was connected to a potentiometer containing 
an applied voltage. The potentiometer output was directly proportional 
to the infrared absorption. The output signal was sent directly to a 
process computer where an analog-to-digital converter produced a digital 
fixed-point quantity. This value was stored in a current value table, in 
main storage, containing 15 locations. 

The converter output signal was monitored continuously. When no 
sample was in the system the signal was zero and the scan frequency 
was 60 second. When a sample was injected, the signal increased to a 
previously selected baseline value, the scan interval changed to 5 seconds, 
and the contents of the current value table, when filled, were stored on 
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the computers disk files. At the end of the run the converter output 
signal was automatically reduced to zero, and the file for that particular 
set of data was closed. It was possible to inject another sample immedi
ately and store the data in another file. The sample injection and data 
acquisition were entirely automatic, requiring no manual supervision. 
Data reduction required manual initiation and was done at a convenient 
time. This may also be automated, but at the present time software 
problems have not been completely resolved. 

The experimental data were smoothed by fitting short segments to a 
first-degree polynomial. The volume markers were located during the 
smoothing process. A l l calculations were performed on the smoothed 
data. Number-, weight-, and Z-average molecular weights were calcu
lated using standard methods described in most texts on polymers. 

Besides the calculation of average molecular weights, several other 
means of characterizing the distribution were produced. These include 
tables of percentile fractions vs. molecular weights, standard deviation, 
skewness, and kurtosis. The data for the tables were obtained on punched 
cards as well as printed output. The punched cards were used as input 
to a C A L C O M P plotter to obtain a curve as shown in Figure 3. This 
plot is normalized with respect to area. No corrections were made for 
axial dispersion. 

Calibration. The accepted method of calibrating a G P C system was 
used. Narrow molecular-weight distribution high-density polyethylene 
polymers were characterized by light scattering, osmometry, and sedi-

J TIME 2056. 
I DRTE 1222. 

§ 
S 

LOG NH 

Figure 3. CAL COMP plot of NBS SRM No. 1475 
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mentation techniques. These data were used to obtain the elution 
volume-molecular weight relationship. 

A universal calibration curve was established by plotting the product 
of the limiting viscosity numbers and molecular weight, Mw[r{\, vs. the 
elution volume, EV, for a variety of characterized polymers. The major 
usefulness of the universal calibration curve was to validate individual 
molecular-weight values and to provide extended molecular-weight cali
bration at the ends of the calibration curve where fractions of narrow 
dispersion of the polymer being analyzed are not available. The calibra
tion curve was monitored daily with polystyrene fractions certified by 
Pressure Chemicals. The relationship between the polyethylene frac
tions and polystyrene fractions was determined using the universal 
calibration curve. 

The calibration was represented in the computer program by a 
fifth-degree polynomial. The conventional method of least-squares was 
followed to determine the coefficients of the polynomial. The sensitivity 
of the normal equations made round-off error a significant factor in the 
calculations. The effect of round-off error was greatly reduced when the 
calculations were performed with double-precision arithmetic. The mo
lecular weights corresponding to selected count numbers were calculated 
from the coefficients. The coefficients were input information for the 
data-reduction program. 

Discussion 

Precision and Accuracy. Table I shows the results of tests on the 
linear polyethylene NBS Standard Reference Material No. 1475. This 
reference material has a pellet-to-pellet coefficient of variation of 3% 
in the limiting viscosity number according to the NBS Certificate. At 
least 50 pellets are recommended for a representative sample on which 
limiting viscosity number is obtained. Nine analyses were performed over 
a period of about one month on the pellets, using approximately three 
pellets per determination. The analysis of these data is shown in Table I 
along with a comparison with the NBS data and their estimate of 
precision. 

Subsequently, 3 grams (at least 60 pellets) of the pellets were 
homogenized by dissolution and precipitation as suggested by H . L . 
Wagner of NBS. Table II shows the results of 13 analyses on the 
homogenized fine powder performed over a period of about 10 days. 

These data in Tables I and II show that the variation of the Mn, Mxc, 
and Mw/Mn values at the 95% confidence interval is less than ± 2 . 5 % 
for this particular polyethylene. Variation of Mz appears to be about 
twice this level. Comparison with the NBS molecular-weight parameters 
indicates excellent absolute accuracy except for Mz. The tables also 
show that pellet-to-pellet variations in molecular weight could not be 
detected. 
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Table I. G P C Analysis of NBS 

Time Date Loop M J1000 

336 1203 1 17.06 
1744 1218 3 17.59 
2109 1218 4 17.71 

34 1219 5 18.70 
400 1219 6 17.88 

1404 1222 3 18.29 
2056 1222 5 18.30 
1506 104 5 17.17 
438 105 3 17.90 

X 17.84 
Variability of mol wt parameters by G P C 17.84 ± 0.437 

(South Charleston) ± 2.4% 
Variability of mol wt parameters (NBS) 18.3 ± 1 . 2 

a Each analysis performed on approximately three pellets per determination or 
0.075 gram. 

Table II. G P C Analysis of NBS Standard No. 1475 

Time Date Loop M J1O0O 

206 1208 1 18.15 
857 1208 3 17.74 
106 1209 1 18.79 
439 1210 4 16.88 

1618 1210 1 16.80 
234 1211 4 16.77 

1513 1211 1 17.07 
127 1212 4 17.09 

1902 1214 4 18.66 
1450 1215 4 17.49 

105 1216 1 17.98 
135 1217 1 17.40 
42 1218 6 18.10 

X 17.61 
Variability of mol wt parameters by G P C 17.61 ± 0.384 

(South Charleston) ± 2.2% 
Variability of mol wt parameters (NBS) 18.3 ± 1 . 2 

α Three grams of pellets were dissolved in perchloroethylene, slowly precipitated in 
cold methyl alcohol, and dried, producing a fine powder. Each analysis was performed 
on 0.075 gram of the homogenized powder. 

The excellent performance of the instrumentation results from a 
combination of contributions from several components, i.e., the high 
sensitivity and stability of the infrared detection system, the data acqui
sition and computational procedures, and the stabilizer used. 
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Standard No. 1475 Pellets" 

Mw/1000 MJ1000 MW/MN 

5 4 . 6 8 129 .5 3 .20 
5 3 . 4 5 123 .0 3 .04 
5 5 . 0 9 131 .3 3 .11 
5 7 . 0 4 135 .0 3 .05 
5 4 . 8 3 128 .8 3 .07 
5 4 . 3 4 141 .6 2 .97 
5 4 . 7 5 143 .1 2 .99 
5 3 . 1 4 120 .7 3 .09 
5 3 . 2 5 121 .4 2 .97 
54 .51 1 3 0 . 4 9 3 .05 

54 .51 ± 0 .992 130 .49 =b 6 .72 3 .05 =fc 0 .061 
± 1 . 8 % ± 5 . 1 % ± 2 . 0 % 

54 .2 ± 2.0 149 ± 13 2 .96 

Dissolved and Precipitated in Methyl Alcohol 

MW/1000 MM/1000 MW/MN 

5 6 . 0 6 132 .9 3 .09 
5 6 . 4 8 133 .8 3 .18 
5 7 . 7 2 1 5 8 . 5 3 .07 
5 4 . 6 0 135 .1 3 .23 
5 3 . 3 5 125 .8 3 .18 
5 3 . 5 3 128 .4 3 .19 
5 2 . 2 8 119 .7 3 .06 
5 4 . 3 2 131 .5 3 .18 
5 8 . 3 0 139 .9 3 .12 
56 .11 136 .7 3.21 
5 2 . 7 0 114 .7 2 .93 
5 4 . 7 7 129 .4 3 .15 
5 4 . 9 5 128 .4 3 .04 
55 .01 131 .91 3 .12 

55 .01 =fc 1.16 131 .91 =fc 6 .57 3 .13 =fc 0 .053 
± 2 . 1 % ± 5 . 0 % ± 1 - 7 % 

5 4 . 2 ± 2.0 149 ± 13 2 .96 
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Gel Permeation Chromatography Calibration 

II. Preparative GPC Fractionation and Characterization of Poly-
(methyl methacrylate) for Calibration in 2, 2, 2-Trifluoroethanol 

THEODORE PROVDER 

Glidden-Durkee Division of SCM Corp., Strongsville, Ohio 44136 

JAMES C. WOODBREY and JAMES H. CLARK 

Monsanto Co., St. Louis, Mo. 63166 

ESMOND E. DROTT 

Monsanto Co., Texas City, Tex. 77590 

Because of the insolubility of polystyrene standards in 2,2,2-
trifluoroethanol (TFE), poly(methyl methacrylate) (PMMA) 
is suggested as the standard for gel permeation chromatog
raphy (GPC) in TFE. PMMA standards used here were 
whole polymers made by free-radical polymerization and 
fractions from them. The primary molecular weight calibra
tion curve is compared with the indirect molecular weight 
calibration curve generated with polystyrene standards in 
tetrahydrofuran (1). Differences among molecular weight 
averages and intrinsic viscosities calculated from the direct 
PMMA molecular weight calibration curve and correspond
ing experimental values are attributed to experimental errors 
and to an apparent molecular weight dependence of the spe
cific refractive index increment in TFE. An error in an 
earlier paper (1) is corrected, and methods for obtaining 
secondary molecular weight calibration curves from hydro-
dynamic volume—calibration curves are reviewed. 

*Tphe solvent 2,2,2-trifluoroethanol ( T F E ) is excellent for gel permeation 
-*· chromatography ( G P C ) characterization of polyamides and poly-

acrylates and has many more desirable properties than m-cresol, the 
solvent commonly used. The advantages of using T F E rather than 

117 
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118 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

m-cresol for polyamide characterization have been cataloged elsewhere 
( J ) . The one main disadvantage of using T F E as a G P C solvent is the 
insolubility of the readily available characterized polystyrene standards. 
This insolubility prevents the generation of a hydrodynamic volume 
( H D V ) calibration curve and the subsequent generation of secondary 
molecular weight calibration curves in T F E ( I , 2) . 

Theory 

Methods for Generating Molecular Weight Calibration Curves from 
Hydrodynamic Volume Calibration Curves. Hydrodynamic volume cali
bration curves can be constructed simply by plotting the product of_the 
intrinsic viscosity [η] and the weight-average molecular weight (Mw) 
for a narrow molecular weight distribution polymer standard against the 
peak retention volume ( P R V ) of the standard for a given column set in a 
specific solvent at a given temperature. Once an H D V curve is obtained, 
secondary molecular weight calibration curves for polymers of interest 
could be obtained, provided the Mark-Houwink parameters ex and Kx are 
known (denoted by subscript x) from the relation where Z s is the effec-

Z = [Η]ΑΤ = KM**1 (1) 

Mx = (Z./Kxy«*x+» (2) 

tive H D V obtained from the polymer standards and Mx is the molecular 
weight for the polymer of interest. 

If the Mark-Houwink parameters are known or can be established 
for a polymer standard that is soluble in T F E as well as for the polymer 
of interest, the molecular weight calibration curve for the polymer of 
interest, 

logioM x = fx(v), (3) 

can be expressed in terms of the molecular weight calibration curve for 
the polymer standard in T F E , 

logioM, = f8(v) (4) 

Two polymer species eluting at the same retention volume have the same 
hydrodynamic volume. In terms of the polymer standard and the polymer 
of interest in T F E , this equality of hydrodynamic volume can be expressed 
as 

(hW. = (MM). (5) 
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11. PROVDER ET AL. GPC Calibration 119 

Substitution of Equations 1,3, and 4 into Equation 5 leads to an expression 
first derived by Co l l and Prusinowski (3) 

hg10Mx = (^ρ7 χ ) loglo(Ks/Kx) + ( f j jr^) (6> 

If the Mark-Houwink parameters are unknown and there is insuffi
cient data available for their direct generation, molecular weight calibra
tion curves can be generated by (a) an empirical technique based upon 
the determination of the intrinsic viscosity of each polymer fraction ob
tained by the G P C syphon counter or ( b ) using at least two out of three 
experimental observables, number- and weight-average molecular weights 
Mn, Mw, and [η] to fit mathematically for effective values of e and K. 

Meyerhoff (4) and Goedhart and Opschoor (5) have measured the 
viscosity of each eluting G P C fraction by coupling an automatic capillary 
tube viscometer with the G P C syphon. The low polymer concentration 
in each fraction necessitated an extremely accurate efflux time measure
ment to ±0.01 second since the flow time of each fraction containing 
polymer has flow times, tiy greater than that of pure solvent, t0, by at most 
2.00 seconds. The specific viscosity s p of the i t h polymer fraction is cal
culated from the flow times of the pure solvent and the polymer fraction. 

flspi = 1 — f}ri = 1 — (ti/to) (7) 

The concentration Q of the polymer fraction is given by 

d = (Ai/A) (w/Av) (8) 

where w is the total amount of injected polymer in grams, Av is the vol
ume of the syphon in deciliters, A is the total peak area, and Ai is the 
area corresponding to the i t h polymer fraction. Since the concentration 
of each fraction is in the concentration range approaching infinite di lu
tion (Ci $^ 0.02 wt-vol % ), the intrinsic viscosity of each polymer fraction 
i can be taken as ^ p / C * . A more accurate value of the intrinsic viscosity 

i can be obtained from the following equation: 

r ι _ /Vsp/Ci - I n ψ/Ci 

[r,]i ~ \ ôlc< 
where ψ. is the relative viscosity of the i t h polymer fraction. This equa
tion is derived from a power series expansion of viscosity vs. concentration 
(β ) and requires that the Huggins (7) constant ku = 0.333 for the 
polymer—solvent system of interest. In this manner the intrinsic viscosity 
of al l the experimentally measurable polymer fractions comprising the 
G P C trace can be determined. Then the average molecular weight of 
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120 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

each fraction, Miy can be determined from the H D V calibration curve 
constructed from polymer standards and from the equation 

Mi = Zi/Mi (10) 

where Z» is the effective H D V of fraction i at the same retention volume 
as [ 7 7 ] i. In this manner the secondary molecular weight calibration curve 
for the polymer of interest can be determined. The necessary information 
for the generation of the Mark-Houwink intrinsic viscosity-molecular 
weight relationship is now available. A n important advantage of this 

Figure 1. Illustrative method for constructing a secondary molecular 
weight calibration curve from an HDV calibration curve and intrinsic 

viscosity values of GPC polymer fractions 
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11. PROVDER E T A L . GPC Calibration 121 

technique is that the polymer of interest can be highly branched and 
need not follow a linear logio [17] vs. log™ M relationship over the reten
tion volume range of the sample. The construction of the secondary 
molecular weight calibration curve is schematically illustrated in Figure 1. 
Goedhart and Opschoor (5) have successfully applied this method to 
polystyrene, poly (vinyl chloride), and poly (vinyl acetate) polymers in 
tetrahydrofuran. They give equations for determining the retention vol
ume corresponding to the Mw of the fraction, for correcting for partial 
mixing of the preceding fraction in the tubing between the refractometer 
and the syphon, and for mixing in the syphon with the previous fraction 
as a result of incomplete emptying of the syphon. 

If the determination of the intrinsic viscosity of each polymer frac
tion obtained from the G P C syphon counter is infeasible, use can be made 
of , Mn, Mw, and the G P C trace of the whole polymer sample for the 
determination of the Mark-Houwink parameters. Provder and co-workers 
(1,2) have derived expressions for Mn, Mw, and [ 7 7 ] in terms of c, K, and 
Ζ which are summarized below: 

Mn = [fg* (Z/K)-l/^(da/dZ)dzJ1 (11) 

Mw = CZll(Z/Ky/^(da/dZ)dZ (12) 
J Zi, 

[η] = Κ Γ Ζ Η {Z/K)*'*+»{da/dZ)dZ (13) 
J Ζ ι, 

^ = F(vz) · [l/(dfH/dv) vz] · [ logWZ] (14) 

where (da/dZ) is the weight-differential distribution of H D V , (dfH/ 
dv)vz is the slope of the H D V calibration curve, and F(vz) is the area-
normalized, baseline-adjusted chromatogram height at retention volume 
v Z . The limits of integration Z L and Z H correspond to the lowest and 
highest H D V species, respectively in the sample. Upon fitting to one of 
the parameter sets {Mn,Mw} or {Μη,[η]} in a least-squares sense ( I , 2) 
by using gradient search techniques such as that of Marquardt (8) or by 
using nongradient direct search techniques such as that of Nelder and 
Mead (9), effective values of c and Κ can be obtained. Then the sec
ondary molecular weight calibration curve for the polymer of interest 
can be obtained from Equation 2. These Mark-Houwink parameters are 
termed effective values since they reflect instrument spreading effects 
and experimental errors in the determination of [η], M w , and Mw, as well 
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122 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

as chromatogram baseline errors. This technique can be applied to poly
mers of interest which are linear and branched provided the logio [??] vs. 
logio M relationship is linear over the retention volume range of the sam
ple. These techniques have been applied successfully to P M M A and 
polystyrene in tetrahydrofuran, and P M M A , poly (vinyl acetate), poly(tri -
methylene oxide), and linear and branched polyamides in T F E ( J ) . 

Method for Generating Molecular Weight and H D V Calibration 
Curves in T F E Using Polystyrene Standards in Tetrahydrofuran. The 
indirect procedure used for constructing H D V calibration curves in T F E 
at 50 °C using polystyrene standards in tetrahydrofuran at 25 °C described 
previously ( 1 ) deserves some clarification because of an error generated 
in the use of this method. The correct procedure is summarized below: 

(A ) Generate retention volume chromatograms in tetrahydrofuran 
and T F E from "test" polymer samples, which are not necessarily narrow 
in molecular weight distribution and need not be characterized but are 
soluble in T F E and cover the retention volume range of interest in both 
solvents. The test polymers used were P M M A samples. 

( Β ) Construct integral distribution curves of retention volume from 
the raw chromatograms. 

( C ) Construct a retention volume calibration curve by making a 
one-to-one correspondence between the retention volume in tetrahydro
furan, t>THF, and the retention volume in T F E , UTFE, at points of equal 
weight per cent polymer on the integral distribution of retention volume 
curves of the test polymer samples. The construction of this curve as
sumes that the polymer molecules eluting at U T H F are identical to the 
polymer molecules eluting at vTFE. Thus the molecular weight of the poly
mer molecules in tetrahydrofuran at UTHF is the same as the weight of 
the polymer molecules in T F E at UTFE. 
Thus far, the procedure is the same as that illustrated by the first three 
rows of plots in Figure 7 in ( 1 ). The retention volume calibration curve 
obtained from the P M M A test polymer samples is shown in Figure 9 
in ( I ) . 

( D ) Construct the H D V calibration curve in T F E from the poly
styrene-generated H D V calibration curve in tetrahydrofuran in conjunc
tion with the UTHF vs. t>rFE retention volume calibration curve by one of 
two possible routes described below and schematically illustrated in 
Figure 2. 
Both of these routes involve transforming the retention volume axis DTHF 
to t>rFE via the retention volume calibration curve and transforming the 
H D V axis for P M M A in tetrahydrofuran to that for P M M A in T F E by use 
of the Mark-Houwink parameters for P M M A in tetrahydrofuran and in 
T F E . 

Route 1: (a) Using the Mark-Houwink parameters of the P M M A 
test polymer in tetrahydrofuran, eÇ^|IA and KCHF'S construct the P M M A 
molecular weight calibration curve in tetrahydrofuran from the polysty
rene H D V calibration curve by the use of Equation 2 where χ is P M M A 
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11. PROVDER E T A L . GPC Calibration 123 

and s is polystyrene. This step is illustrated by the pictographs A to Β 
in Figure 2. 

( b ) Using the retention volume calibration curve in conjunction with 
the P M M A molecular weight calibration curve in tetrahydrofuran, con
struct the P M M A molecular weight calibration curve in T F E . This step 
is illustrated by the pictographs Β to C to D in Figure 2. 

(c) Using the P M M A molecular weight calibration curve in T F E 
and the Mark-Houwink parameters of P M M A in T F E , e ? ^ A and Κξψ£Α 

construct the H D V calibration curve in T F E by the use of Equation 1. 
This step is illustrated by the pictographs D to Ε in Figure 2. 

Route 2: (a) Using the retention volume calibration curve in con
junction with the polystyrene H D V calibration curve, construct an ap-

* H ( V T H F > 

V M H
 V T H F V M L 

C O U N T S ( T H F ) 

A ) P S - H D V C A L I B R A T I O N 

C U R V E I N T H F 

r is P M M A 

t,r\ THi -
F © 2 5 E C 

V T H F V M L 

C O U N T S ( T H F ) 

Β.) P M M A - M W C A L I B R A T I O N 
C U R V E I N T H F 

V M H V T F E * M L 

C O U N T S ( T F E ) 

C.) R E T E N T I O N V O L U M E 

C A L I B R A T I O N C U R V E 

ο , Α Ρ Ρ _ _ 
o - Z T F E 

_ L _ _L_ 
V M H T F E M L 

C O U N T S ( T F E ) 

F . ) A P P A R E N T H D V C A L I B R A T I O N 

C U R V E I N T F E 

" M H
 V T F E V M L 

C O U N T S ( T F E ) 

E . ) T R U E H D V C A L I B R A T I O N 

C U R V E I N T F E 

r \/ P M M A 
T F E © 5 0 * C 

M H T F E ' M L 

C O U N T S ( T F E ) 

D.) P M M A - M W C A L I B R A T I O N 
C U R V E IN T F E 

Figure 2. Illustrative method for generating PMMA molecular weight and 
HDV calibration curves in TFE using a poly sty rene-HDV calibration curve in 

tetrahydrofuran 
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parent H D V calibration curve in T F E . In this step the retention volume 
axis is transformed from UTHF to D T F E . However the H D V axis still corre
sponds to ZÇ| F and therefore is denoted as Z A J | , the apparent H D V in 
T F E . This step is illustrated by the pictographs A to C to F in Figure 2. 

(b) Using the Mark-Houwink parameters of P M M A in tetrahydro-
furan and in T F E , convert the apparent H D V calibration curve. This 
step is illustrated by the pictographs F to Ε in Figure 2. 

A n equation can be derived relating Ζ%ψ$Α (I>TFE) to ZÇIp (I>THF). 
As was pointed out in step C, the retention volume calibration curve 
relating t>rHF to I>TFE was constructed by relating U^FE to I>THF at points of 
equal weight percent polymer on the integral distribution of retention 
volume curves in tetrahydrofuran and in T F E . A t these points the mo
lecular weight of the polymer species in tetrahydrofuran is the same as 
the molecular weight of the polymer species in T F E . 

M ? ^ A = Μ™* Ι Α (15) 

Use of Equation 2 leads to the expressions 

(7 P M M A \ / 1 \ 

/ 7 P M M A \ / ι \ 

MPMMA = ( £ ρ _ Λ {^tij (17) 
Noting that 

^TFE = ^THF A = ^THP 
(18) 

and combining Equations 16, 17, and 18 with Equation 15 leads to the 
expression 

l o „ , „ 7 P M M A _ ( 1 \ , „ f ( g ) T F E ' J H F + ' 1 , 

( ! T F E ^ \ log 1 0 Z?| F (19) 
\2TIIF / 

Using the Mark-Houwink parameters for P M M A in tetrahydrofuran and 
in T F E leads to the following expressions relating Z?^| I A (I>TFE) to ZÇ| F 

( l?THF ) . 

logioZÇïï£A = 0.0480 + 1.0428 log i 0 Z?| F ; Mv < 31,000 (20) 

l o g i o Z ^ A = 0.02610 + 1.0554 logioZ5S P; Mv > 31,000 (21) 

Route 1 was used in Réf. 1 to construct a H D V calibration curve 
shown as the curve designated by + in Figure 10, Réf. I . Route 2 was used 
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Table I. Comparison of H D V Values in T F E 

Retention 
Volume, 
counts 

32 
36 
40 

1.06 Χ ΙΟ6 

1.07 Χ ΙΟ5 

0.804 Χ ΙΟ4 

ZTFE(CÎWT.) 

2.28 Χ ΙΟ6 

2.03 Χ ΙΟ5 

1.25 Χ ΙΟ4 

ZTFE(true) 

1.94 Χ ΙΟ6 

2.20 Χ ΙΟ5 

1.25 Χ ΙΟ4 

as far as step 3, A to C to F , to construct an apparent H D V calibration 
curve denoted by the solid line in Figure 10, Réf. J . The difference be
tween the apparent H D V calibration curve and the true H D V calibration 
curve in that figure was believed to be on the order of experimental errors, 
and the correction shown by Equations 20 and 21 was not made. Re-
evaluation of the experimental data indicates that the values of the H D V 
obtained from route 1, Z r F E (true), are in very good agreement with the 
corresponding values of the H D V obtained from route 2, ZTFE (corr.), 
by using Equations 20 and 21 on the apparent H D V , Z T F E (app). This 
is shown in Table I. If the correction denoted by Equations 20 and 21 is 
not made, the apparent H D V calibration curve can still be used to gen
erate secondary molecular weight calibration curves by the previously 
discussed method of Provder and co-workers ( I , 2) if the difference be
tween the two H D V curves is small as is shown in Figure 10, Réf. I , and 
if the two H D V curves are reasonably parallel to each other over the 
retention volume range of interest. These small differences wi l l be reflected 
along with instrument spreading effects and experimental errors in the 
effective values of e and Κ obtained by the mathematical fitting procedures. 

Materials and Methods 

Samples. Fourteen P M M A whole polymers were prepared by routine 
free-radical bulk and solution polymerization methods to cover a wide 
molecular weight range. Reagent grade methyl methacrylate was poly
merized without removing inhibitor, according to the specifications de
scribed in Table II. The 14 polymer samples were recovered from the 
reaction mixture by standard techniques (10). The recovered samples 
were combined in amounts specified under "blend" in Table II and were 
ground to form a physically homogeneous polymer blend for preparative 
G P C fractionation. The molecular weight characterization data of the 
whole polymers and blend are shown in Table III. 

Solvents. Reagent grade T H F ( n D
2 5 = 0.888, bp = 64-66°C) con

taining 0.025 wt-vol % di-ter£-butyl-p-cresol which served as an antioxi
dant was used for the preparative G P C fractionation. The solvent T F E 
( n D

2 0 = 1.2907, d25 — 1.3823, bp = 76 °C, ionization constant Ka = 4.3 X 
10"1 3) was obtained from Halocarbon Products Corp., Hackensack, N . J . , 
and was used for both analytical G P C and viscometry. The recovery and 
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Table II. Synthesis Conditions for Experimental P M M A Samples 

Reaction 
BPO", OM", Time 

mole/liter mole/'liter at 75°C, Conv. Blend", 
Sample X W3 X W hours % grams 
122-1 1,8 70.7 89 8.02 
122-2 1.8 0.13 14.7 86 8.00 
122-3 1.8 0.33 14.7 80 8.01 
122-4 1.8 0.66 14.7 69 5.02 
122-5 1.8 3.3 70.7 89 8.01 
122-6 1.8 6.6 70.7 53 5.00 
122-7 0.72 — 70.7 91 5.06 
122-8 0.72 0.13 14.7 95 5.02 
123-9 0.72 0.33 14.7 99 5.02 
123-10 0.72 0.66 14.7 87 8.00 
123-12 0.72 6.6 14.7 44 3.00 

Reaction 
AIBN d Time 

mole/liter Solvente at 60°C, Conv. Blend", 
Sample X 1Œ Concn. hours % grams 
140-1 4.6 19.4 4. 45 7.68 
140-2 3.0 9.7 4. 53 8.00 
140-3 3.0 4.8 4. 40 5.12 

° Benzoyl peroxide. 
b Octyl mercaptan. 
c Components of blend for preparative G P C fractionation. 
d Azobisisobutyronitrile. 
9 Molar ratio, benzene: methyl methacrylate. 

purification of the GPC-eluted, polymer-contaminated T F E has been 
described previously ( I ) . Reagent grade benzene ( n D

2 5 = 1.4979, bp = 
80.9°C) also was used for viscometry. 

Gel Permeation Chromatography. A Water Associates model 200 gel 
permeation chromatograph fitted with five Styragel columns having 
nominal porosity designations ΙΟ7, ΙΟ 7,10 6,1.5 χ 105, and 1.5 Χ 104 A was 
used for the analysis of molecular weight distribution in T F E at a tem
perature of 50.0 ± 0.5 °C and a flow rate of 1.00 ± 0.05 ml /min . Further 
details concerning instrumental and operational parameters, sample prepa
ration and injection, and data acquisition and reduction have been re
ported elsewhere ( J ) . 

A Waters Associates Anaprep G P C fitted with one 4 ft X 2.4 inches 
od Styragel column having a nominal porosity of 104 A was used for the 
preparative fractionation of the P M M A blend in tetrahydrofuran at a 
temperature of 25 °C and at a flow rate of 30 ml /min . The degasser and 
differential refractometer were operated at 35° and 25 °C, respectively. 
Samples having concentrations of 0.25 wt-vol % were respectively, auto
matically injected from a 100 ml loop over a 5-minute period. Ten 125 
ml fractions were automatically collected for each sample injection. Upon 
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11. PROVDER E T A L . GPC Calibration 127 

evaporation of the tetrahydrofuran, eight fractions containing significant 
amounts of polymers were obtained and denoted as C, D , E , F , G , H , I, 
and J . Fractions Ε through J were purified to remove the antioxidant 
and peroxides of tetrahydrofuran by twice dissolving the fractions in 
acetone, reprecipitating with methanol, and then drying under vacuum. 
Fractions C and D first were extracted with methanol, and then the 
swollen polymer was extracted with cyclohexane and dried under vacuum. 
The baseline-adjusted retention volume curves of these fractions in T F E 
are shown in Figure 3. A l l fractions are reasonably bell-shaped except E . 
As a result of some inadvertent mixing, fraction Ε had a high molecular 
weight tail. This fraction was not used in the construction of the primary 
molecular weight calibration curve. However, it was used in establishing 
intrinsic viscosity relationships. 

Membrane Osmometry and Viscometry. Number-average molecular 
weights of P M M A were determined with a Mechrolab model 501 high
speed membrane osmometer in toluene at 60 °C except for samples 122-4 
and 122-6 which were determined at 40°C. 

Viscometry measurements were made in benzene at 30 °C and in T F E 
at 50 °C with uncalibrated Cannon-Ubbelohde dilution viscometers which 
gave solvent times greater than 100 seconds. The viscometers used had 
centistoke ranges denoted by viscometer sizes of 50 and 75 for benzene 
and T F E , respectively. Stock solutions were made up on gram solute/100 
gram solution basis and converted to gram/deciliter via the solvent 
density at the temperature of measurement. The solvent densities used 
were d™^ne = 0.8686 (11a) and d™;% = 1.3429 obtained from pycno-
metric measurements (12). The density-temperature relationship for 
T F E obtained from regression analysis of the experimental pycnometric 
data is 

The solvent and solution efflux times were determined by means of the 
Hewlett-Packard Autoviscometer system. The intrinsic viscosity was 

dTFE = x 4 229 - 0.0016*, 20°C < t < 55°C (22) 

60 

50 Ε G F 

0 -
24 28 32 36 40 44 

COUNTS (TFE) 

Figure 3, Baseline-adjusted chromât ο grams of PMMA frac
tions C, D, E, F, G, Η, I, and J 
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determined from an equivalent form of the Schulz-Blaschke equation 
(13) derived by Heller (14) and Ibrahim (15). The intrinsic viscosity 
was the reciprocal of the intercept obtained from a linear least-squares 
fit of ( C , C/^sp) where ^ s p is the specific viscosity and C (gram/deciliter) 
is the concentration and the abscissa of the parameter set. In most cases 
the experimental error in [η] was less than 0.5%. Further details con
cerning instrumental and operational parameters of the Autoviscometer 
system and membrane osmometer as well as sample preparation tech
niques and data reduction have been reported elsewhere ( 1 ). 

Results and Discussion 

Evaluation and Preparative G P C Fractionation of P M M A . The base
line-adjusted retention volume curves of the preparative G P C fractions 
are shown in Figure 3. The characterization data are shown in Table III. 

Table III. Molecular Weight Characterization Data for P M M A 
Whole Polymers and Fractions 

Sample 
122-1 
122-2 
122-3 
122-4 
122-5 
122-6 
122-7 
122- 8 
123- 9 
123-10 
123-12 
140-2 
140-3 
Blend 

C 
D 
Ε 
F 
G 
H 
I 
J 

Methyl 
metha-
crylate 

GPC 
Peak, 
counts 

29.25 
30.13 
29.75 
32.25 
38.00 
40.08 
33.13 
34.00 
33.38 
35.13 
40.00 
40.60 
39.00 

41.88 
40.15 
38.13 
35.30 
33.30 
31.40 
30.00 
29.30 

46.60 

Mn χ Mv X 
1 0 - 3 « 1 0 - 3 6 

547 1680 
479 1250 
415 1460 
234 585 

50 106 
33.4 45.3 

140 565 
194 448 
234 454 
121 270 
48.5 55.6 
17.5 32.7 
32.3 74.6 
19.5 358 
15.3e 16 
30.8 36.4 
68.9 196 

130 281 
227 513 
513 918 
671 1490 
— 1370 

Mv/Mn 

3.08 
2.61 
3.52 
2.50 
2.12 
1.36 
4.04 
2.31 
2.37 
2.14 
1.15 
1.86 
2.32 

18.3 
1.05 
1.18 
2.85 
2.15 
2.26 
1.78 
2.24 

2.798 
2.213 
2.464 
1.255 
0.355 
0.189 
1.224 
0.981 
1.041 
0.707 
0.217 
0.147 
0.273 
0.871 
0.104 
0.160 
0.559 
0.729 
1.139 
1.757 
2.510 
2.349 

M TFE 

4.829 
4.262 
4.376 
2.522 
0.567 
0.358 
2.193 
1.717 
1.745 
1.196 
0.336 
0.217 
0.440 
1.673 
0.152 
0.225 
0.908 
1.179 
1.985 
3.032 
4.328 
4.187 

Specific 
Area 

34.7 
33.6 

34.4 
32.7 
32.3 
32.7 

31.5 
33.4 
34.5 
27.2 

31.6 
18.8 
27.9 
31.4 
33.7 
34.2 
31.6 
30.7 
33.9 

0.1001 
° Measurements made in toluene at 60°C except for samples 122-4 and 122-6 which 

werejnade at 40°C in toluene. 
6 Mv values obtained from [ n ] l n C data. 
e Mn value has been diffusion corrected. 
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The M v / M n values of Table III and the G P C traces of Figure 3 indicate 
that a reasonable fractionation was achieved with a single 104 A porosity 
preparative G P C column. Narrower molecular weight distribution frac
tions could have been achieved if another preparative column was used 
in series (e.g., 106 A porosity column) with the 104 A column. Because 
of the high molecular weight and high viscosity of the P M M A polymers, 
we found that 0.25 wt-vol % was an upper limit to the sample concen
tration that could be injected in the preparative G P C without producing 
severe column overloading. Again, narrower molecular weight distribu
tion fractions with less tailing could have been achieved by lowering the 
injected sample concentration with a concomitant reduction in sample 
through-put. It is recommended that tetrahydrofuran not be used as a 
preparative G P C solvent because the annoying presence of the antioxidant 
and peroxides in tetrahydrofuran makes recovery of the polymer fractions 
unnecessarily difficult. A good room temperature preparative G P C solvent 
substitute for tetrahydrofuran is methylene chloride which does not absorb 
water as does tetrahydrofuran. 

0.1 0.2 0.5 1.0 2.0 5.0 

M 5
T ? ; C (dl/g) 

Figure 4. Rehtionship between [T?]!^0 and 
C7?] TFS for P M M A whole polymers and frac

tions 

Intrinsic Viscosity-Molecular Weight Relationship for P M M A in 
T F E . The intrinsic viscosities of the P M M A preparative G P C fractions 
and whole polymers in T F E at 50 °C and in benzene at 30 °C are shown 
in Table III and plotted in Figure 4. A least-squares analysis of the data 
plotted in Figure 4 yields the relation 
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lQgiofo]5££ = 0.2321 + 1.070 l o g i o h ]8£ C , 0.152 < [ η ] 5 ^ < 4.765 (23) 

where the standard errors in the slope and intercept are ±0.010 and 
db 0.0013, respectively. The Mark-Houwink intrinsic viscosity-molecular 
weight relationship for P M M A in benzene at 30°C can be obtained from 
the data of Cohn-Ginsberg, Fox, and Mason (16). Their data consist of 
14 well characterized narrow molecular weight distribution polymer frac
tions. A least-squares analysis of their data yields the relations 

fo]*£c = 6.83 X 10-5MU,°-739, Mw > 31,000 (24) 

[ri]l°HC = 166 X 10- 5MW°- 4 3 1, Mw < 31,000 (25) 

where the errors in the logio of the pre-exponential factors and in the 
exponents of Equations 24 and 25 are zb0.04 and :±0.009, respectively. 
[The least-squares relationships represented by Equations 24 and 25 differ 
somewhat from the relationships originally reported by Cohn-Ginsberg, 
Fox, and Mason (16).] Use of Equations 24 and 25 with Equation 23 
yields the intrinsic viscosity-molecular weight relationship for P M M A 
in T F E at 50°C: 

MTFE = 5.95 Χ 10- 5MV°- 7 9 1, Mv > 31,000 (26) 

[η]{Ρ;| = 181 X Î O - W / 4 6 1 , Mv < 31,000 (27) 

Calibration Curves. In Figure 5 is shown a directJPMMA molecular 
weight calibration curve constructed from a plot of M v vs. P R V . Also 
shown in Figure 5 is an indirect molecular weight calibration curve con
structed according to the indirect method ( I ) as summarized in the 
theory section in steps A through D , using route 1. Within the experi
mental errors associated with the construction of the two molecular weight 
curves, the curves agree reasonably well over the retention volume 
ranges of the P M M A whole polymers and fractions. Some of the possible 
sources of errors involved with the construction of the direct molecular 
weight calibration curve are 1) experimental errors in the evaluation of 
M v and 2) errors associated with relating M v values with PRV. Possible 
sources of errors associated with the construction of the indirect molec
ular weight calibration curve involve experimental errors in the construc
tion of the molecular weight calibration curve as outlined in steps A 
through D , using route 1 in the theory section. The largest source of 
error is involved with step C in the construction of the UTHF VS. DTFE 
retention volume curve. As indicated previously ( 1 ), two different col
umn sets were used to construct the U T H F VS. UTFE retention volume curve. 
The column set used with tetrahydrofuran, which had nominal porosity 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

01
1

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 
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designations ΙΟ6, ΙΟ5, ΙΟ4, ΙΟ3, 250 A , had less resolving power at high 
molecular weights and more resolving power at low molecular weights 
than the column set used with T F E . In addition to this difference in 
resolving power between both column sets, there would be differences in 
instrumental spreading effects (2) such as axial dispersion, skewing, and 
flattening of the observed chromatograms of the test polymers used with 
both column sets. The differences in resolving power and instrumental 
spreading effects primarily account for the slight differences between the 
two molecular weight calibration curves shown in Figure 5 over the reten
tion volume ranges of the P M M A samples and the larger differences at 
very high molecular weights. 

8.0 

7.0 

χ 
£ 6.0 
oc 
< 
Ζ) 
ο 
ο 
2 

ο 
ο 

5.0 

4 .0-

3.0 

2.0 

— ι 1 1 1 1 — 

INDIRECT MW CALIBRATION 
VIA METHOD OF PAPER I . 

-DIRECT Mv vs. PRV 
CALIBRATION 

\ · PMMA PREPARATIVE 
GPC FRACTIONS 

•METHYL METHACRYLATE 

ο PMMA WHOLE 
POLYMERS 

SOLVENT-- TFE 
TEMP. = 5 0 . 0 * 0.5° C V N 
PLATE COUNT 

(CAPROLACTAM) = 
568 P /FT . 

COLUMNS: lO^IO^IO^ I0 5, 
I .5XI0 4 A 

FLOW RATE 5 1.00*0.05 M L / M I N 

22 26 30 34 38 42 
PRV (COUNTS) 

46 

Figure 5. Molecular weight calibration curves 
for PMMA in TFE at 50°C 

In Table IV, the values of M„, MW9 [ 7 7 ] , and MJMn for the P M M A 
fractions D and H and whole polymers 122-7 and 122-9 calculated from 
the direct Mv vs. P R V calibration curve are compared with the available 
corresponding true values. In general, the calculated values of [ 7 7 ] from 
the direct calibration curve are larger than the true values at low mo
lecular weights as indicated in the values for fraction D and tend to con
verge to the true values as the molecular weight increases as indicated 
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Table IV . Comparison of Mn, Mwy [77], and Mw/Mn Values 
for P M M A Samples 

Method M„ X M „ X [n] M . / M , 
ΙΟ-3 JQ-Sa 

Fraction D 
True value 30.8 (36.4) 0.23 (1.18) 
Direct Mv vs. P R V curve 27.2 47.5 0.29 1.75 

122-7 
True value 140 (565) 2.19 (4.04) 
Direct Mv vs. P R V curve 183 650 2.18 3.56 

122-9 
True value 234 (454) 1.75 (2.37) 
Direct Mv vs. P R V curve 251 511 1.85 2.03 

Fraction H 
True value 513 (918) 3.03 (1.78) 
Direct Mv vs. P R V curve 582 930 3.06 1.60 

α Values in parenthesis are Mv values, Mv < M„. 
b Values in parenthesis are Μν/Μή values. 

35 

< 30 
Id 
< 
o 25 
u. 
ο 
Lu 
Û. 
ν) 20 

22 26 30 34 38 42 46 
PRV (COUNTS) 

Figure 6. Specific area vs. PRV in TFE for 
PMMA whole polymers and fractions 

by the values for fraction H . On the other hand, calculated Mn values 
from the direct calibration curve are in reasonable agreement with the 
true values at low molecular weights as indicated by the values for 
fraction D and tend to become larger than the true values at high 
molecular weights as indicated by the values for fraction H . 

In part, this shift in [77] and Mn can be attributed to the errors in 
volved in the correlation of Mv with P R V . Also it can be attributed, in 
part, to a dependence of detector response upon the retention volume of 
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the eluting species. Since the detector is a differential refractometer, 
this would require a dependence of the specific refractive index increment 
for P M M A in T F E at 50°C upon molecular weight. The total sample 
weight injected was in the 1 to 2 mg range. Thus, the concentration was 
low enough to rule out non-linear detector response over the retention 
volume range of interest in T F E . The specific area of the chromatogram 
is defined to be the area of the chromatogram divided by the product 
of the G P C sensitivity setting and the milligrams of sample injected on 
the column set. A plot of the specific area of the chromatogram vs. P R V 
for the P M M A samples in shown in Figure 6. The dotted lines indicate a 
scatter envelope corresponding to reasonable experimental errors attribu
table to uncertainties in chromatogram baseline and concentration errors. 
Since the chromatogram heights H are proportional to the true concen
tration C of polymer at a given retention volume, 

where R is the response factor in units of mg/area required to correct 
the heights of the chromatogram. The response factor curve, which is the 
reciprocal of the specific area curve, for P M M A in T F E at 50°C is shown 
in Figure 7. The refractive index difference, Δη, measured by the differ
ential refractometer is directly proportional to the polymer concentration, 

Η = KXC (28) 

it follows that the true polymer concentration is given by 

C = Ε/Κλ = Η X R (29) 

O J 

6 ;_# PREPARATIVE GPC FRACTIONS 
Ο WHOLE POLYMERS 

22 26 30 34 38 42 46 
P R V (COUNTS) 

Figure 7. Response factor vs. PRV in TFE 
for PMMA whole polymers and fractions 
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Δη = nD 5 0 polymer — no 5 0 solvent = K2C (30) 

Also, the refractive index of the polymer is linear in the reciprocal of Mn 

(17,18) as 

n D
5 0 polymer = a + b/Mn (31) 

Equations 29, 30, and 31 can be combined to yield an equation similar to 
Equation 31 relating the response factor R to the reciprocal of Mn 

R = A + B/Mn (32) 

Thus, a plot of R vs. 1/Mn should be linear if, indeed, there is a molecular 
weight dependence of the specific refractive index increment. Figure 8 
shows a plot of the response factor vs. the reciprocal of Mn for the frac
tions and whole polymers of P M M A used in Figure 6. The scatter about 
the least-squares line in Figure 8 can be attributed to uncertainties in 
chromatogram baseline, and concentration errors. Also, the sample poly-
dispersity or sample retention volume range wi l l effect the goodness of 
the correlation of R with 1 / M n . The seventeen data points are plotted 
about the least-squares line in Figure 8. The calculated correlation co
efficient for the least-squares fit is 0.6413. If the correlation coefficient 

5.5 

5.0 

o 
4.5 

α: ο 
4.0 

co 3.5 
ο α. 
CO 

3.0 

2.5 

Μη XI Ο" 3 

100 5040 30 20 

• PREPARATIVE GPC FRACTIONS 
Ο WHOLE POLYMERS 

I 2 _3 4 5 6 
( l / M n ) X I 0 5 

Figure 8. Response factor vs. 1 / M n in TFE 
for PMMA whole polymers and fractions 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

01
1

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



11. PROVDER ET A L . GPC Calibration 135 

were zero, then the probability level that a correlation coefficient as large 
as 0.641, for fifteen degrees of freedom, would be observed is 0.005 (19, 
20)^ Therefore the linear correlation between the response factor and 
1/Mn is statistically significant. 

Figure 8 shows that the response factor depends strongly upon the 
reciprocal of Mn for values of Mn less than 40,000. A similar trend of the 
dependence of the response factor upon the reciprocal of 1 / M n was ob
served in tetrahydrofuran for these same P M M A samples. However, the 
magnitude of the trend over the molecular weight range was not as large 
in tetrahydrofuran as in T F E . This is expected since the specific refrac
tive index increment value of 0.220 in T F E ( 1 ) is larger than the value 
of 0.0871 in tetrahydrofuran (lib) for P M M A . The strong specific refrac
tive index increment dependence upon Mn at lower molecular weights 
to some extent can be associated with end-group functionality differing 
from the backbone functionality resulting from the presence of initiator 
or chain-transfer molecule fragments. 

Figure 6 shows that the detector response, expressed as specific area, 
weights the higher molecular weight species below P R V of 38 consider
ably more than the molecular weight species above P R V of 38 ( molecular 
weight < 100,000). Examination of Figure 3 shows that all the fractions 
have substantial low molecular weight tails above P R V of 38. The same 
is true of the whole polymers. Therefore it is not surprising that Mn 

values calculated from the direct molecular weight calibration curve tend 
to become larger than the true values at higher molecular weights since 
the chromatogram heights at low molecular weights are being weighted 
much less than the chromatogram heights at high molecular weights. To 
correct this situation, all chromatogram heights should be multiplied by 
the appropriate response factor, shown in Figure 7, prior to the calcula
tion of the molecular weight averages. If the molecular weight depend
ence of the specific_jefractive index increment is not corrected for, 
anomalies such as (Mw/Mn) G P C < (Mw/Mn) true can result. For 
example, for fraction H (MJMn) G P C = 1.60 while (Mv/Mn) true = 
1.78. If instrument spreading corrections are attempted without prior 
corrections for the molecular weight dependence of the specific refractive 
index increment, improper values wi l l result. 

Using the P M M A direct molecular weight calibration curve shown 
in Figure 4 and the Mark-Houwink parameters for P M M A in T F E shown 
in Equations 26 and 27, an H D V calibration curve can be constructed as 
described in the theory section. Then secondary molecular weight curves 
can be constructed for other polymers of interest by the methods discussed 
in the theory section as was done in Réf. 1, using the indirect P M M A 
molecular weight calibration curve. 
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Conclusions 

Characterized P M M A polymers can be used as primary standards 
for constructing a direct MV vs. P R V molecular weight calibration curve 
in T F E at 50 °C much as characterized polystyrene standards can be used 
in tetrahydrofuran for constructing primary molecular weight calibration 
curves. The direct P M M A molecular weight calibration curve compares 
quite well with the indirect molecular weight calibration curve con
structed according to the method previously discussed (1)^ It also has 
been sjiown that the apparent anomalies (M„) G P C > (M») true and 
(MW/MN) G P C < ( M M / M n ) true are directly attributable to a strong 
dependence of the specific refractive index increment upon the molecular 
weight at low molecular weights up to values of 100,000. Mark-Houwink 
parameters for P M M A have been established in T F E at 50°C. Thus, 
P M M A polymers can now be used as primary standards for constructing 
H D V curves in T F E from which secondary molecular weight calibration 
curves can be obtained for other polymers of interest. 
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Gel Permeation Chromatography—Data 
Acquisition and Processing System Using a 
Minicomputer 

A. E. HAMIELEC, G. WALTHER, and J. D. WRIGHT 

Department of Chemical Engineering, McMaster University, 
Hamilton, Ontario, Canada 

A low-cost minicomputer has been developed for data acqui
sition and reduction in gel permeation chromatography. 
The system includes a Nova 1200 CPU, Teletype, and spe
cial-purpose interface. With efficient assembly-language 
programming, a minimum configuration system containing 
4k words of 16-bit memory was adequate for simultaneous 
data acquisition from four GPC instruments or for data ac
quisition and reduction from one. Monitored data include 
peak heights, elution volumes, and sample injections. Molec
ular weight averages and distributions are calculated and are 
available within a few minutes of the completion of a sample 
run. The user can monitor and direct the operation of the 
system using simple Teletype commands. The computer 
system is modular and is flexible enough to handle other 
laboratory equipment. 

T^Vata acquisition and reduction in gel permeation chromatography 
**** ( G P C ) can be most tedious and time-consuming work. The analysis 
of high polymers, unlike the analysis of oligomers and small molecules by 
l iquid and gas chromatography, requires several integrations of the de
tector response to obtain higher moments and a molecular weight dis
tribution ( M W D ) . Often the moments and M W D must be corrected 
for axial dispersion. The latter calculations must be done with a digital 
computer. Manual acquisition of chromatogram heights is very costly in 
manpower and is usually not done on a routine basis. Some analytical 
laboratories have automated data acquisition with an analog-to-digital 
converter ( J , 2). The raw chromatogram heights are punched on paper 
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tape and later processed on a digital computer. A few commercial lab
oratories have developed complete data acquisition and reduction systems 
for G P C using a dedicated computer (3, 4); however their systems have 
been rather costly. 

At McMaster University we have four G P C instruments being used 
by the polymer research and waste water groups. It was worthwhile, 
therefore, to develop a low-cost, dedicated minicomputer system to ac
quire and process G P C data internally. In addition, the minicomputer 
system was to be used as part of the chemical engineering graduate pro
gram for general purpose, real time, data acquisition. The chemical 
engineering department, in addition to its G P C instruments, has in use 
many measuring devices commonly found in the chemical laboratory and 
pilot plant. Most of the signals are low level ( in the 0-100 mv range) 
and require sampling rates not in excess of 10,000 samples/second ( most 
may be sampled at relatively low rates). These latter specifications re
quired a system that combined accuracy with flexibility and modularity. 

Funds available for hardware for one year were about $11,000. This 
limited the size of our basic system and made the requirement for modu
larity especially important. We plan to expand our system to increase 
the number of detectors that may be sampled simultaneously and increase 
the complexity of data reduction calculations. The expansion of core size 
to permit the use of Fortran or Algol would also be desirable at some 
future date. 

We wi l l now discuss our experiences in interfacing and implementing 
a system, which we have called D A R S ( Data Acquisition and Reduction 
System), that fulfills all of the above requirements. In particular, we wi l l 
examine the following questions: 

What is a minicomputer system? 
How is a minicomputer programmed? 
What software has been developed? 
What are the hardware costs? 

What is a Minicomputer System? 

A minicomputer is generally defined as a system comprising a central 
processor with a minimum configuration of 4k words of memory which 
can be purchased for less than $10,000. A basic minicomputer system, 
adequate for monitoring and doing all calculations encountered in G P C , 
consists of a central processing unit ( C P U ) , a real-time clock, an inter
face, and a Teletype (Figure 1). Auxiliary equipment might include a 
high-speed paper tape reader and punch, a disk, a cassette tape recorder, 
a line printer, etc. Detailed below are a few features of each component 
as it applies to the D A R S . 
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140 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

T T T 
ANALOG 
INPUTS OPTIONAL 

Figure 1. DARS system 

C P U . The central processing unit for the D A R S is a Nova Model 
1200 by Data General in the United States and Datagen in Canada. The 
Nova 1200 has a 16-bit word length and a cycle time of 1.2 microseconds. 
As many as 62 separate devices may be interfaced to the C P U . The basic 
system contains 4k (4096) words of memory which is expandable up to 
a maximum of 32k words. Included in the in-out system are facilities 
for hardware interrupts or a real-time priority basis. 

Real-Time Clock. The real-time clock produces a program interrupt 
at one of four frequencies, independent of processor timing. The real
time clock is used in G P C work to implement sampling at user specified 
intervals. 

Teletype. The Teletype is an ASR-33, with a printing speed of 10 
characters per second. A l l user communication, including output, in the 
basic system is implemented through the Teletype. 

Interface. The interface includes a 10-bit analog-to-digital converter, 
a ten-channel multiplexer, and eight contact sense lines. The converter 
wi l l operate at rates up to 20,000 conversions per second with a precision 
of 1/1000 for analog inputs with either 10 or 100 mv full scale values. 
The contact sense lines are used to communicate elution dumps and 
sample injections by signaling the computer on a circuit closure. The 
interface, with eight contact sense lines and four active A / D channels, 
is capable of handling data from four G P C instruments simultaneously. 

Auxiliary Equipment. A high-speed reader, high-speed punch, disks, 
cassette recorder, or line printer provide greater input-output efficiency. 
While they are unnecessary with the basic system for day-to-day operation 
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with analytical instruments in a dedicated mode, they are essential for 
general purpose computation. 

Why a Minicomputer System? 

A minicomputer system that collects and processes data offers many 
advantages to the G P C user. First, molecular weight averages are cal
culated and available within a minute of the completion of an analysis. 
Second, any errors that arise, either human or mechanical, in preparing 
data for processing are eliminated because the data are stored and 
processed internally. Third, there are no interference effects when two 
events occur simultaneously (i.e., elution volume and height conver
sion) as has been reported by Brussau ( I ) , because the two servicing 
systems are completely independent. Fourth, sample processing with a 
minicomputer is economically competitive with sample processing on 
larger computers. (Processing similar to what can be done on the mini
computer costs about $2.00 per sample on a C D C 6400. ) The minicom
puter requires no special system's support, and is able to operate in most 
laboratory environments without any protective enclosure, eliminating 
costly maintenance. Finally, the minisystem is very flexible in that it 
may be expanded to handle data from additional G P C instruments or 
programmed to operate with a variety of other laboratory instruments 
when not on-line with a G P C system. 

How Is a Minicomputer Programmed? 

The minicomputer can be programmed in several languages including 
Fortran, Algol , Basic, and Assembler. A l l G P C programming was done 
in Assembler language because it is the most efficient language when 
attempting to minimize the amount of core required. Compiler level 
languages such as Fortran generally involve large overheads in core space 
and hardware in which to operate and are uneconomical for a small 
dedicated real-time system. 

The G P C programs are structured around a priority interrupt system 
which allows the program to ensure that events are acknowledged in 
their proper sequence. Each device is assigned a priority. Any device of 
higher priority may interrupt programs or devices being serviced at lower 
priorities. Once the higher priority device has been serviced, control is 
returned to the point at which the lower priority routine was interrupted. 
A l l interrupts for lower priority devices are deferred (masked out) until 
all higher priority devices have been serviced. For example. Figure 2 
is the priority structure for the G P C system. The real-time clock may 
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PRIORITY 4 A/D CONVERTER 

PRIORITY 3 REALTIME CLOCK 

PRIORITY 2 CONTACT SENSE 

PRIORITY 1 TELETYPE IN 

PRIORITY Ο TELETYPE OUTPUT AND 
MONITOR ROUTINES 

Figure 2. Priorities for GPC system 

interrupt the Teletype but it itself would be interrupted by the A / D 
converter. 

The basic procedure for programming a minicomputer in Assembler 
language is not unlike programming a large computer in Fortran. Once 
a flow chart is established, each subroutine is written, assembled, tested, 
and corrected before constructing the entire system. Most minicomputer 
manufacturers provide some system software which may include editors, 
assemblers, debuggers, and binary loaders with their machine. It is par
ticularly useful to have system debugging programs which allow on-line, 
dynamic monitoring and altering of programs in the development stage. 

What Programs Have Been Developed? 

The programs developed for G P C include an operating system for 
control of data acquisition and a library of calculational routines for data 
reduction. Each program was developed with the single purpose of mini
mizing core requirements. This was necessary to ensure that a workable 
system could be constructed in the minimum configuration system of 4k. 
To accomplish this goal it was necessary to rewrite many of the standard 
routines, eliminating those features which are not required in G P C 
calculations. 

The operating system is the main channel of communication between 
the user, computer, and G P C . Included in the operating system are rou-
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tines to read and store a chromatogram height, acknowledge an elution 
dump, out-put data, etc. The user may access one of eight input-output 
control routines by entering a command at the Teletype. Figure 3 con
tains a summary of the basic commands and their use. to obtain the status 
of the system at any time, the user would type " L O O K ( E S C ) , " to which 
the computer would respond by printing out current operating infor-
mation. 

LOOK OUTPUT CURRENT SYSTEM INFORMATION. 

DATA ENTER AUTOMATIC DATA COLLECTION AND PROCESSING PARAMETERS. 

BEGIN ENTER DATA COLLECTION PARAMETERS FOR INDIVIDUAL SAMPLES. 

STOP MANUAL STOP 

CALC MANUAL INITIATED CALCULATION 

ATD ANALOG TO DIGITAL TEST ROUTINE 

INJ KEYBOARD ACKNOWLEDGED INJECTION 

TYPE MANUAL OUTPUT OR DATA 

(All commands are followed by a delimiting signal (ESC key) 

Figure 3. Command summary 

Shown in Figure 4 is a start-up for a system with one G P C instrument 
which has an automatic sample injection valve. The user has pressed the 
start switch which initiated the system and returned a restart message. 
He then entered the "data" command which requested sample control 
information. The system wi l l now acknowledge continuous sample injec
tions, beginning with sample number 1500. When the 45th elution dump 
following the injection is reached, all data wi l l be typed out and a cal
culation wi l l be executed. A record of all output w i l l be punched on 
paper tape if the punch is turned on at the keyboard. User options include 
facilities to process samples either manually or automatically, overlap 
samples, update data collection parameters during a run, or reprocess an 
old data tape while simultaneously acquiring data for new samples. 

The calculation library includes programs to process all data en
countered in normal G P C operation for standards and unknowns. It 
includes routines to decode data, correct for baseline drift, interpolate for 
flow variation, calculate mean elution volume, calculate molecular weight 
averages, and calculate corrected molecular weight averages and distribu-
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tions. Molecular weight averages are obtained from the moments of the 
chromatograph as calculated by Simpson's rule. Corrected molecular 
averages are found by adjusting the uncorrected averages according to 
the method of Balke and Hamielec (5). The corrected molecular weight 
distribution can be calculated by Method 2 of Ishige, Lee, and Hamielec 
(6). This method of determining the corrected molecular weight distribu
tion was chosen for its accuracy and small intermediate storage require
ments. 

RESTART 

DATA 
TYPE 0-OFF, 1-ON 

AUTO INJ 1 
AUTO TYPE 1 
AUTO CALC 1 

SAMPLE NO. 1500 
RATE CODE 1 
ON AT EV 20 
OFF AT EV 45 

BEGIN BASE 22 
END BASE 42 
BEGIN CALC 26 
END CALC 38 

Dl = 3.654E13 
D2 = ·63457 

INJECTION NOTED FOR 01500 
Figure 4. Start up of GPC system 

One of the major advantages of the minicomputer is the speed and 
precision of data analysis. Data reduction can begin immediately upon 
completion of a run. Uncorrected molecular weight averages are usually 
available within a minute. Corrected molecular averages and M W D 
values take longer, depending on the method employed. Normal calcu
lation time using the above Method 2 was about 5 minutes. Molecular 
weight averages obtained from a minicomputer and a C D C 6400 were in 
almost exact agreement. 
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CALC 
0-TAPE* 1-MEM 0 
SSAMPLE NO. 1500 
BEGIN BASE 22 
END BASE A2 
BEGIN CALC 2A 
END CALC 30 

Dl = 3.6543E13 
D2 = 0.63457 

MEAN ELUTION VOLUME = +.2645761E+02 

MOLECULAR WEIGHT AVGS. 

MN = +·1484059E+06 
MW s +.1995748E+06 
M2 = +.2517811E+06 

MOL WT. 

.1200000E+04 
•1300000E+04 
• 1 400000E+04 

Figure 5. 

FRACTION 

.7648611E-06 

.1657S90E-05 
•2416780E-05 

Processing a data tape 

Figure 5 shows the communication necessary for manually initiating 
a calculation to reprocess an old data tape. This situation could arise if, 
for example, the operator decided to try new limits for the calculation. 
The user has entered the calculation routine by entering " C A L L ( E S C ) " 
at the Teletype. The system responds with questions about the source of 
the data and calculation parameters to be used. The calculation w i l l 
begin when the user places the data tape in the paper tape reader. 

The number of programs which reside in core at any one time is 
dependent on the memory size of the system. Figure 6 is a core map 
for a 4k and an 8k system. As Figure 6 indicates, a 4k system is adequate 
to acquire data and calculate molecular weight averages and M W D 
values for one G P C system, corrected for axial dispersion. A 4k system 
includes a data storage capability of 400 fixed point numbers for raw 
data, and storage of 61 floating point numbers for adjusted data. The 
4k system could also be used for data acquisition only, for four G P C 
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4K 8K 

- — I SPECIAL L O C A T I O N S ΕΞΕΕ! 

O P E R A T I N G S Y S T E M -

- DATA S T O R A G E 

WORK A R E A 

C A L C U L A T I O N ROUTINES -

_ F L O A T I N G POINT ^ 
I N T E R P R E T E R 

= J L O A D E R 

W O R K A R E A A N D S T O R A G E 

L O A D E R 

Figure 6. Core map 

systems simultaneously. Output from this data-taking system could be 
processed later, or used as raw data for processing by a central computer 
or time sharing. A n 8k system, on the other hand, can be used to acquire 
and process data from 4 G P C instruments simultaneously. Data storage 
buffers for fixed point numbers could be as large as 800 words, depending 
upon the complexity of additional calculational routines. 

What Are the Hardware Costs? 

The hardware costs for the D A R S are summarized below (quoted 
without Federal or Provincial taxes ) : 

Nova 1200 C P U $ 2,665 
4k words, 16-bit memory 3,000 
Real-time clock 445 
Power monitor and autorestart 445 
Teletype interface 220 
A S R 33 Teletype 1,300 
Interface (4 channels low-level A / D — 1 0 bits, 
8 contact sense inputs) 2,500 

$10,575 (1972) 
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A n 8k word system involves only the purchase of an additional 
memory board. 

Conclusion 

We have developed a minicomputer system and found it to be ideally 
suited to the problems associated with data acquisition and reduction in 
gel permeation chromatography. Such a system eliminates tedious work, 
while providing fast and accurate molecular weight averages and M W D 
values. W i t h efficient programming, a 4k word system costing less than 
$11,000 can be used for simultaneous data acquisition from four G P C 
systems or for data acquisition and reduction from one. Data acquisition 
and reduction for four systems operating simultaneously is possible by 
expanding memory to 8k at an additional cost of $3,000. 
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Molecular Weight Averages from 
Gel Permeation Chromatography Using the 
Universal Calibration Method 

EDGAR NICHOLS1 

Gulf Oil of Canada Ltd., Montreal, Quebec, Canada 

In GPC, the product [η]M, (or the hydrodynamic radius Re) 
has been widely accepted as a universal calibration parame
ter. In the Ptitsyn-Eizner modification of the Flory-Fox 
equation the quantity Φ, which relates the dimensional pa
rameters to the above product, is taken as a variable. The 
value of Φ depends upon molecular expansion in solution as 
represented by a function f(e). Because of this dependence 
polymeric species having the same [η]M value cannot have 
the same statistical dimensions (radius of gyration or end
-to-end distance) unless they have the same e value. Thus, 
if [η]Μ is a universal calibration parameter, the statistical 
parameters cannot be used as such. A method is presented 
for obtaining the Mw/Mn ratio from GPC data even though 
universal calibration is used. 

T n G P C the product [ 7 7 ] M has been widely accepted as a universal 
J* calibration parameter, where [ 7 7 ] is the intrinsic viscosity and M is the 
molecular weight. This product is defined by the Einstein-Simha viscosity 
expression (1) as 

[η]Μ = Φ 0 β β
3 ( Ι ) 

where Re is the radius of a hydrodynamic sphere and Φ 0 is a constant 
having the value 6.308 Χ 10 2 4 (cgs units). Flexible polymers in dilute 

1 Present address: NL Industries, W. Caldwell, N. J. 07006 
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13. NICHOLS Universal Calibration Method 149 

solution behave as spheres of radius Re = Ré, where R is the root-mean-
square radius of gyration. The [η]Μ product for such polymers, then, 
is given by 

M M = Φ 0 ξ* R* (2) 

and for the end-to-end distance h, 

[η]Μ = Φ 0 ξ 3 1 3 / ( 6 ) 3 / 2 (3) 

The value of ξ can be expressed by the Ptitsyn-Eizner relation (2) as 

ξ = [ξθ 3 / (β ) ] 1 / 3 (4) 

where ξβ refers to an ideal or theta solvent and 

f(e) = 1-2.636 + 2.86e2 (5) 

The parameter ( e ) is the exponential dependence of a2 on M where a is 
the molecular-expansion coefficient. From the value of 2.86 Χ 10 2 3 found 
by Ptitsyn and Eizner for ΦΘ, it follows that ξβ = 0.875. 

The ratio (Re/R)* = ( £ ) 3 is thus implicit in the value of Φ in the 
Flory-Fox equation and has a value of 0.49, corresponding to the Flory-
Fox Φ value of 2.1 χ 10 2 3. It is clear from Equations 1, 2, and 3 that 

[ 7 7 ] M cannot be related to the statistical polymer dimensions h and R 
without a knowledge of ξ, i.e., Φ, which varies with solvent for a given 
polymer. It follows, that if all species having the same [ 7 7 ] M elute to
gether from the G P C columns, then only Re can be the universal_param-
eter, since ξ w i l l not be the same for all solute-solvent pairs and h and R 
wil l not be equally correct for universal calibration. 

Polydispersity 

It can be shown following the arguments of Newman et al. (3), that 
only the number-average molecular weight and hydrodynamic radius 
are valid when the Einstein-Simha viscosity expression is applied to whole 
polymers. Higher moments require a polydispersity factor. Thus, 

(M)n 

(Re)* 
(M)u 

(6) 

(7) 
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where q is a heterogeneity factor having the definition in this case of 

L<«.>-J 
{M)w m 

Values of Re can be calculated from Equation 6 for narrow fractions 
of known molecular weights and plotted as a function of V r , the retention 
volume. <Re>n and <Re>w can then be calculated from the G P C 
molecular-size distribution curve for unknown whole polymers. To 
obtain < M > W / < M > W from Equation 8 requires a value for q. 

By use of both the appropriate value for ξ in Equation 2 and the 
Mark-Houwink viscosity expression, one may write 

Φ (R)\ = QnKv(M)n«+i (9) 

where Φ is equivalent to Φ0ξ3, Q is a heterogeneity factor, and KV is a 
constant for a given polymer-solvent system and a = (3e + l ) / 2 . Thus 
one may write 

/ t f \3 = QnKv(M)n
1+a 

W n (ξ)36.308 Χ 10 2 4 v ; 

From solution theory it can be shown that KV can be written as 
„ 4.291 Χ 10**ξ*α*(Β/Μον*)* , i n 

K « = M^h ^ 1 ) 

where (B/M0
m) is an intrinsic constant which wi l l be represented by 

A . Since a ~> Me/2, equations 10 and 11 can be combined as 

(R)\ = Qn [ ^ ] (M)N*» (12) 

where CT is a temperature-dependent constant. It follows then that 

„ Γ<β>»Ί3 - Γ^Ί Γ<Μ>»Ί3/2 r<M>»Te/2 <w 
9 iWnl ~ lo:l imvn] imi { 3 } 

Equation 13 is valid only when the molecular-weight dependence of a 
is considered. When this is treated as insignificant, Equation 12 becomes 
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13. NICHOLS Universal Calibration Method 151 

so that if <M>w/<M>n = D, then 

{{R)J{R)ny/D*>* Q. 

Q 
w 
η 

(15) 

and therefore, from Equation 13, 

q = D*e/2 (16) 

This means that the only effect of the q factor on the [77] - M relationship 
is that of the excluded volume due to coil expansion in a good solvent. 
It follows from Equations 8 and 16 that 

It can be seen then that one need not use Equation 7 at all , since 
< M > W can be obtained from Equation 6 and < M > ^ / < M > W from 
Equation 17, thus permitting <M>™ to be calculated.. If one is dealing 
with an unknown whole polymer, Equation 6 permits the determination 
of < M > n with no knowledge of solute-solvent interaction. To find 
< M > W / < M > W and hence <M>W requires a knowledge of (e) for the 
application of Equation 17. This is easily obtained from G P C provided 
two or more samples of a different molecular weight can be found. 
Equation 6 permits the determination of < M > W for such samples from 
which the Mark-Houwink exponent (a) can be determined from the 
relationship in Equation 9, i.e., 

Experimental 

The calibration was established with polystyrene standards sup
plied by Waters Associates. The broad-distribution poly (vinyl chloride) 
standards were obtained from Arro Laboratories, Joliet, 111. Other P V C 
samples studied were obtained from Shawinigan Chemicals Division, 
Gulf O i l of Canada L t d . For all G P C analyses, small sample loads (ca 
4 mg) and slow rates ca 0.76 ml /min ) were used to maximize resolution. 

Results and Discussion 

Using the method outlined above, values of (a), (e), and [èesf(e)]1/3 

= ξ have been calculated for poly ( vinyl chloride ), poly ( vinyl acetate ), 
and polystyrene in tetrahydrofuran ( T H F ) at 25°C, and are shown 
in Table I. 

(17) 

log (R)n = (1 + «) 
( 3 ) 

log (M)n + constant (18) 
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152 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

Table I. Viscosity Parameters—THF, 25 °C 

Polymer a e ξ 
P V C 0.76 0.179 0.748 
PS 0.70 0.134 0.778 
P V A c 0.64 0.090 0.805 

Table II. A Comparison of Data Obtained for 

From GPC and Equations 
6 and 17 

PVC Resin 
Code No. 

(Re)n, 
Ang. 

(Re)w) 
Ang. 

(Re)w 
(Re)n (M)n <Af>. 

(M)w 

(M)n 

400-2 
400-3 
400-4 

65.4 
88.8 

100.5 

83.2 
113.0 
126.5 

1.27 
1.27 
1.26 

25,100 
41,000 
53,600 

65,100 
106,500 
131,500 

2.6 
2.6 
2.45 

Table III. Comparison of Data Obtained for Some 
from a Mark-Houwink 

PVC Resin (Re)ny (R,). , (Β*)» 
Ang. Ang. <Re)» 

A 67.5 83.0 1.23 
Β 73.60 92.0 1.25 
C 86.0 105.0 1.22 
D 90.0 111.5 1.24 

Substitution of the appropriate values of (e) into Equation 17 gives 
the following relationships for P V C , PS, and P V A c in T H F : 

(PVC) , [(R)w/(R)nY-° = D 
(PS), [(R)w/(R)n]*™ = D 
(PVAc) , [(R)w/(R)n]*-« = D 

and since (e) = 0 in a θ solvent, 

(φ), [(R)v/(R)n]M = D 

Thus, from a log-log plot of any of the above equations, and <R>W and 
< R > n obtained from the universal calibration curve and the G P C trace, 
the dispersity index D can be easily determined. 
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13. NICHOLS Universal Calibration Method 1 5 3 

Table I compares results obtained in this manner with those reported 
by Arro Laboratories for 3 broad-distribution P V C standards. Table II 
does the same for several P V C commercial suspension resins from Sha-
winigan, using a Mark-Houwink expression as a basis for comparison of 
< M > W values. 

P V C Standards by G P C and by Absolute Methods 

By Light Scattering (L) 
or Osmometry (0) 

M 
25°C-THF, 

(M) n (0) (M) W (L) ml/gram 
2 5 , 5 0 0 6 8 , 6 0 0 7 0 
4 1 , 0 0 0 118 ,000 1 1 3 
5 4 , 0 0 0 132 ,000 125 

P V C Suspension Resins by G P C and by Calculation 
Viscosity Expression 

From GPC and Equations 
6 and 17 

<M)W <M>« [η], ml/gram, 
<M>. <M)n (calc) " 25°C 

2 9 , 1 0 0 6 4 , 0 0 0 2 .20 6 0 , 0 0 0 66 .7 
3 0 , 7 0 0 7 5 , 4 0 0 2 .45 7 8 , 0 0 0 81 .4 
4 1 , 0 0 0 8 8 , 2 0 0 2 . 1 5 9 6 , 0 0 0 95 .5 
4 5 , 0 0 0 107 ,000 2 ,37 108 ,000 103.0 

α [η] = i.55 χ iQ-4 (M)J™ T H F , 25°C. 
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1. Einstein, Α., "Investigations on the Theory of Brownian Motion," Dover 

Publications, New York, 1956. 
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GPC Analysis of Block Copolymers 

FRANKLIN S. C. CHANG 

Borg-Warner Corp., Roy C. Ingersoll Research Center, Des Plaines, Ill. 60018 

The GPC analysis of block copolymers is handicapped by 
the difficulty in obtaining a calibration curve. A method has 
recently been suggested to circumvent this difficulty by using 
the calibration curves of homopolymers. This method has 
been extended so that the calibration curves of block co
polymers of various compositions can be constructed from 
the calibration curve of one-component homopolymers and 
Mark-Houwink parameters. The intrinsic viscosity data on 
styrene-butadiene and styrene-methyl methacrylate block 
polymers were used for verification. The average molecular 
weight determined by this method is in excellent agreement 
with osmometry data while the molecular weight distribu
tion is considerably narrower than what is implied by the 
polydispersity index calculated from the GPC curve in the 
customary manner. 

'Tphe G P C analysis of block copolymers is handicapped by lack of a cali-
bration curve and the complication of a possible composition dis

tribution. Calibration of elution volume needs monodispersed copolymers 
which are difficult to prepare. Without knowing the composition dis
tribution the chromatogram height cannot be converted to weight 
distribution. Runyon and co-workers ( I ) have demonstrated that the 
use of an ultraviolet detector is very helpful in determining the composi
tion distribution of styrène ( S )-butadiene ( Β ) block copolymer. In a pre
vious paper (2) we have suggested that the molecular weight of a block 
copolymer can be calculated from its composition and the molecular 
weight of the constituent homopolymer at the same elution volume. Here 
we show that Mark-Houwink parameters of the homopolymers can be 
used to calculate the molecular weight of a block copolymer. The ade
quacy of this method is shown by its application to the intrinsic viscosity 
data of various block copolymers in a number of solvents. This method 
of analysis has been applied to laboratory prepared block copolymer 

154 
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14. C H A N G GPC of Block Copolymers 155 

samples. The molecular weight obtained is in excellent agreement with 
osmometry result. In addition the results show that the molecular weight 
distribution (MWD) of anionic block copolymer can be represented by 
a Poisson distribution, considerably narrower than the apparent polydis
persity index derived from the G P C curve without considering the instru
ment spreading. 

The Equivalence Ratio 

The linear segment of the universal calibration curve is customarily 
expressed as 

log [η] M = biV + bo (1) 

where [ 7 7 ] and M are the intrinsic viscosity and molecular weight ( M W ) 
of a polymer eluted at solvent volume V; b0 and foi are constants. The 
intrinsic viscosity [ 7 7 ] is related to M by the well known Mark-Houwink 
equation: [ 7 7 ] = KMa. Substituting this relation into Equation 1 and 
transposing 

log M = {bxV + b Q - log K)/{1 + a) (2) 

The ratio of the molecular weights of two homopolymers eluted at the 
same solvent volume is defined as the hydrodynamic volume equivalence 
ratio (equivalence ratio for short). 

r = MA/MB = antilog [ ( fcV + W ( - ^ - (3) 

_l_ log KB _ log J L A I 
1 + aB 1 + aAj 

where the subscripts designate the individual polymers. When a A = a B 

= a, the relation is simplified to 

l/U+a) (4) 

This is the case of parallel calibration curves discussed in the previous 
paper. Equation 4 shows that when the calibration curves are parallel, 
the equivalence ratio, r, is constant to the elution volume V . It varies 
with the latter when aA ^ aB—i.e., the calibration curves are not parallel. 
For that case Equation 3 would have to be used. Equation 4 also shows 
that the equivalence ratio can be calculated from the Mark-Houwink 
parameters Κ and a. It offers a way to determine r in addition to obtain
ing it from the G P C calibration curves of homopolymers. 
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156 P O L Y M E R MOLECULAR WEIGHT METHODS 

Assuming that this equivalence ratio applies to the individual blocks 
in a block copolymer, the molecular weight M c of the block copolymer of 
the A B and A B A type is (2) : 

M c = M'A/[1 + (r - 1)WB] (5) 

where M c and M A ' are the MW's of the copolymer and the component 
homopolymer A at the same elution volume, and W B is the weight frac
tion of component B. Thus the calibration curves for block copolymers 
are readily established from those for the homopolymers by using Equa
tion 5. 

IN TOLUENE 
r=.78 
χ MSM 

ιοβ 10e I07 

DflM 
Figure 1. M ' vs. [ 7 7 ] M curve for MSM in toluene 

To test the adequacy of Equation 5 the [ r / ] - M w
1 / 2 curve published 

by Kotaka and co-workers (3) on styrène (S) -methyl methacrylate ( M ) 
block copolymers in toluene is replotted as M'-[i?]M curve in Figure 1. 
When a value of r = 0.78 is used, the data points for M S M copolymers 
(shown as crosses) coincide with the curve for polystyrene. According 
to Equation 4, r may be calculated from the coefficient Κ for homopoly
mers. When applied to the data on polystyrene and poly (methyl metha
crylate) (3), a value of 0.72 is obtained, in good agreement with the 
above value of 0.78. The slight difference is probably the result of the 
polydispersity in the copolymers since the Mark-Houwink equation re
quires monodispersed polymers. 

The intrinsic viscosity data on styrène (S)-butadiene (B) block 
copolymer measured by Utracki and co-workers (4) are replotted i n 
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10* 10» 
[η]Μ 

10e ι ο τ 

10* 

M 

10* 
1 

IN TOLUENE 
A ps 
• PB 
x SB 
ο ses 

10» 

M ' 

10" 

10» 10" 10' 
[η] M 

10e I0 T 

Figure 2. M ' vs. [ 7 7 ] M curve for SB and SBS in toluene 

Figures 2 and 3 as additional proof to Equation 5. The two solid lines 
in the upper left corner of Figure 2 are the M ' - [ 9 ? ] M curves for styrene 
and butadiene homopolymers. The data points for block copolymers 
shown as cross and open circle fall in between these two curves. When 
plotted as Μ'-[η~\Μ curve, all points fall on or near the curve for poly
styrene shown as a solid line in the lower right part of Figure 2. The be
havior of these copolymers in toluene and dioxane is shown in Figure 3. 
Since these block copolymers cover a wide range of composition ( % S = 
3.6-45.9) as well as molecular weight ( M = 34,000-620,000), these 
results prove unequivocally the adequacy of Equation 5. This equation 
wi l l make it possible to interpretate the chromatogram of block copolymer 
without preparing monodispersed copolymers which is something difficult, 
if not impossible. 

Analysis of Block Copolymer 

The mole fraction or probability F of anionic polymer of degree of 
polymerization is described by the Poisson distribution 

ρ = e-vvn/nf 
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where ν is the average degree of polymerization. For i blocks built in 
sequence the probability is 

Ρ = Π Pi 
i 

For instance, the mole fraction Ν of a triblock polymer with ni, n 2 , and 
n 3 monomer units in the respective blocks is 

Ν = P i P 2 P 3 = exp [ - (vi + v2 + v,) K V V V n i W n s 1 

and the MWD is 

WM = Μ Σ Σ Ν/Σ ΜΣΣΝ 
ηχΎΐ2 Μ ηχΎΐι (6) 

with the restriction that 

η 3 = (M — U\m\ — ntfn^/rriz 

where rrii designate the MW of the monomers. In G P C the separation 
is performed according to the hydrodynamic volume of the molecules 
which may be specified by the values of M ' . Thus the expression MWD 
takes the following form: 

WM' = Σ Σ Ν Μ/Σ ΣΣΝ M 
mrio Μ'ηχΠι (7) 

under the restriction 

Uz = (Μ' — ηχΤΥΐχ — r2n2m2)/rzmz 

where the equivalence ratio r{ = ( M i / M i ) „ . This situation of different 
MWD from mass and volume separations does not arise with homopoly
mers; it is unique to block copolymers. 

Calculating programs have been written to carry out the summations 
according to Equations 6 and 7 and to take care of the instrument spread
ing by the equation after Tung (5). Calculations have been done on a 
Wang calculator model 700 on various diblock and triblock copolymer 
structures. A typical set of results obtained from S ( 19,250 ) Β ( 68,000 ) 
S (19,250) is shown in Tables I and II, the headings are self-explanatory, 
except that each point of data represents a mixture of structures of the 
same value of M (in Table I) or Μ' ( in Table II ) . Therefore, all the 
tabulated figures except weight % are the average values for each fraction. 

When these two tables are compared, there is indeed a composition 
distribution superimposed on the MWD in the case of Poisson block 
copolymer, but the range is not very wide ( Table I ). In volume separa
tion, however, the range is drastically reduced. For all practical purposes, 
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10s 

10* 

10s 

10* 

A PS 
• PB 
χ SB 
e SBS 

K>4 10* I06 I07 

[η]Μ 
Figure 3. M ' vs. M M curves for SB and SBS in benzene and in dioxane 

the composition of volume fractions can be considered constant. The 
weight distributions in these two modes of fractionation are different 
although not by much. The values of Mn and Mw are the same, as they 
should be. The MWD is very narrow in conventional sense. 

The peak point (marked by Ρ in the first columns of Tables I and 
II) in both modes of fractionation is the same and coincides with the 
nominal or average structure of the polymer sample. These observations 
hold true for all the structures studied. They also simplify the work 
needed to determine the structure. A l l that is necessary is to analyze 
the peak point in the chromatogram. When this is done, the structure 
is known, and the MWD can be calculated by use of the Poisson model. 

Table I. MWD of S(19,250)B(68,000)S(19,250) 

M X 10- 5 %s %wt M X 10- 5 %s %wt 

.983 34.84 .16 1.076 36.28 14.37 

.993 35.00 .46 1.087 36.44 11.55 
1.003 35.13 1.13 1.098 36.60 7.98 
1.013 35.32 2.47 1.109 36.76 4.72 
1.023 35.48 4.69 1.120 36.92 2.37 
1.033 35.63 7.79 1.131 37.08 1.02 
1.044 35.79 11.27 1.142 37.27 .36 
1.054 35.95 14.15 1.154 37.41 .11 
1.065P 36.12 15.41 

= 1.064 Χ 105 Mw = 1.065 Χ 105 
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Table II. Volume Fraction of S( 19,250)B(68,000)S( 19,250) 

M', X 10- 5 Mn X 10- 5 M . X 10- 6 %s %wt 

1.612 .984 .984 36.17 .07 
1.628 .994 .994 36.20 .23 
1.645 1.004 1.004 36.17 .63 
1.661 1.014 1.014 36.17 1.47 
1.677 1.024 1.024 36.16 2.96 
1.694 1.034 1.034 36.15 5.13 
1.711 1.044 1.044 35.14 7.64 
1.728 1.055 1.055 36.13 9.75 
1.746P 1.065 1.065 36.12 10.61 
1.763 .1.076 1.076 36.12 9.83 
1.781 1.089 1.087 36.12 7.73 
1.799 1.097 1.097 36.10 5.13 
1.816 1.108 1.108 36.09 2.87 
1.835 1.119 1.119 36.08 1.35 
1.853 1.130 1.130 36.07 .53 
1.872 1.142 1.142 36.07 .17 
1.890 1.153 1.153 36.05 .04 

rage 1.064 1.065 36.12 

To analyze a diblock copolymer being characterized completely by 
two parameters—e.g., the molecular weights of both blocks, or the mo
lecular weight of the copolymer and its composition—two pieces of data 
must be measured. The value of M ' and the composition determined by 
ultraviolet or infrared spectroscopy at the peak point are sufficient. For 
the complete analysis of triblock copolymers, one additional piece of data 
is necessary. Theoretically the intensity or the height of the chromatogram 
at the peak point can be used for this purpose, but the process is involved, 
and after correcting for the refractive index the weight percentage is not 
very sensitive to structure. It is more convenient to use the homopolymer 
peak in the chromatogram, which is usually present. It has been found in 
the analysis of SB type copolymer, the secondary peak at large elution 
volume is the same as the first block. In case this peak is absent or too 
weak, the analysis of precursor is called for. If precursors are not avail
able, the number average molecular weight of the whole copolymer can 
be determined by osmometry, and a trial-and-error process must be 
followed. This method of peak analysis has been successfully applied to 
a host of styrene-butadiene block copolymers. One of them is discussed 
here as an example. 

Experimental 

The anionic catalyzed SBS sample was prepared in our laboratory. 
A column combination of ΙΟ5, 104, 3 Χ ΙΟ3, 103, and 10 2A was used in 
the G P C with T H F flow rate at 1.0 m l / m i n at room temperature. The 
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FRACTION NO. I 5 < 4 1 3 > 2 I 

Figure 4. Chromatogram of an SBS block 
copolymer 

resulting chromatogram is shown in Figure 4. Fractions of 5 ml each 
were collected for ultraviolet determination of styrene content at 260 τημ 
on a Beckman D U spectrometer. A correction was applied for the volume 
(ca. 1 ml) between the differential refractometer and the siphon. 

Results and Discussion 

The results of the analysis of one SBS sample are summarized in 
Table III, in which the ultraviolet optical density and the average height 
in G P C obtained from the area under curve are listed for each fraction 
in columns 2 and 3, respectively. A conversion factor of 7.2 obtained 
from polystyrene ( PS ) calibration was used to convert the optical density 
to the styrene contribution to the average chromatogram height which is 
tabulated in column 4. The difference between columns 3 and 4 was 
taken as the relative weight of butadiene after being multiplied by 1.37, 
a correction for the difference in refractive indices of styrene and buta
diene (column 5) . 

Although a composition distribution is indicated by the values of 
percentage of styrene for the fractions shown in the last column in Table 
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Table III. Analysis of SBS 

Relative Weight 

Fraction OD Average H S Β %s 
2 .04 0.78 .29 .67 30.0 
3 .15 2.28 1.07 1.66 39.2 
4 .39 7.28 2.81 6.13 31.4 
5 .20 3.94 1.45 3.41 29.6 

Average 32.6 
Elution 
Volume M ' M 

PS (= first block) 33.3 15,000 
SBS (32.6% S) 28.4 150,000 90,000 
Whole polymer, Mn calculated 

150,000 
80,000 

Whole polymer, Mn osmometry 90,000 
SB calculated 

osmometry 
137,000 

SB G P C 28.5 140,000 

I, the extremely low concentration of polymer in the fractions collected 
reduced the precision in the ultraviolet optical density values measured, 
the influence of which is amplified in the figures in the last column. 
Therefore, the average styrene content was used as the composition of 
the peak point to calculate the MW of the polymer by Equation 5. The 
MW of the styrene homopolymer which is present in small amounts was 
taken as the MW of the first block, as explained above. In this manner 
the molecular structure of the polymer was found to be S (15,000) 
Β(61,000)S( 14,000) the figures given in parentheses being the MW's of 
the successive blocks. 

For verification the amount of styrene homopolymer was estimated 
from the area under the secondary peak in the chromatogram as 2.4 wt % 
in the whole polymer. From this a value of 80,000 was obtained for Mn of 
the whole polymer, in good agreement with the osmometry value of 
90,000. The calculated styrene content of the whole polymer is 34.2%, 
comparing very well with the value determined by infrared spectroscopy 
(36.0% ). As further verification the value of M ' , the MW of polystyrene 
that would have been eluted at the same solvent volume as the diblock 
copolymer consisting of the first two blocks, was calculated as 137,000 
in excellent agreement with the value (140,000) read from the calibra
tion curve against the experimentally determined elution volume. The 
polydispersity index calculated for a Poisson polymer of the structure of 
S (15,000) Β (61,000) S (14,000) is 1.002—much smaller than the apparent 
value of 1.64 derived directly from the chromatogram without any cor
rections for composition and instrument spreading. 
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14. C H A N G GPC of Block Copolymers 163 

The polydispersity index of the preparation is probably between these 
two values. The characterization of a block copolymer by MWD de
serves careful consideration which is beyond the scope of this paper. 

Conclusions and Summary 

The equivalence ratio can be calculated from the Mark-Houwink 
coefficient, K, of component homopolymers. The composition distribution 
in the chromatogram of a block copolymer is negligible. The peak point 
of a block copolymer chromatogram corresponds to the average structure 
of the polymer. Thus, analysis of block copolymers is reduced to analysis 
of the peak point. Analyses of anionic block copolymer structures have 
been successfully accomplished by this peak analysis technique with the 
aid of equivalence ratio. 
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Treating a Gel Permeation Chromatogram 
as a Summation of Narrow-Fraction 
Chromatograms 

B. S. EHRLICHa and W. V. SMITH 

Uniroyal, Inc., Oxford Management & Research Center, 
Middlebury, Conn. 06749 

A slightly modified version of the chromatogram analysis 
procedure of Pickett, Cantow, and Johnson (1) is used to 
obtain molecular weight distributions from polystyrene 
chromatograms. Results for combined-fraction chromato
grams of known distributions indicated that this method 
greatly increased chromatogram resolution. For NBS 
Standards 705 and 706, results showed that good values of 
Mw, Mn, and [η] could be calculated from the corrected 
chromatogram. We also show that for a series of different 
polymer fractions reverse-flow and normal narrow-fraction 
chromatogram widths are independent of polymer type and 
depend only on peak elution volume. Chromatogram widths 
of fractions of narrow-distribution polymers obtained by 
elution chromatography approach reverse-flow chromato
gram widths confirming that reverse flow widths are repre
sentative of monodisperse polymers. 

Cevera l methods of obtaining the molecular weight distribution from 
^ a gel permeation chromatogram have been presented in the literature. 
Most of these methods (2-4) try to correct for the finite resolution of 
gel permeation chromatography ( G P C ) columns by treating a chromato
gram as a summation of single-species chromatograms which are usually 
approximated by a suitable function such as a Gaussian. One method 
that eliminates this dependence on an assumed single species chromato
gram has been proposed by Pickett, Cantow, and Johnson (1). They 
consider an experimental chromatogram as a summation of narrow-
fraction chromatograms of presumably known distribution. A closely 

a Present address: Uniroyal, Inc., Chemical Division, Naugatuck, Conn. 06770. 
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packed set of narrow-fraction chromatograms (basis) is obtained by 
linear interpolation from a series of experimentally obtained Pressure 
Chemical polystyrene standard chromatograms which span the entire 
G P C range of interest. A modified least-squares computational procedure 
is used to generate the group of basis chromatograms and their respective 
amounts ( limited to positive contribution ) which give the best fit to the 
experimental chromatogram. From the calculated coefficients of the 
basis chromatograms, a reshaped experimental chromatogram (corrected 
for column spread) and a molecular weight distribution curve for the 
experimental chromatogram are generated. This procedure requires a 
knowledge of the molecular weight distribution of the basis chromato
grams. These are approximated by assuming that the polystyrene stand
ard chromatograms would be Gaussian if the column had infinite resolu
tion, and using the values of Mw and Mn supplied with the standards 
along with the G P C column calibration curve to obtain the standard 
deviations of these Gaussians. 

In this paper we have used a slightly modified version of this method. 
The modification consists of replacing the Pressure Chemical standards 
by sharp fractions of the same, obtained by elution chromatography. 
Making the approximation that these sharp fractions are monodisperse, 
we are able to generate a basis set of monodisperse chromatograms. 
This eliminates the need for correcting for the distribution of the PS 
standards and thereby the necessity for assuming a function for their 
M W D ' s . In addition, depending on experimental values of Mw and Mn 

of the standards to calculate their distributions is not necessary. 
This procedure has been tested by applying it to known distribution 

chromatograms formed by blending of fractions and to NBS Standards 
705 and 706 for which experimentally measured values of Mw, Mn, and 

[ 7 7 ] are available. 

Results and Discussion 
Fractionation of the Pressure Chemical Polystyrene Standards. Five 

polystyrene standards (molecular weights 5.1, 16, 41, 86, and 180 Χ 104) 
were fractionated by elution chromatography. Each sample (1 g) was 
fractionated by eluting from a column of polymer-coated glass beads 
using a THF-acetone solvent mixture (continually increasing the T H F 
concentration) with no temperature gradient. Fractions were collected, 
and G P C chromatograms were obtained for selected ones. A typical set 
of fractionation data (PS 41 X 10 4) is given in Table I. Chromatograms 
were obtained using a 3.2 m l / m i n flow rate and injecting 1 mg of polymer 
(0.05% solution, 2-ml loop). 

The data in Table I show that fraction chromatogram peak positions 
and widths appear to approach limiting values (7.64-7.68 and 0.92 
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Table I. Fractions of Pressure Chemical Polystyrene 
Standard (41 Χ 104) 

Fraction GPC Peak," W," 
No. counts counts M X 10-* 

6 9.33 0.9 .001 3.0 
8 8.98 0.81 .003 6.2 

10 8.52 0.9 .007 13.0 
12 7.75 1.15 .035 36.5 
14 7.72 0.94 .170 38.0 
16 7.68 0.92 .452 39.5 
18 7.64 0.92 .329 41.0 
20 7.64 0.9 .003 41.0 

Overall Std 7.64 0.97 
From fractionation results Mw = 39.3 X 104 — — 

_ Mn Mw = 1.025 
Mn = 38.3 Χ 104 

° Column system 106, 4 Χ 105. One count = 10 ml. 
b W = width of chromatogram at 0.5 height. 
c Fi = fraction of polymer collected present in each sample. 

counts, respectively) at which point most of the polymer is eluted. This 
is expected for a polymer which has a distribution which is very sharply 
defined (nearly monodisperse) at the high molecular weight end. Frac
tionation results obtained for PS 8.6 Χ 10 5 and 1.6 Χ 105 indicate distribu
tions which also are nearly monodisperse at the high molecular weight 
ends with slight tails extending to lower molecular weights. For the 1.8 X 
106 PS standard, there is a small spread in the distribution at the high mo
lecular weight end along with a significant low molecular weight tail. For 
this standard, fractionation results indicate Mw/Mn « 1.49. Even for this 
polymer, the high molecular weight end is nearly monodisperse. There
fore, the approach of Tung and Runyon (5) who suggest using the 
leading halves of high molecular weight PS standard chromatograms to 
obtain a calibration for column resolution ( spreading ) appears reasonable. 

Comparison of Chromatogram Widths (Reverse Flow vs. Narrow 
Fraction). To obtain a column resolution (spreading) calibration for 
our two-column G P C chromatograph (10 6, 4 Χ 10 5) we have used the 
reverse-flow procedure (6). Figure 1 presents chromatogram half-width 
data obtained for several different polymer fractions by reverse flow. 
These widths are characteristic of monodisperse polymers. Data which 
have been obtained for polystyrenes, E P D M ' s , and branched and linear 
polybutadienes all fall on one smooth curve demonstrating the inde
pendence of reverse-flow chromatogram widths on polymer type, and 
their dependence on peak elution volume, and confirming Tung and 
Runyon's conclusions (5). 
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1.4 

1.2 

z. 
Z) 
Ο 
υ 

1.0 

ο t-BuLi POLYBUTADIENE 
Ο Star Branched PB 
• EPDM 
Δ POLYSTYRENE STD. 

Ο δ 

ό 7 8 9 

ELUTION VOLUME (COUNTS) 
Figure 1. Reverse-flow chromatogram widths 

In Figure 2 we compare some of our fractionated polymer chro
matogram widths with the reverse-flow curve. For both tert-BuLi P B 
(circles) and the Pressure Chemical PS standards (triangles) we can 
see that the elution chromatographic fractionation of these polymers 
gives fractions having chromatogram widths approaching those obtained 
by reverse flow. This is expected if reverse-flow chromatogram widths 
can be assigned to monodisperse polymers. We can also see that chro
matogram widths obtained for narrow polystyrene and polybutadiene 
fractions support the conclusion reached from reverse-flow data that 
chromatogram widths are independent of polymer type. If we assume 
that reverse-flow and monodisperse chromatogram widths are equal, and 
make the approximation that chromatograms of the reverse flow and 
the sharply fractionated PS standards can be approximated as Gaussian, 
then we can simply calculate the polydispersity indices for the narrow 
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Δ 

1.4 

1.2 

Ο υ 

§1.0 

0.8 

Δ POLYSTYRENE STD. 
• PS STD. fraction 
ο t-BuLi POLYBUTADIENE 
• t-BULi PB fraction 

Reverse Flow 

Figure 2. 

7 8 9 
ELUTION VOLUME (COUNTS) 

Comparison of narrow-fraction and reverse-flow chro
matogram widths 

fractionated PS standards. Such an approach gives values of Μψ/Μη « 
1.01 for fractions of PS standards (1.8 Χ 106, 8.6JX JLO5, 4.1 χ 10 5, 1.6 X 
10 5 ) . For the 5.1 Χ 10 4 fractionated standard MJMn « 1.03. 

Generating a Basis Set of Monodisperse Chromatograms. We have 
used the five fractionated PS standards along with three unfractionated 
standards to generate an interpolated ( I ) basis set of monodisperse 
chromatograms. The basis-generating chromatograms are specified in 
Table II. Α ΙΟ6, ΙΟ5, ΙΟ4, 10 3 column system was used with a flow rate 
of 1 m l / m i n and sample injection concentrations of 0.05% ( 1 mg ). The 
chromatograph is equipped with an on-line digitizer which gives the 
chromatogram height every minute. Samples 1-5 (Table II) are the 
fractionated standards. Samples 6-8 are unfractionated. Since samples 
1-4 have polydispersity indices «1 .01, it is quite reasonable to approxi
mate them as monodisperse. Samples 5-8 have higher polydispersities, 
but these have also been assumed monodisperse to simplify calculations. 
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A l l chromatograms were normalized to the same area, and linear interpo
lation ( I ) was used to generate a closely packed basis set of approxi
mately monodisperse chromatograms separated by either 0.2 or 0.4 count 
(1 count = 5 ml , 0.2 count corresponds to a 14% change in molecular 
weight for the column system used). This interpolated set of chromato
grams (basis) was then used to resolve experimental chromatograms 
following the mathematical procedure of Pickett, Cantow, and Johnson 
( 1 ). The chromatogram was treated as a summation of the basis chro
matograms, and a modified least-squares fitting procedure was used to 
find the best combination of basis chromatograms limited to positive 
contributions required to generate the experimental chromatogram. 
Digitized data were used throughout with 0.4- or 0.2-count separation 
between data points. 

Table II. Basis-Generating Chromatograms of Narrow 
Polystyrene Fractions 

Peak Position,b 

Fraction No. Μ χ ισ~3α COUÎltS 

1 1800 24.00 
2 860 25.35 
3 411 26.58 
4 160 28.07 
5 51 29.85 
6 20 31.22 
7 10 32.28 
8 5 33.63 

α Fractions 1-5 were fractionated by elution chromatography. All molecular 
weights given are for original unfractionated Pressure Chemical standards. 

h One count = 5 ml; column system 106, 105, 104, 103 ( T H F at room temperature). 
Sample injection: 0.05% solution (1 mg). 

Testing the Chromatogram Resolution Procedure. K N O W N D I S T R I 
BUTION C H R O M A T O G R A M S . Several chromatograms of known distribution 
were prepared by selectively blending some of the PS fractions (Table 
II) . These chromatograms were used to test the resolution procedure. 

In Table III are some typical results obtained from the combined 
fraction chromatograms. Results presented were obtained using a basis 
chromatogram set with peak positions separated by 0.4 count along with 
digitized data spaced at 0.4 count. To allow easy comparison of calcu
lated and actual distributions, the weighted average calculated results 
are given in Table III. To obtain the weighted average results, intensities 
calculated for adjacent basis chromatograms, (0.40-count separation) were 
combined, and the total intensity assigned to an intermediate peak posi
tion was found by taking a weighted average of the contributions at the 
two adjacent peak positions. For example, if the calculated results indi -
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Table III. Combined Fraction Chromatograms 

Known Distribution Calcd Distribution Wt Av Calculation 

Frac- Amount, 
Peak 

Position, 
Peak 

Amount, Position, Amount, 
Peak 

Position, 
ons % counts % counts % counts 

Sample 1 

0.2 29.20 0.3 29.33 
0.1 29.60 

6 46 ± 2 31.22 3.4 30.80 39.8 31.17 
36.4 31.20 

7 54 ± 2 32.28 37.1 32.00 59.9 32.15 
22.8 32.40 

Sample 2 

2 35 =fc 2 25.35 27A 25.20 34.7 25.28 
7.3 25.60 

4 33 ± 2 28.07 27.4 28.00 33.1 28.07 
5.7 28.40 

6 33 ± 2 31.22 30.2 31.20 32.2 31.22 
2.0 31.60 

Sample 8 

4 23 ± 1 28.07 19.2 28.00 22.6 28.06 
3.4 28.40 

5 26 ± 1 29.85 5.8 29.60 27.4 29.92 
21.6 30.00 

6 23 ± 1 31.22 13.8 31.20 23.3 31.36 
9.5 31.60 

7 28 ± 1 32.28 7.9 32.00 26.7 32.28 
18.8 32.40 

Sample 3 Values Calculated with Extended Basis Set 

6.1 28.00 
4 23 ± 1 28.07 15.4 28.07 22.9 28.09 

0.7 28.40 
0.8 28.80 

20.1 29.85 
5 26 =fc 1 29.85 5.1 30.00 25.6 29.89 

0.4 30.40 
6 23 =fc 1 31.22 20.3 31.22 25.0 31.29 

4.7 31.60 
7 28 ± 1 32.28 20.3 32.28 26.5 32.31 

6.3 32.40 

cated equal intensities at 30.00 and 30.40 counts, the weighted average 
result would place the total intensity at 30.20 counts. Figure 3 shows 
the fits obtained between calculated and experimental chromatograms 
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for samples 1, 2, and 3 (Table III) . If chromatograms 1-8 (Table II) 
are added to the basis set and the calculations redone, the agreement 
between calculated and experimental chromatograms is improved. How
ever, the calculated results still do not exactly replicate the known dis
tribution as would be expected if the G P C chromatogram were a true 
sum of its components and G P C were perfectly reproducible. The calcu
lated data obtained for sample 3 when the basis set is extended by 
adding chromatograms 1-8 are shown at the bottom of Table III. C a l 
culated weighted average results obtained with the extended basis set 
and the normal basis set for sample 3 are nearly identical. The deviation 
of the calculated distribution (not weighted average) from the actual 
distribution (in the extended basis set calculation) is a measure of the 
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uncertainty of this method in generating a distribution. This uncertainty 
should have a much smaller effect on calculated average molecular 
weights than it does on the calculated distribution. 

The results obtained for sample 1 (Table II) show some of the 
errors that can occur for this procedure. A small amount of intensity 
has been assigned to 29.33 counts (0.3%, weighted average calculation). 
This is probably from a slight fluctuation in the experimental G P C near 
the base line which would be treated as real, and is an indication of the 
uncertainty in G P C data. Also, the calculated weighted average results 
indicate the presence of two species with a ratio of 6/4 favoring the low 
molecular weight species. This ratio is higher than that of the known 
distribution (54/46), and both weighted average calculated peaks are 
shifted to lower than their known positions (31.17 eV vs. 31.22 eV) and 
(32.15 eV vs. 32.28 eV) . These two errors tend to cancel when average 
molecular weights are calculated. Therefore, we can again see that un
certainties in molecular weight averages calculated by this procedure 
wi l l be less than uncertainties in calculated M W D ' s . Results obtained 
using 0.2-count separations between digitized data points and interpo
lated basis chromatogram peaks are considerably closer to the known 
distribution. The calculated ratio is 55/45 vs. 54/46 for the known dis
tribution, and peaks occur at 31.20 vs. 31.22 and 32.21 vs. 32.28. Results 
obtained using an extended basis set which contains chromatograms 1-8 
(Table II) agree closely with the results found using the normal basis 
set with 0.2-count separations. Going to narrower separations between 
basis chromatogram peaks and digitized data points (0.2 count) improves 
the quality of the M W D results somewhat along with the fit to the experi
mental chromatogram; however, the computer time required to obtain 
a fit increases significantly. We have generally chosen to use the greater 
separations (0.4 count) to reduce the computer time requirement. The 
fits to experimental chromatograms for samples 1-3 presented in Figure 2 
are adequate. Better fits are typically obtained for broad unimodal 
chromatograms. 

Any uncertainties in G P C peak positions (probably of the order of 
±0.1 count) might account for some of the difference between calculated 
and experimental peak positions. W e also have the problem of spillover. 
For example, in sample 1 (Table II) if a small part of the intensity 
assigned to position 32.00 is split evenly between 31.60 and 32.40, the 
change in the fit to the experimental chromatogram wi l l be slight ( within 
experimental error of the chromatogram); however, the agreement be
tween weighted average calculated results and known distribution w i l l be 
improved. This could be part of the cause of the error in the calculated 
results for sample 1 and could also contribute to oscillations in the 
calculated M W D ' s which have been noted (7) for all methods examined 
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where an attempt is made to obtain M W D by decomposing chromato
grams into component elements. 

The calculated distribution obtained for samples 2 and 3 appears 
to be quite reasonable, and our general conclusion for these combined-
fraction chromatograms is that this procedure gives excellent calculated 
distributions. 

NBS Standards. Obtaining M n , Mw, [τ/], and M W D . Chromato
grams of two NBS standard polystyrenes, NBS 706 (broad distribution) 
and NBS 705 (narrow distribution), have been analyzed. Calculated 
results have been obtained using the two previously mentioned fitting 
procedures : ( 1 ) 0.4-count separations between basis chromatograms and 
digitized data points and (2) 0.2-count separations. 

Table IV. Calculated Values of Average Molecular Weights and 
Viscosities for NBS Standards 

M w M n W T H F , 30° 

N B S 705 
Calculated values unresolved G P C 180,000 139,000 0.71 

resolved G P C 173,000 162,000 0.70 
Experimentally determined values 173,000a 164,000b 0.73 c 

N B S 706 
Calculated values unresolved G P C 289,000 122,000 0.94 

resolved G P C 272,000 139,000 0.92 
Experimentally determined values 257,800a 136,500b 0.92 c 

288,100 d 

a N B S value from light scattering. 
h NBS value from osmometry. 
c [η] values measured in this laboratory. 
d NBS value from sedimentation. 

Besults obtained for average molecular weights and [ 7 7 ] ' s by the 
two fitting procedures are nearly identical. Data presented in Table IV 
are for procedure 1 (0.4 count separations) which uses one-fourth the 
computer time required by procedure 2. Viscosities have been found 
using our independently obtained realtionship between [ ^ T H F 30°C and 
M for polystyrene along with the resolved chromatogram data. In Table 
I V the results calculated from the resolved chromatogram are compared 
with values calculated directly from the experimental chromatogram and 
experimentally determined values (NBS Mw and Mn, our [ 7 7 ] ) for the 
standards. The agreement between the calculated and measured mo
lecular weight averages and viscosities for the NBS standards is excellent. 
The closeness of the values obtained for NBS 705 is somewhat fortuitous 
as approximations used in our calculations (such as the assumption that 
basis-generating chromatograms were monodisperse ) should be more 
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â 

< Σ Ο α: ι υ 
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Figure 4. NBS 706: experimental vs. calculated chro

matograms 

significant in treating a narrow-distribution polymer. Figure 4 shows the 
experimental and calculated chromatogram for NBS 706. The quality 
of the fit is clearly well beyond the reproducibility of the G P C data. In 
Table V the resolved G P C data obtained for NBS 706 using the 0.4-count 
separation procedure are presented. 

Figures 5 and 6 present integral M W D ' s obtained for N B S 706 and 
705 by the two fitting procedures. We have used %F{ — VbFi (Table V ) 

Table V . Calculated M W D of NBS 706 
GPC Counts M X 10- 5 F f

e 2F t - - y 2 F ; 
31.60 0.157 0.0074 0.0074 0.0037 
31.20 0.201 0.0031 0.0105 0.0090 
30.80 0.260 0.0071 0.0176 0.0141 
30.40 0.335 0.0303 0.0479 0.0328 
29.60 0.56 0.0555 0.1034 0.0757 
29.20 0.72 0.0257 0.1291 0.1163 
28.80 0.93 0.0630 0.1921 0.1606 
28.40 1.20 0.1077 0.2998 0.2460 
28.00 1.56 0.0593 0.3591 0.3295 
27.60% 2.01 0.1590 0.5181 0.4386 
27.20 2.60 0.1133 0.6314 0.5748 
26.80 3.35 0.0867 0.7181 0.6748 
26.40 4.3 0.1973 0.9154 0.8168 
25.60 7.2 0.0767 0.9921 0.9538 
25.20 9.3 0.0079 1.0000 0.9961 

a Fi = fraction of total polymer. 
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Figure 5. NBS 706: molecular weight distribution 
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as the cumulative fraction axis. This procedure assigns one-half the 
intensity calculated at any molecular weight to lower molecular weights 
and one-half to higher molecular weights. It considerably reduces data 
oscillations that occur in this chromatogram analysis treatment. If a 
differential distribution is desired, it would be best obtained from the 
best curve that can be drawn through the integral distribution data 
points. However, there is still a problem in data point oscillation which 
may interfere with obtaining accurate differential M W D ' s , particularly 
if fine details of the distribution are of concern. 

We have also obtained some results using unfractionated Pressure 
Chemical standards to generate a basis set and not correcting for their 
distribution. For most cases this appears to be a reasonable approxima
tion. Molecular weight averages obtained for NBS 706 using this ap
proach are nearly indistinguishable from those given in Table IV. Some 
error might be introduced when examining higher molecular weight 
samples since the highest molecular weight Pressure Chemical standard 
(molecular weight 1.8 Χ 106) is of poor quality. Errors would also be 
expected in examining very narrow-distribution polymers (Mw/Mn < 
1.1). 
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Conclusion 

The Pickett, Cantow, Johnson ( 1 ) method appears to be an excellent 
method for obtaining molecular weight averages and viscosities from 
G P C chromatograms when skewing is not significant (low concentra
tions). Within the limit of uncertainty generated by the oscillation of 
data points, this approach appears reasonable for obtaining M W D from 
G P C chromatograms. The treatment presented here was applied to 
polystyrene, but it is believed that it w i l l also be useful for other polymers 
since the chromatograms of monodisperse polymers appear to be inde
pendent of polymer type. Thus the basic set obtained with polystyrene 
should also be applicable to other polymers. 

Literature Cited 
1. Pickett, Η. E., Cantow, M. J. R., Johnson, J. F., J. Polym. Sci., Part C 

(1968) 21, 67. 
2. Tung, L. H., J. Appl. Polym. Sci. (1966) 10, 1271. 
3. Smith, W. N., J. Appl. Polym. Sci. (1967) 11, 639. 
4. Hess, M., Kratz, R. F., J. Polym. Sci., Part A-2 (1966) 4, 731. 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

01
5

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



15. EHRLiCH AND SMITH Narrow-Fraction Chromatograms 177 

5. Tung, L. H., Runyon, J. R., J. Appl. Polym. Sci. (1969) 13, 2397. 
6. Tung, L. H., Moore, J. C., Knight, G. W., J. Appl. Polym. Sci. (1966) 10, 

1261. 
7. Duerksen, J. H., Hamielec, A. E., J. Appl. Polym. Sci. (1968) 12, 2225. 
RECEIVED January 17, 1972. 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

01
5

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



16 

Average Degree of Polymerization of 
Cellulose by GPC without Viscosity 
Measurements 

J. I. WADSWORTH, L. SEGAL, and J. D. TIMPA 

Southern Regional Research Laboratory, Southern Marketing and Nutrition 
Research Division, Agricultural Research Service, U. S. Department of 
Agriculture, New Orleans, La. 70179 

In an earlier procedure applying universal calibration, vis
cosities of the four most concentrated fractions eluting about 
the peak were measured, and the intrinsic viscosities were 
plotted against count. The intrinsic viscosities of all the 
fractions were obtained by extrapolation of the plot for use 
in the calculations to obtain degree of polymerization (DP). 
In the present method the DP of each fraction is obtained 
from the relationship MW = (coil size/K)1/1+а derived from 
Benoit's concept and the Mark-Houwink equation. Results 
from the new procedure are in excellent agreement with 
those obtained independently on cotton by others. Anom
alies in results obtained previously on some samples disap
pear while marked improvement is noted for others. The 
determination is speeded up greatly by computer processing 
of data, and experimental error is reduced. 

*Tphe use of gel permeation chromatography ( G P C ) in studies of cellulose 
and cellulose derivatives has expanded greatly within the past few 

years. In common with similar studies of other polymers the matter of 
calibration of the G P C instrument and of conversion of G P C data into 
average molecular weight or average degree of polymerization ( D P ) of 
the polymer is of considerable importance. 

The application of universal calibration in an investigation of the 
chain-length distributions in various celluloses by G P C has already been 
described in an earlier publication ( I ) . In the procedure average D P 
values are obtained in a manner unlike that normally used in G P C . There 
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is a totally different mathematical procedure, and measurements are made 
of the intrinsic viscosities of the four most concentrated fractions eluting 
around the peak. The intrinsic viscosities of these fractions are plotted 
against half-count, from which the intrinsic viscosities of all of the other, 
more dilute fractions are obtained by a least-square linear extrapolation 
of a log count vs. log viscosity plot. The DP values of the fractions, 
necessary in the calculations of average DP, are obtained by first dividing 
coil size ( Benoit's parameter, [η] M where [η] is intrinsic viscosity and M 
is molecular weight) by intrinsic viscosity and then dividing the resulting 
molecular weight by the proper unit monomer weight of the nitrated 
anhydroglucose unit. Co i l size is taken from the polystyrene calibration 
curve, coil size vs. count, at each half-count i n the chromatogram. Meas
urements of areas under the curve on the chromatogram are made for 
obtaining the concentrations of the eluted fractions, also needed in the 
calculations. 

Goedhart and Opschoor (2) developed a procedure that is basically 
similar. The conversion of G P C data to molecular weight, however, is 
accomplished by another mathematical approach which is unrelated to 
the preceding while intrinsic viscosities of the eluted fractions are meas
ured by an automatic capillary-tube viscometer coupled to the discharge 
leg of the syphon of the G P C instrument. These authors comment that 
measurement of the viscosity of very dilute polymer solutions requires 
high accuracy and careful control in order to avoid anomalous results. 
This measurement when done manually is a tedious and time-consuming 
operation requiring a fair degree of skill. 

The present paper describes a procedure by which the average DP 
values can be obtained by G P C without making measurements of intrinsic 
viscosity, thereby drastically reducing the time necessary for G P C char
acterization of samples as well as increasing the accuracy and reproduci
bility of average DP values as compared with those obtained by other 
experimental methods. 

Experimental 

The G P C instrumentation and G P C procedures used here are the 
same as described earlier (J ) but with slight alterations. The Kroeger 
H A K - 1 pads furnished with the pressure filter were replaced by Mill ipore 
5-μ Mitex membranes to reduce changes in solution concentrations arising 
from adsorption of the solute on the fibrous material of the pad. When 
retention of eluted fractions was desired, two shallow aluminum pans 
filled with tetrahydrofuran ( T H F ) were placed in the syphon box, and 
then the door was closed and latched. The saturation of the enclosed air 
space by T H F vapor minimized evaporation of the solution during drop 
formation, drop fall , and retention of fraction in the syphon. The possi
bility of diluting the sample solution when charging the sample loop was 
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eliminated by first removing the T H F held in the loop and then drying the 
loop by passing air through it. 

Several celluloses are included in this study. One is a purified, par
tially hydrolyzed cotton made available through the courtesy of K. A . 
Kuiken, The Buckeye Cellulose Corp. The D P data furnished with this 
cotton are to be found in Table I; the low values are the consequences 
of acid hydrolysis to which the cotton was subjected prior to characteriza
tion. This cotton was nitrated for G P C and handled in the manner already 
described ( I ) . The data obtained in the previous study ( I ) of celluloses 
I, II, III, and I V are used as well as the data from a study of crosslinked 
cottons (3). 

Table I. Degrees of Polymerization of Cellulose Samples Obtained 
by Conventional Methods and by the New G P C Procedure 

Method D P W D P n D P w / D P n 

Conventional methods 1570a 7256 2.17 
Gel permeation chromatography 1560 680 2.30 

° By viscometry in Cadoxen. 
b By osmometry of the nitrate in butyl acetate. 

Calculations of the average D P values were carried out by means of 
the same scheme given earlier ( I ) . Because the scheme is markedly 
different from the usual one for handling G P C data, it is repeated here 
in Table II for convenient reference. The required weight data of column 
2 are obtained directly from the area measurement about the half-count 
in the chromatogram as described in the preceding paper ( 1 ). The D P 
(column 3), however, is calculated differently. The intrinsic viscosities 
necessary for calculating molecular weights of the fractions are not meas
ured. These molecular weights are obtained by means of the relationship 

ι 

which is derived from the concept of Benoit et al. (4) and the Mark-
Houwink equation, [η] = K M A . For cellulose trinitrate in T H F , Κ = 
8.3 X 10"4 and a = 0.76 for D P > 1000; for D P ^ 1000, Κ = 0.075 X 
10"4 and a = 1.14 (5). To obtain M for a given elution volume, the value 
of the coil size corresponding to that elution volume is obtained from 
the universal calibration curve. Then M is calculated from the above 
equation using the appropriate values for coil size, K, and a. D P then 
follows as already mentioned. 

A l l of the calculations were done by computer. The program, which 
is general and can be applied to polymers other than cellulose nitrate, 
is available on request. 

Results and Discussion 

The earlier procedure for converting G P C data to average D P values 
was an advance over that of the original based on extended molecular 
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Table II. Calculation of Weight- and Number-Average Degrees of 
Polymerization from Fractionation D a t a a & 

Weight (W) 
Fraction in Polymer, 

grams 
D P W / D P W X D P 

1 10 500 0.0200 5,000 
20,000 2 20 1,000 0.0200 
5,000 

20,000 
3 25 2,000 0.0125 50,000 
4 25 2,500 0.0100 62,500 
5 10 3,000 0.0033 30,000 
6 10 4,000 0.0025 40,000 

Total 0.0683 207,500 
α Data in columns 1, 2, and 3 are strictly arbitrary. 
bDPw = Σ(Ψ X DP)/YW = 207,500/100 = 2,075; DPn = ΣΨ/Σ(Ψ/ϋΡ) = 

100/0.0683 = 1,464; DPw/DPn = 1.42. 

chain length in that it was founded on more acceptable principles and 
incorporated automation of data acquisition as well as data processing 
by computer. The results obtained were more in the range of those from 
conventional methods. Inherent in the method as developed, however, is 
the measurement of the viscosities of very dilute polymer solutions—i.e., 
the eluted fractions. The possibility of eliminating this measurement 
appeared when consideration was given to Benoit's coil-size parameter 
[η] M for universal calibration and to the Mark-Houwink equation [η] = 
KMa relating intrinsic viscosity of a polymer solution to the molecular 
weight of the dissolved polymer. It can easily be shown that the relation
ship expressed in Equation 1, where Κ and a are the Mark-Houwink 
constants for the particular system, is derived from the above equations 
(6). The molecular weight M of the fraction is obtained from the cali
bration curve by means of this equation. 

In another approach towards eliminating the viscosity measurements, 
the parameter Κ Μ 1 + α , related to the above, has been reported (7). It is 
claimed that this could be substituted for the coil-size parameter [ 7 7 ] M . 
A more complex function relating M to elution volume where no viscosity 
measurements are made has been proposed by Co l l and co-workers (8). 
This function, derived from the Mark-Houwink equation and the equa
tion of Ptitsyn and Eizner (9), lacks the simplicity of that described above. 

Application of the present procedure to the characterized cotton 
supplied by The Buckeye Cellulose Corp. gives the results shown in the 
lower part of Table I. The agreement among the data is particularly good, 
even though the value for DPn is somewhat lower than that determined 
by osmometry (this raises slightly the polymolecularity ratio DPw/DPn). 
This behavior of DPn and the ratio has been noted previously ( 1 ) and is 
still in accord with reports of others (10). The polymolecularity ratios 
for the cellulose I, II, III, and I V samples reported in the preceding paper 
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Viscosity-
Average D P 

Using Cadoxen* 

Table III. Comparison of Results 

Weight-Average D P 

Nitrated Sample Present Prior 
Procedure Procedure" 

Cellulose I 
Cellulose II 
Cellulose I II 
Cellulose I V 

4990 
3760 
3780 
2330 

4140 
3380 
3370 
2490 

5190 
4520 
4795 
3390 

° Data of Segal, Timpa, and Wadsworth (1). 

( I ) are unusually large. Recalculation of the data by the new procedure 
gives the results tabulated in Table III. The ratios are now more of the 
order usually obtained for material of this sort. Also, the values for 
DP are shifted; those for DPW are lowered to the range of the Cadoxen 
viscosity-DP's, while those for DPn are raised. 

In the preceding publication (I ), five replications for the cellulose II 
sample were tabulated in Figure 3 to show that variations in DPn were 
noted when the related DPW data were in good agreement. The poly-
molecularity ratios for the DP values fluctuate widely as a consequence 
of this. These results are compared in Table IV with those now obtained 
from the same data. The improvement in the values is quite marked as 
the statistical analysis of the data indicates. 

In recent work with cotton crosslinked with formaldehyde (3), it 
was noted that (a) DPW remained constant with treatment time when 
decreasing values were anticipated from concurrent viscosity measure
ments, and (b) DPn became quite low, whereby very high values ap
peared for the polymolecularity ratios. These values are compared in 
Table V with those resulting from application of the new procedure. Now 
DPW decreases with treatment time as expected, while DPn and polymo
lecularity ratio assume more consistent values. The inclusion in this table 
of the viscosity-average D P data presents an interesting picture. The 
agreement between DPW by the present procedure and DPV for the initial 
cotton is quite good; it is satisfactory for the next two samples. However, 
with increasing time of treatment DPV and DPn decrease greatly, indicat
ing that much chain cleavage has taken place. The smaller decrease in 
DPW is marked. 

The lesser change here in DPW illustrates the power of G P C in studies 
of changes in molecular weight brought about by various means. Factors 
are brought out that are not detected by other techniques. The reasons 
for the lesser change in DPW in the above data become apparent when 
the chromatograms for these samples (3) are re-examined. Thus, as the 
combined formaldehyde in the sample increases, the chromatogram be
gins to rise at lower count than does that of the initial cotton, and reaches 
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Obtained According to Procedure Used 

Number-Average D P Ratio D P w / D P n 

Present Prior Present Prior 
Procedure Procedure" Procedure Procedure" 

2180 1580 1.90 3.35 
1640 1040 2.07 4.67 
1680 1140 2.02 4.21 
1000 490 2.48 7.07 

Table IV. Statistical Comparison of Results Obtained by the Present 
and Prior Procedures with Nitrated Cellulose II 

£β Weight-Average D P Ν umber-Aver age D P Ratio D P w / D P n 

quant Present Prior Present Prior Present Prior 
Procedure Procedure" Procedure Procedure" Procedure Procedure" 

41 A 3500 4525 1840 1370 1.90 3.30 
42 A 3460 4655 1614 980 2.15 4.76 
43 A 3480 4470 1850 1390 1.88 3.21 
44 A 3190 4520 1440 770 2.22 5.84 
45 A 3250 4430 1430 710 2.27 6.24 
Mean 3380 4520 1630 1040 2.08 4.67 
Std. 

dev. 140 85 210 323 0.18 1.40 
Coeff. 

of 
var., 
% 4.2 1.9 12.6 30.9 8.7 30.0 

a Data of Segal, Timpa, and Wadsworth {1). 

appreciable levels by the time the latter chromatogram does start up. 
This is evidence of nonhydrolyzed formaldehyde linkages that effectively 
increase molecular chain length, producing a small amount of polymer 
of higher molecular weight than initially present. Small amounts of such 
material w i l l influence DPW as this parameter is weight sensitive. The 
presence of such material is not even hinted at in the viscosity measure
ments, which may explain the occasional lack of agreement between 
viscosity and G P C data that has been observed. 

The marked improvement in results presently obtained lies in the 
elimination of sources of error now recognized as being present in the 
prior procedure. A major source of error was the extrapolation from 
the log-log plot of half-count vs. intrinsic viscosity for the four eluates 
which lay about the peak of the chromatogram. It is this extrapolation 
that supplied the necessary intrinsic viscosities of the remaining more 
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Table V . Results Obtained According to Procedure Used 

Formaldehyde Minutes of Viscosity-
Weight-Aver age D P 

Content of Treatment Average D P a Present Prior 
Sample, % 

Average D P a 

Procedure Procedure1" 

Initial cotton 0 3430 3500 4120 
0.08 1 3010 3310 3900 
0.09 3 2970 3120 4130 
0.18 8 2620 3060 4120 
0.32 20 2460 3060 4200 
0.63 60 1970 3200 4170 
0.72 105 1930 2840 4130 
0.83 180 1600 2780 3790 
0.98 360 1360 2485 3590 

° In ethyl acetate, G = 1,200 sec - 1, constants for conversion to DP according ta 
Marx-Figini and Schulz (11). 

b Data of Segal and Timpa (3). 

dilute fractions (Figure 3, Réf. J ) . As the four points making up the plot 
seemed to fall about a straight line, a linear least-squares regression was 
applied and extrapolated. Closer study and more refined analysis of these 
data have disclosed that this is not a simple linear relationship. Because 
this is so, the values of the intrinsic viscosities of the more dilute fractions 
become more in error as extrapolation is made further and further from 
the central four points. As a consequence, the values of DP obtained 
through the calibration curve deviate from the true values. 

Experimental error entered the data, of course, through the manual 
measurement of the viscosities of the four very dilute fractions. Another 
error in the viscosities was introduced by contamination of each fraction 
by some of the fraction preceding it. Not all of the liquid in the measuring 
syphon could be removed as the syphon emptied; thus a small portion of 
the fraction was retained and added to the incoming fraction. Further
more, the previous procedure required exact weights in each fraction, 
whereas now only relative weights are necessary. The relationship de
veloped here can be extended to polymers other than cellulose. To do 
this, the values of Κ and a have to be determined for the particular 
polymer, dissolved in the desired G P C solvent which was used to establish 
the calibration curve. 

Although only DPW and DPn are mentioned in the tables of data 
presented here, the computer program includes instructions for obtaining 
DPZ and DPZ+1. The latter have been helpful in indicating the extent of 
crosslinking produced or retained in treated cotton samples under study 
in connection with other work underway. 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

01
6

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



16. WADSWORTH E T A L . Polymerization of Cellulose 185 

with Formaldehyde-Crosslinked Cotton After Nitration 

Ν umber-Aver age D P Ratio D P w / D P n 

Present Prior Present Prior 
Procedure Procedure1' Procedure Procedure* 

1590 800 2.21 5.15 
1380 710 2.41 5.49 
1215 520 2.58 7.94 
1100 405 2.78 10.17 
1040 440 2.96 9.55 
850 380 3.79 10.97 
840 370 3.39 11.16 
710 280 3.91 13.54 
635 290 3.92 12.38 

Conclusions 

A relationship has been developed by means of which more valid 
values are obtained by G P C for the average degrees of polymerization 
for cellulose. This can be extended to other polymers. W i t h automation 
of data acquisition and computer processing of data, a differential mo
lecular weight distribution and complete information on D P of the sample 
are available in very short order with a low degree of error. The ready 
availability of narrow, well characterized polystyrene fractions for calibra
tion makes this procedure highly attractive in view of the lack of similar 
standards of cellulose. 
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Gel Permeation Chromatography 

VI. Molecular Weight Averages and Molecular Weight 
Distribution of Cellulose Nitrate 

A. C. OUANO and EDWARD M. BARRALL II 

IBM Research Laboratory, San Jose, Calif. 95193 

A. BROIDO 

Pacific Southwest Forest and Range Experiment Station, Forest Service, 
U. S. Department of Agriculture, Berkeley, Calif. 94701 

A. C. JAVIER-SON 
Statewide Air Pollution Research Center, University of California, 
Riverside, Calif. 92502 

Cellulose samples which have undergone various stages of 
thermal decomposition were characterized for changes in 
molecular weight and molecular weight distribution using 
gel permeation chromatography (GPC) and viscometry. 
Calculation of cellulose molecular weights (as cellulose ni-
trate) from the chromatogram and polystyrene calibration 
curves using the extended chain length-retention volume 
relationship (Q factor) resulted in very poor agreement be
tween GPC and viscometric molecular weight values. Mo
lecular weight averages determined by GPC were approxi
mately five times greater than those obtained by viscometric 
technique. Application of various hydrodynamic considera
tions completely corrected this problem. The effects of 
calibration standard distribution and range are also dis
cussed. 

el permeation chromatography using polystyrene standards and vis-
cometry were employed to determine molecular weight distribution 

and molecular weight averages of cellulose. The cellulose samples were 
all nitrated to about 13.5% nitrogen to make them soluble in T H F ( G P C 
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solvent). The agreement between the molecular weight averages deter
mined by G P C and viscometry ranged from very poor ( order of magnitude 
difference) to good (within 10%) depending on the model used to 
calculate molecular weights from G P C data. 

The previously described laboratory automation system (computer 
controlled) for gel permeation chromatography developed in this lab
oratory ( I ) was particularly well suited for calculating absolute molec
ular weights of cellulose nitrate from G P C data and a polystyrene cali
bration using the universal calibration model. The laboratory automation 
consisted of two main parts: data-logging and data-reduction programs. 
The data-logging program converts the analog signal of the G P C differ
ential refractometer detector to digital form and stores it in a disk data
storage system. The data-reduction program calls the stored G P C data 
and reduces it to normalized molecular weight distribution curves and 
molecular weight averages using polystyrene calibration and the universal 
calibration of extended chain length model (Q factor). The computer 
programs allow a minimum of interaction with the technician. The only 
external input the program requires is: integration limits, sample identi
fication, and the Mark-Houwink constants. The reduced data output 
consists of a normalized molecular weight distribution ( Cal-Comp plots ) 
and molecular weight averages (number-, weight-, viscosity-, and Z-aver-
age molecular weights ) in digital forms. 

Q-Factor (Extended Chain Length—Retention Volume Calibration) 

This method of computing molecular weight averages from G P C data 
assumes that molecules having equal extended chain length have equal 
retention volume. Hence, by computing the average molecular size from 
the G P C data and the polystyrene calibration curve (plot of retention 
volume vs. extended chain length) one can presumably calculate the aver
age molecular weight by simply multiplying the computed molecular size 
by a Q factor (Q = molecular weight/molecular size). Segal (2) re
ported a Q factor for cellulose of 58. A comparison between the weight-
average molecular weights computed from G P C (Q = 58) and vis-
cometric data is shown in Table I. The very poor agreement between 
the two sets of data is obvious, the G P C computed molecular weights 
being more than a magnitude larger than viscometric results. The very 
large disagreement is not unexpected and can be explained satisfactorily 
by the present generally accepted model of G P C separation. That is, 
molecules are separated according to hydrodynamic volume in solution 
and not according to the extended chain length. Consequently, molecules 
with identical extended chain length but different chain stiffness in 
solution w i l l not have identical retention volumes. 
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17. OUANO ET A L . Cellulose Nitrate 189 

Table I. Molecular Weight Averages of Cellulose by Viscometric and 
G P C Weight Average Methods Using Extended 

Chain Length Model (Q Factor) 

Sample Viscometry GPC Disagreement, % 
D P D P w 

Microcrystalline 195 1,650 745 
1 110 970 780 
2 185 1,545 735 
3 210 1,810 760 
4 285 2,640 810 
5 310 2,820 1,530 
6 790 12,900 1,535 
7 850 16,700 1,870 
8 900 21,800 2,320 
9 965 31,000 3,120 

Universal Calibration 

Grubisic et al. (3) showed that for many polymers a single calibration 
curve can be drawn through a plot of the product of intrinsic viscosity 
and molecular weight ( [η] M ) vs. retention volume. This relationship 
certainly supports the model of molecular separation based on hydro-
dynamic volume since [η] M is proportional to the hydrodynamic volume 
of the molecule in solution. Hence, molecular weights of the two polymers 
( calibration standard polymer and sample ) which have identical retention 
volume under identical G P C analytical conditions can be expressed in 
terms of each other by combining the Grubisic relationship: 

folxMx = W 2 M 2 (1) 

and the Mark-Houwink relationship 

[η] = KM" (2) 

Thus, the expression 

permits the computation of the molecular weight ( M 2 ) of a cellulose 
sample from the known molecular weight (Mi) of the standard poly
styrene samples with identical retention volume. 

The Mark-Houwink constants for polystyrene (Ki and «i) in T H F 
at 30°C were measured in this laboratory to be 2.89 Χ 10"4 and 0.65, re
spectively, while those of cellulose nitrate were reported by Jenkins (4) 
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to be 0.606 Χ 10" 4 and 1.014, respectively. Dawkins, Maddock, and Coupe 
(5 ) suggested the use of an additional parameter for Equation 3 because 
of the excluded volume effect. 

The excluded volume correction Φ 2 / Φ 1 for polystyrene and cellulose in 
T H F was computed to be 0.58 from the relationship ( 5 ) , Φ ( € ) = Φ 0 ( 1 — 
2.63c + 2.86c 2) , where € — (2* - l)/3. 

Meyerhoff ( 6 ) suggested the relationship 

M i 1 / 2 [ 7 j ] i 1 / 3 = M 2
1 / 2 M 2

1 / 3 (5) 

to be more appropriate for cellulose nitrate and polystyrene with equiva
lent retention volume. Equation 5, when combined with Equation 2 yields 

M 2 = [f-;](̂ ) Μ,ΟΜ (β) 
which is analogous to Equation 3. Rudin and Hoegy (7 ) suggested fur
ther correction because of the concentration effects on the universal 
calibration method. MeyerhofFs relationship and Rudin's correction, 
however, have not yet been applied in interpreting our results. 

A comparison of the weight-average molecular weights of cellulose 
computed from both Equations 3 and 4 and from viscometric data are 
shown in Table II. It is apparent that the agreement between viscometric 

Table II. Viscometric and G P C Weight Average Molecular Weight Data 
Using the Hydrodynamic Volume (Universal Calibration Model) 

Sample Viscometry GPC Disagree GPC" Disagree
D P D P w ment, % D P w ment,'' % 

Microcrystalline 195 240 23 135 8 
1 110 145 32 110 0 
2 185 220 19 165 11 
3 210 260 24 200 5 
4 285 350 23 265 7 
5 310 375 21 285 8 
6 790 1,230 56 935 18 
7 850 1,580 86 1,200 41 
8 900 1,970 119 1,500 67 
9 965 2,650 175 2,100 118 

a Calculated using Equation 3. 
h Calculated using Equation 4. 
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17. OUANO ET AL. Cellulose Nitrate 191 

and G P C computer molecular weight is much better for either Equation 
3 or 4 than for the Q factor values in Table I. The poorer agreement for 
the higher molecular weight sample is interpreted as being a result of 
errors incurred in extrapolating the calibration curve beyond the highest 
molecular weight (1.8 Χ 10 6) polystyrene calibration standard used. 
Figure 1 shows the effect of extrapolation of the calibration curve on the 
agreement between G P C and viscosity-molecular weight. It is also inter
esting to note that the use of excluded volume correction, Equation 4, 
results in consistently lower molecular weights than the viscometric re
sults while Equation 3 consistently yields higher molecular weight 
relative to viscometric values. 

WEIGHT PERCENT C E L L U L O S E 
N ITRATE WITH DP>1.11 Χ 10 3 

Figure 1. Disagreement be
tween viscometnc and GPC 
viscosity-average molecular 
weight vs. weight percent of 
the sample component with re
tention volume less than the 
highest molecular weight cali

bration standard 

As evidenced in Table III, a closer agreement than those previously 
obtained in Tables I and II is made possible by comparing the G P C 
viscosity-average molecular weight (using Equation 3) and molecular 
weight averages obtained by viscometry. The above comparison is per
haps more valid than the previous comparisons (Table I and II) since 
for a polydisperse system the viscometric method of measurement deter
mines the molecular weight average as defined by: 
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M " = [ - Σ Ψ Γ ] (7) 

and not the weight-average molecular weight. Since Equation 7 is in 
fact the relationship used in computing the viscosity-average molecular 
weight from the G P C chromatogram, the comparison made in Table III 
is justified. Note, however, that a similar computation using Equation 4 
would yield poorer agreement since D P V is less than D P W and the values 
obtained from Equation 4 are already low. Some uncertainty is introduced 
in the value of the Mark-Houwink constants for cellulose in this work 
because they were obtained from [ 7 7 ] - M relationship of samples which 
had polydispersities of between 1.5 and 2.5. Since cellulose has a rela
tively low polydispersity (MW/MN ^ 2.0) and « — 1, the values of MW 

and M w are usually within 10%. Furthermore, the literature (8) shows 
that the « values of fractionated and unfractionated cellulose are essen
tially the same. Hence, the above uncertainty is somewhat mitigated. 

Table III. Viscometric and G P C Viscosity Average Molecular Weights 
Using the Universal Calibration Model 

Sample Viscometry GPC Disagreement, % 
D P D P / 

Microcrystalline 195 200 3 
1 110 115 5 
2 185 185 0 
3 210 230 10 
4 285 310 9 
5 310 340 10 
6 790 1,010 28 
7 850 1,360 60 
8 900 1,690 88 
9 965 2,370 146 

a Calculated using Equation 3. 

The results discussed in the preceding paragraphs indicate clearly 
that the extended chain length model (Q factor) is unsatisfactory for 
calculating cellulose molecular weight averages from the G P C retention 
volume distribution and polystyrene calibration curves. However, calcu
lations based on the hydrodynamic volume of cellulose in solution give 
average molecular weights which agree well with results obtained by both 
the viscometric method and the literature values for microcrystalline 
cellulose (9, 10). The best agreement between G P C and viscometric 
data is obtained by comparing the viscosity-average molecular weight 
computed from G P C chromatograms using a model without the excluded 
volume effect. 
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Molecular Weight Characterization of 
Resole Phenol-Formaldehyde Resins 

F. L. TOBIASON, CHRIS CHANDLER, and P. NEGSTAD 

Pacific Lutheran University, Tacoma, Wash. 98447 

F. E. SCHWARZ 

Reichhold Chemicals, Inc., Tacoma, Wash. 98401 

Number-average molecular weights and intrinsic viscosities 
in dimethylformamide (DMF) and 1N sodium hydroxide 
have been determined for alkali-catalyzed phenol-formalde
hyde resins prepared under different reaction conditions. 
Polyelectrolyte effects found in DMF viscosity measure
ments were corrected for and found to be a result of sodium 
ions trapped in the resin during many types of separations 
of the polymer from its caustic reaction solution. Corrections 
to vapor pressure osmometry data were made by analytically 
determining the Na+ present by atomic absorption and spe
cific ion electrode techniques. Number-average molecular 
weights were found in the range of 1300 to 10,000 for frac
tionated samples. Comparing the data with the Mark-
Houwink curves established for linear acid-catalyzed phe
nol-formaldehyde (novolak) resins gives some insight into 
the configurational nature of resole resins in solution. The 
resole data fall close to but a little above the novolak data, 
which would indicate that the resole resins are flexible and 
possibly coiled in the pre-cured reaction stage. 

"Dase-catalyzed phenol-formaldehyde resins polymerized with a mole 
ratio of formaldehyde to phenol greater than one pose an interesting 

molecular weight characterization problem. This system is a dynamic one 
with active methylol end groups. Branched and crosslinked structures 
are formed, and in general, the separation of the resin from the reaction 
mixture is difficult. Figure 1 illustrates the chemical nature of a resole 
resin. 

194 
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18. TOBIASON E T A L . Phenol-Formaldehyde Resins 195 

Figure 1. Representation of a branched 
phenol-formaldehyde resole resin 

Some of these problems have been attacked (1,2), but to our knowl
edge no satisfactory molecular weight characterization has been com
pleted. In addition, gel permeation studies are difficult to interpret fully 
because of the possible range of molecular size at the same molecular 
weight, and the resins are generally too low in molecular weight for light 
scattering and ultracentrifuge studies. We have undertaken the task of 
characterizing several specially prepared resole resins by obtaining num
ber-average molecular weights and intrinsic viscosity data. Comparison 
of these data with those obtained for linear phenol-formaldehyde novolaks 
(3) is made in an attempt to gain more information about the possible 
bulk structure changes and the polydispersity developing in resole resins 
during polymerization. 

Experimental 

Sample Preparation. The three primary resoles selected for inclusion 
in this study were synthesized in laboratory glassware in 4000 gram 
batches, using 9 9 + % commercial phenol, ion-exchanged (low formic 
acid content) 50% aqueous formaldehyde, reagent grade 50% aqueous 
sodium hydroxide, and tap water. The three resins, coded A , B, and C, 
were allowed to react to the same apparent bulk viscosity as measured 
by the Gardner-Holdt bubble tube method. In addition to the same final 
viscosities, the resins also were synthesized from identical mole ratios: 
F / P = 2.0, N a / P — 0.71. 

Although the above similarities among the resins might suggest little 
reason for their study, the reaction procedures employed were inten
tionally programmed to provide gross differences in resin structure and 
molecular weight for the three systems. Resins A and Β were initiated 
with identical mole ratios: F / P / N a = 2.0/1.0/0.33. After an initial mix
ing step at a temperature below 50 °C to promote polymethylol phenol 
formation, the polymerization was carried to completion at 85-95 °C. 
During the polymerization a second sodium hydroxide addition of 0.38 
mole was added to increase the incorporation of unreacted phenol and 
phenol alcohols into the polymer structure. The difference between resins 
A and Β is merely the water content, more water being included in resin 
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Β to allow a greater degree of polymerization to arrive at the same bulk 
viscosity. 

The third sample, resin C, was synthesized from a different reaction 
procedure. The initial N a / P mole ratio was 0.5, with the formaldehyde 
added slowly over a 3-hour period at 95 °C. The intention of this pro
cedure was to provide conditions to maximize condensation and to mini
mize addition, producing maximum polymer size. The mole ratios after 
completion of the formaldehyde addition were F / P / N a = 2.0/1.0/0.50. 
A second addition of sodium hydroxide equivalent to 0.20 mole was then 
made, and the polymerization was completed at 85-95 °C. Table I lists 
some of the general comparative properties for the three resins. 

Table I. General Property Comparisons 

Property Resin A Resin Β Resin C 

Nonvolatile, % 42.0 40.0 40.0 
Bulk specific gravity 1.195 1.185 1.185 
p H 12.6 12.2 12.2 
Sodium hydroxide, % 7.2 6.9 6.9 
Viscosity (G-H), cps 600 600 600 
Viscous flow (C-U), sec 49.4 61.7 70.8 
Polydispersity moderate moderate broad 
Structure branched branched linear 
Cure rate slowest fastest medium 

The nonvolatile solids, specific gravity, p H , and Gardner-Holdt standard 
tube viscosity were determined by standard industrial techniques based 
on A S T M methods. The relative capillary flow rates ( in sec) were meas
ured using a Cannon-Ubbelohde viscometer with the flow times measured 
from bulk solutions diluted 1:1 with water. The polydispersity label is 
based on G P C scans using G50 to G200 Sephadex-packed 25-inch columns 
in single stages. Gravity flow (—1 ml /min ) of solutions through a U V 
monitor set at 285 τημ was used. The solvents were water and some dilute 
N a C l or N a O H solutions. The qualitative polydispersity comparison is 
based on examining one resin relative to the other. The structure index 
is based on IR absorbance band ratios of the total methylol (9.8 μ) to 
total aromatic absorbance (12.2-13.2 μ) and on free bromine uptake. 
The rapid stage of free bromine uptake by methylol in alkaline solutions 
of the resin was compared by taking the ratio of equivalents of bromine 
reacted to grams of nonvolatile solids. The larger each of these ratios, the 
more methylol is present in the resins, and consequently the greater the 
probability of branch points being present. The cure rate data were 
determined from various resin applications in glue mixes. The data points 
labeled Ε in the figures are some general resin samples prepared similar 
to Β and C and studied a year earlier. 

Sample Separation. After the bulk resins were prepared they were 
kept under refrigeration to reduce any further polymerization. To sepa
rate samples from the reaction mixture for study, 20-30 grams of bulk 
resin was diluted with 150 ml of distilled water and titrated slowly with 
I N H 2 S 0 4 . During the titration and resin precipitation the sample was 
kept in an ice bath and mixed vigorously to insure homogeneity. Many 
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acids were tried—hydrochloric, carbonic, citric, phosphoric—but the sul
furic led to the best samples with which to work. The titration was fol
lowed to a p H of 6.5-6.7 using a p H meter and a high p H tripurpose 
Corning electrode. The sample was allowed to mix for at least 15 min 
here to be sure the p H had stabilized. Samples were then washed with 
an equal volume of distilled water ( 0 °C ) , centrifuged, and then washed 
with an equal portion of methanol directly from the freezer (—12°C). 
These samples were then centrifuged, collected, and vacuum-dried. Since 
the methanol removed most of the water, drying times required were only 
about 3 to 4 hours. It was very important to keep the samples cold, to 
dry them fast, and also to refrigerate the dried samples. In fact, solutions 
were made for study very shortly after drying was completed. The sam
ples obtained by this method were light tan, amorphous powders which 
were easily soluble to 60 grams/liter in dimethylformamide ( D M F ) . 
However, if a high sodium residue remained in the samples, they would 
be brittle, hard, and red, with very poor solubility. Table II lists the 
pertinent information on sample separation and fractionation. 

Table II. Sample Separation and Fractionation 

Resin Code pHof Wash 1 Wash 2 
Sample Parts Water 

A l 6.5 a 1 acetone 
A2-1 6.5 6 2 methanol 
A2-2 (evaporated from methanol wash of A2-1) 
A3 6.40 2 — 
A4 6.3 1 methanol 
A5-1 9.45 5 methanol 
A5-2 9.32 1 methanol 
A5-3 9.28 1 methanol 
A5-4 5.80 1 methanol 
A5-5 (evaporated from methanol wash of 5-1 to 5. 
A6-1 9.93 c 2 methanol 
A6-3 9.50 c 2 methanol 
A6-4 6.02 2 methanol 
B2 6.5 2 methanol 
B3 6.5 2 — 
B4-1 9.5 2 methanol 
B4-2 9.3 2 methanol 
B4-3 6.5 2 methanol 
C6 6.5* 1 acetone 
C7 6.5 2 methanol 
C8 6.5 2 — 
C9-1 8.35 c 2 methanol 
C9-3 8.25 c 2 methanol 
C9-4 8.25 c 2 methanol 
C9-5 6.50 2 methanol 

α Titrated with carbonic acid. 
& Remaining samples titrated with IN H 2 S 0 4 unless otherwise noted. 
c These fractions were spun and mixed with equal volume water; then the p H was 

lowered to 6.5 with IN H 2 S 0 4 . 
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Fractionation. Fractionation of the resin redissolved in D M F or 
acetone-methanol mixtures with a non-solvent such as water was unsatis
factory. The resin appeared to be highly bound in the solvent, and only a 
portion of the suspended resin could be removed even by centrifugation. 
Consequently, we decided to fractionate the resin by p H from the caustic 
reaction mixture since the polymer precipitates over a range of p H . Ac id 
was slowly added to a bulk solution diluted with distilled water until a 
sufficient amount of resin appeared that would not redissolve in 20 min. 
This sample was separated by centrifugation, and the p H was recorded. 
More acid was added to the remaining solution until another sample was 
obtained. Generally 3 or 4 fractions could be collected. Because of 
interference from the N a + ion, each fraction collected was washed once 
and then titrated to p H 6.5. This worked satisfactorily except that in the 
neutralization process some additional low molecular weight material no 
doubt was precipitated, thus causing a broader molecular weight distri
bution. However, the overall distribution appeared to be relatively nar
row in terms of p H precipitation. It should be emphasized that in this 
study we made no attempt to include the monomeric or simple alcohols 
as part of the resin system. 

Table III. Comparison of Atomic Absorption and 
Specific Ion Measurements 

Resin 
Code 

A3-1 
A4-3 
A5-4 
A5-5 
C9-1 
C9-4 

E-0863 
E-0869 

AA 
Total Sodium, % 

0.50 
0.29 
0.27 
1.65 
0.78 
0.49 
1.12 
0.93 

SI {25°C) 
Free Sodium, % 

0.25 
0.25 
0.21 
1.20 
0.56 
0.31 
1.01 
1.01 

Viscosity Measurements. Viscosity measurements were made in fil
tered D M F and I N N a O H at 25 ± 0.05 °C. The D M F was dried over 
molecular sieve. Flow times were measured in Cannon-Ubbelohde di lu
tion viscometers, and intrinsic viscosities were obtained from the extra
polation of T/gp/c from the Huggins equation to zero concentration. When 
an apparent polyelectrolyte effect was found in D M F , the intrinsic vis
cosities were determined by adding C a C l 2 to the D M F or by extrapolation 
from the higher concentration portion of the Huggins curve. Intrinsic 
viscosities are probably accurate to about 5%. 

Molecular Weight Measurements. Number-average molecular weights 
were determined using a Hewlett-Packard 302B vapor pressure osmom
eter operating at 62 °C with D M F as the solvent. Molecular sieve was 
used in the solvent cup to help keep the D M F dry. The higher tempera
ture was used to help sensitivity and also to keep the solvent dry. The 
thermistor differential voltage output curves were recorded. It sometimes 
took 10 min to approach asymptotically the equilibrium output voltage. 
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18. TOBIASON E T A L . Phenol-Formaldehyde Resins 199 

The change in voltage was determined relative to the pure solvent output, 
and was quite reproducible. 

Calibration was carried out using benzoic acid, raffinose, poly(tetra-
hydrofuran), and poly (propylene) glycol. The calibration curve was re-
checked with cholesterol after all the molecular weights were determined. 
The polymer solutions generally yielded slight curvature when A V / c was 
plotted vs. c instead of the straight line found for the monomers. The 
resin solutions also showed a similar slight curvature. This effect did not 
limit consistent extrapolations to determine molecular weights. However, 
the curvature along with the D M F system did limit the experimental 
molecular weights to about 10%. The biggest problem in making the 
molecular weight measurements was inclusion of N a + during separation 
of the polymer samples from the reaction mixture. This arises because 
of the enormous influence of low molecular or atomic weight impurities 
on colligative properties. 

Sodium Measurements. The sodium ion content was measured by 
two techniques: 1) A Perkin-Elmer 403 atomic absorption unit was used 
to obtain the total amount of sodium in a particular solution; and 2) an 
Orion 801 p H meter with Corning sodium-specific ion electrodes was used 
at 25 °C to determine the "free" sodium present. A n attempt to measure 
the free sodium content at 60 °C failed because of thermal instability. It 
was especially important to determine if the sodium ions present were 
free so that correct molecular weights could be computed from the V P O 
data. The calibration was accomplished by dissolving small amounts of 
sodium benzoate in the D M F , or by using DMF-dist i l led water (3 + 1) 
mixtures containing dissolved N a O H . Both calibrations gave similar final 
results. Even though tap water was used in the synthesis, interference 
from other ions {e.g., A g + , L i + , or N H 4

+ ) was considered minimal be-
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Table IV. Experimental and Corrected 

0.25% 
Resin Code Na, % VPO Na 

A l 0.17 2290 2290 
A2-1 0.29 2110 2190 
A2-2 0.26 1000 1000 
A3 0.50 1700 2080 
A4-3 0.29 1280 1310 
A5-1 2.70 575 1450 
A5-23 2.30 720 1970 
A5-4 0.27 1680 1700 
A5-5 1.65 1170 4010 
A6-1 0.20 1670 1670 
A6-3 0.19 1900 1900 
A6-4 0.21 2000 2000 
B2-1 0.27 2880 2950 
B2-2 0.18 1250 1250 
B3 0.43 2000 2370 
B4-1 0.47 2000 2470 
B4-2 0.34 1750 1870 
B4-3 0.28 2880 2990 
C6 1.50 650 990 
C7 0.23 2500 2500 
C8 0.77 2400 5490 
C9-1 0.78 2400 5300 
C9-3 0.50 2170 2850 
C9-4 0.50 2700 3807 
C9-5 0.92 1810 3780 
A2-1 
A4-3 
A6-3 
B4-1 viscosities in IN N a O H 
B4-2 
C7-1 
C9-3 
C9-4 

α Calculated assuming only sodium is present. 
b The correction to 0% sulfate is based on assumption that sodium sulfate is present. 

Since the sulfate was not determined quantitatively, this set of molecular weights would 

cause of sample washing techniques described in the fractionation section. 
This is confirmed in that one measures very low sodium content in some 
of the samples. A comparison of results is shown in Table III. Since the 
sodium ions appeared to be active at room temperature, we therefore 
assumed that most of the sodium present was free to contribute to the 
V P O readings at 62 °C. Corrections to the molecular weights could then 
be made directly from the atomic absorption data. 
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Molecular Weights and Viscosities 

o% 0% [ij], deciliter2 

Naa gram Huggins k 
2750 2820(3036)c 0.131 0.39 
2870 2990(3442) 0.128 0.50 
1125 1140(1191) 0.071 0.50 
2680 2870(3684) 0.135 0.44 
1520 1550(1665) 0.076 0.82 
1720 2255 0.112 0.03 
2510 3580 0.128 0.21 
2090 2150(2350) 0.094 0.65 
7140 18500 0.278 0.06 
1950 1985(2110) 0.112 0.66 
2250 2320(2460) 0.119 0.59 
2440 2500(2720) 0.112 0.66 
4330 4610(5710) 0.233 0.32 
1380 1400(1450) 0.122 0.97 
3180 3420(4405) 0.217 0.29 
3360 3660(4980) 0.173 0.38 
2350 2450(2800) 0.183 0.41 
4410 4720(5930) 0.138 0.75 
1110 1220(1660)c 0.220 0.42 
3325 3460(3925) 0.198 0.17 

12200 23000 0.315 0.26 
12800 23000 0.220 0.42 
4080 4600(7040) 0.190 0.17 
6490 7800 0.194 0.17 
6420 9350 0.188 0.11 

0.104 0.95 
0.059 1.05 
0.095 1.11 

viscosities in IN N a O H 0.135 1.22 
0.169 0.82 
0.200 0.95 
0.152 1.20 
0.187 0.71 

have the greatest error. The first number in the column assumes the sulfate per cent 
weight is Y2 that of the sodium. The number in parentheses is for a full correction. 

c Acetate ion was present in separation. 

Results 

The nature of the viscosity determinations is illustrated in Figure 2. 
The upper curve shows the typical polyelectrolyte effect found for many 
of the resins in D M F . Adding C a C l 2 to the D M F causes a saturation of 
charge and induces a relaxation of the resin structure, resulting in normal 
viscosity behavior. In the N a O H solution the resins acted normally. The 
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202 POLYMER MOLECULAR WEIGHT METHODS 

size of the polyelectrolyte effect and the nature of Huggins constant k 
seemed to be related to the amount of N a + trapped in the resin and 
carried into the D M F solution. Corrections to the number-average mo
lecular weights from the sodium present were made by applying the 
equation M n = Xwi/Xrh, where Wi is the weight of the fraction and Πι is 
the number of moles. The amount of sodium used in the correction is that 
taken from the atomic absorption data. In order to have charge balance, 
some S 0 4

2 " ion could have been carried into solution. A final correction 

50 r η 1 1—ι—ι ι ι ι 

X 
ι—I 
,ΡΓ 

15 • ο 0 Δ ο D 

Δ 9*· o%°° 

1 1 1 1—ι—I I 1 

Δ 

Ο • Δ 

A • 
ΔΔΔ 

• -E 
Ο-A 
• - Β 
Δ-C 

2 I ι ι I ι ι ι ι I ι • i l l i ι ι 
2 5 10 50 

Μη Χ ΙΟ 2 

Figure 3. Viscosity (DMF) and uncorrected molecular 
weight data for resole resins 

was made for sulfate (which was detected analytically) based on the 
sodium analytical work. However, since sodium sulfate has very low 
solubility in D M F , the amount of sulfate present is probably small. Table 
I V gives the sodium content and corrected and uncorrected molecular 
weight data. The molecular weights are corrected to 0.25 and 0% in Na. 
The 0.25% level was picked since a number of samples had approximately 
this amount. The best molecular weights are probably somewhere be
tween the 0% N a values and the unbracketed 0% S 0 4

2 " values. The 
values for molecular weights that had a high sodium content are most 
likely to be in error. 

Figure 3 illustrates the scatter in the molecular weight data before 
corrections. Figure 4 shows the 0% N a data on log M vs. log [η~\ plot 
compared with the D M F novolak curve. The very high molecular weight 
data in the tables were not included on the graphs because of the large 
possible error present. Figure 5 displays the molecular weight data cor-
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ι ι I ' » • « ι ι ι ι I ι ι ι ι I 
2 5 10 5 0 100 

Μη Χ IÔ2 

Figure 4. Mark-Houwink data with molecular weights cor
rected to Οψο sodium 

5 0 

π 1 1 — ι — ι ι ι ι ι 

_ i I ι ι ι ι 1 
10 5 0 

Μη ΧΙΟ 
Figure 5. Mark-Houwink data with molecular weights 
corrected to 0% sodium and corrected assuming 25% 

of potential sulfate ion was present 

rected for the sodium and sulfate ions and compared with the novolak 
data. The plotted data represent what are thought to be the best molec
ular weights, that is, those corrected for the smaller weight per cent 
sulfate. Figure 6 shows the viscosities and molecular weights in I N N a O H 
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compared with the novolak in N a O H . Sufficient data were available to 
correct fully only one Ε sample, and the result was favorable. 

To investigate whether the N a + is trapped by the resin or is carried 
through in a specific interaction, several model compounds were studied 
in N a O H solution. The decrease in activity was measured with a specific-
ion electrode, and the results are recorded in Table V . A relatively small 
decrease in sodium ion activity in o-hydroxybenzyl alcohol was noted. 

Discussion 

The interference of sodium in these measurements indicates an im
portant problem for this residue can have great effects on IR, G P C , and 
ultracentrifuge studies. Polyelectrolyte effects can influence G P C prop
erties drastically because of changes in the hydrodynamic volume of the 
resin. Our G P C labeling in Table I could possibly be influenced by this 
polyelectrolyte effect. This was checked by analyzing samples in water 
solutions with salts added. The same relative polydispersity results were 
obtained even though the chromatograms were changed. From our meas
urements it would appear that the sodium is not chelated or bound 
directly by phenol groups but must basically be trapped by the resin 
rings. Examination of the results in Table V indicates that o-hydroxy
benzyl alcohol does not tie up much N a + ; a reaction mechanism using this 
has been proposed (2). 

0 . 0 2 
2 0 0 5 0 0 1000 2 0 0 0 5 0 0 0 

Figure 6. Mark-Houwink data of the resoles with viscosities 
determined in IN NaOH 
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The resins A , Β, and C al l apparently occur in relatively narrow mo
lecular weight ranges if one neglects the very low molecular weight 
water-soluble components. The ranges are: A (2500), Β (4000), and 
C (8000). The initial polymerizations were designed to produce relative 
molecular weight differences of this type. 

The differences in viscosity between these three resins should indicate 
changes in branching or stiffness along the resin molecular chain. A 
possible way to arrive at this insight is to compare the viscosity results 
directly with the linear flexible ortho-para phenol-formaldehyde novolak 
viscosity data in the same solvent. A possible interpretation of the D M F 
results displayed in Figures 4 and 5 is that the rising slope of resin A 
to Β is induced by building branch points ( more like crosslinks ) into the 
resin chain. The evaluation of Mark-Houwink parameters is not con
sidered valid for this study because of the nature of the fractions and 
system. However, on a relative basis, the observation that the Mark-
Houwink slope through the A samples in Figure 5 is equal to 0.75 would 
be indicative that the structures are not rigid. The fact that resin C 
decreases as it does toward the novolak curve would seem to indicate 
greater linearity and flexibility built into the structure. Usually the vis
cosity of a simple branched polymer wi l l be lower than that of the linear 
one. However, if stiffness approaching that of crosslinking were added 
to the polymer chain, the viscosity would certainly increase—as for resin 
B. The range in viscosity for resin Β in a narrow molecular weight range 
would indicate that it has greater molecular size variance as a result of 
branching than the other two resins. This is probably why Β is predomi-

Table V . Sodium Ion Activity with Model Compounds (25°C) 

% Phenol 
Sample Phenol-OH> M Readings, mv Tied with Ν a 

\m N a O H — 51.3±0.5 0 
O H B A V 0.272 51.0 4 
O H B A V 0.272 51.0 4 
Phenol 6 — 50.2 — 
Bisphenol 6 0.583 46.8 24 
0.6N N a O H — 37.4 — 

a O H B A : o-hydroxvbenzyl alcohol. 
>In l .OATNaOH. 
c Alcohol was heated for 15 min at 80°C. 

nant in the high sodium curve. In sodium hydroxide the same general 
trend is found except that the C resin does not fall as close to the novolak 
curve. This could reflect the better viscosity measurements in this case, 
that is, measurements unperturbed by the polyelectrolyte effect. 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

01
8

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



206 POLYMER MOLECULAR WEIGHT METHODS 

Although distribution curves could not be meaningfully constructed, 
in most cases 90% of the starting weight of resin was recovered from the 
precipitations. Molecular size rather than molecular weight seemed to 
control the fractionations. From the weights and molecular weight ob
servations it appeared that for p H fractionation the molecular weight 
distribution was relatively narrow with a small amount of high and low 
weight material. 
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Approximate Solutions of Chemical 
Separation Equations with Diffusion 

G E O R G E H. WEISS 

Physical Sciences Laboratory, Division of Computer Research and Technology, 
National Institutes of Health, Bethesda, Md. 20014 

M E N A C H E M DISHON 

Department of Applied Mathematics, Weizmann Institute of Science, 
Rehovot, Israel 

Many problems in the analysis of biochemical separation 
techniques require the solution of a Fickian equation of the 
form 

where є is proportional to the diffusion constant. This 
paper presents an approximate solution to this equation 
valid for small є. For many separation systems є is 10-3 or 
less, while f (x) and g(x) are of the order of 1. Applications 
are given to velocity centrifugation experiments, with pres
sure dependent sedimentation, and to pore gradient electro
phoresis. 

"any problems related to biochemical separation systems require 
• solution to a transport equation of the form 

in which c is solute concentration, g(x) is the transport term, and ef(x) 
is the diffusion term. Some examples of systems which fall into this 
category are: 

( 1 ) Pressure dependent systems in velocity sedimentation (1, 2, 3, 4). 
(2) Gel pore electrophoresis (5,6). 
(3) Analytical gradient chromatography (7,8). 

(1) 

207 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

01
9

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



208 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

Undoubtedly other examples can be found. In the study of the systems 
cited above, a common property is that the ( dimensionless ) parameter c 
is very small compared with the (dimensionless) terms f(x) and g(x) 
which can be chosen to be of the order of 1. In all of the examples cited 
c is 2.5 χ 10" 2 or less. In this paper we summarize a singular perturbation 
technique for the solution of Equation 1, which is to be solved subject to 
an initial condition c(x,0), and on the assumption that boundary effects 
(in x) can be ignored. 

To see why it is impossible to obtain a solution to Equation 1 by 
ordinary perturbation theory, consider the simple system 

dc d2c 
οτ dx2 

subject to an initial condition c(x,0) = δ ( χ ) , a delta function. If we set 
c = 0, then the solution is C(X,T ) = δ ( χ ) . On the other hand, the solution 
to Equation 2 is known to be: 

c(x'T) = ^exp(~^) (3) 

that is, spreading occurs because of diffusion. The solution (Equation 3) 
cannot be found by expanding the variables in Equation 2 in a power 
series in c. In particular if we consider a point χ ^ 0, the concentration is 
identically equal to 0 when e = 0, but it can be much greater than 0 for 
any nonzero c 

To derive an approximate solution we start by transforming the space 
variable χ to one that moves by the convective transport mechanism— 
i.e., a coordinate that remains fixed with the solute motion when diffusion 
can be neglected. This coordinate wi l l be denoted by $ and is 

τ du 

If we define a function H(z) to be the solution to 

I = z (5) J ο g(u) 

then a molecule initially at position £o (or x0 = H(£o)) w i l l be trans
ported to position £ 0 + τ at time τ in the absence of diffusion. If we also 
define a new dependent variable ψ(χ,τ) by 

Ψ(ζ, τ) = g(x)c(x, τ) (6) 
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19. WEISS AND DISHON Chemical Separation Equations 209 

then Equation 1 can be transformed to 

θψ a [ F « + τ) d ( ψ W m 

ck οξ Ιθ(ξ + τ) θξ \G(£ + τ))] Κ'Ί 

where 

F{u) = f(H(u)), G(u) = g{H{u)) (8) 

Equation 7 is exact, no approximation having been made. 
At this point we can introduce the perturbation procedure based on 

the fact that c is small. Let us assume that the initial condition is c(x,0) 
= c0&(x), where δ(χ) is a delta function (—i.e., an initial pulse injection). 
The principal consequence of a small c is the fact that the bandwidth of 
the diffusion broadened peak is narrow, going to zero as c vanishes. Thus, 
we make the approximation that only the region near £ = 0 in the terms 
F (ξ + Τ) and G ( £ + τ ) is of interest. The resulting value, denoted by 
ψο(έ,τ), therefore satisfies the equation 

ck G 2(T) θξ2 W 

subject to the initial condition ψο(χ,Ο) = c0g(x)S(x). This is a diffusion 
equation with a time-dependent diffusion constant. It can be reduced to 
a more familiar form by introducing a new dimensionless time Δ ( τ ) by 

G2(u) 

in which case Equation 9 becomes 

θφο θ2ψ0 

^ = £9êdu (10) 

The solution to this equation is straightforward and can be written 

* · « ' Δ ) - ν ϊ 3 Μ Μ ρ ( - 5 & ) ) ( 1 2 ) 

If we can assume that g(0) = 1 (this can always be done without loss of 
generality), then the final expression for c(x,r) becomes 

Co, 
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where £ is given in Equation 4. Notice that c(x,r) is not generally sym
metric in χ because $ is equal to a function of χ that is not necessarily 
symmetric. The maximum peak concentration is very closely given by 

C m a x _ 1 (14) 
Co 0(#(τ))\/4πεΔ(τ) 

This relation enables one to determine c (or equivalently, the diffusion 
constant) experimentally. 

To put the preceding analysis into a more applied framework, let us 
consider the peak broadening in pore gradient electrophoresis (5, 6, 9). 
For this problem, let D and D 0 represent the diffusion coefficient in the 
gel and in the absence of a gel, and M and M 0 the respective mobilities. 
For many gels these variables experimentally satisfy Equation 5: 

D/D0 = M/Mo = exp ( - x/L) (15) 

for a linear gel gradient, where χ is distance and L is an experimentally 
measured parameter. Let V be the voltage gradient. Then the dimen-
sionless parameters τ and c that characterize the Fick equation are 

τ = MoVt/L, ε = D0/(M0VL) (16) 

In addition we w i l l let ζ = x / L be a dimensionless distance. The trans
port equation for this system is 

S - - Ï K ) - S < « ) <"> 
A n exact solution to this equation subject to an initial pulse of amount Co 
can be found (9), and the following expression can be found from it : 

c(x, τ) 1 
Co Ζ/τ(2χε) 1 / 2 

χ « ρ [ ί ( ν Γ Τ Τ . + ! - ^ - ' ) ] 
(18) 

in which λ = ( ζ/τ ) exp ( ζ/2 ). Although this expression is very close to 
being exact, it is difficult to work with. Since c is small, we can use the 
theory developed in earlier paragraphs. The functions required are easily 
found to be 

ξ = ez - 1 - τ 

H (y) = ln ( l + y) (19) 

Δ (τ) = τ(1 + τ /2 ) 
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19. WEISS AND DISHON Chemical Separation Equations 211 

A comparison of the results of the exact calculation and the approximate 
one is shown in Figure 1 for the values c = 5 Χ 10~3, τ = 5. The error is 
fairly small, and the relative error is generally less than 5%. There is no 
great advantage to using the perturbation theory for the example just 
discussed because an exact solution is available. However, a gel for 
which the diffusion coefficients and mobilities are 

D/DQ = exp ( - <xx/L), M/M0 = exp ( - x/L) (20) 

for example, requires an approximate theory because an exact one is not 
available. 

6 r € = .005 
exact L0(Z,5) 
approximate L0 o(Z, 5) / / 

Figure 1. A comparison of the exact and approximate concentra
tion profiles (θ Ξ C/C0) (Equations 13 and 18) for pore gradient 

electrophoresis, for ε = 5 Χ ΙΟ3, τ = 5 

Extensive application of the theory has been made in treating pres
sure effects on velocity centrifugation. If ω denotes angular speed, sp 

the sedimentation coefficient at pressure p, ra the radius of the meniscus, 
χ = ( r / r a ) 2 , the usual representation of pressure effects leads to the 
relation (10), 

sp/so = 1 + mix — 1) (21) 

where m is a parameter to be determined experimentally, that contains 
the solvent compressibility. The parameters c and τ for this model are 
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ε = 2D/(sQ(ù2ra
2), τ = 2u2s0t (22) 

and the Lamm equation is 

£--lK*S)-£wl+~-w)el (23) 

This equation is to be solved subject to the initial condition 

c(z, 0) = CoH0(x - 1) where J ^ j I J (24) 

The approximate solution for the concentration for the model of Equation 
23is (11), 

c(x, τ) 
Co 

in which 

= ρ - ( 1 + τ η ) τ J 1 +m γ / ξ \ ( 2 5 ) 

\1 + m - mx + mxe-«+m)y Ψ \\/2εΔ(τ)) 

t 1 ι x 

ξ = -,—j In -—. τ 
1 + m 1 + m — mx 

φ (χ) = ( 2 χ ) - 1 / 2 jX exp ( - u2/2)dn (26) 

Δ ( τ ) = ( i + my \} ~ e~a+mU + 3m^ + m^ 
+ 3 ™ 2 ( β ( 1 + ™ ) τ - 1) + ~ ( e 2(i+m)r _ ! ) J 

The relative error in using Equation 25 is less than 0.005 over most of the 
concentration profile (11) for parameters that are characteristic of sev
eral polymer systems (12) while the error in the concentration gradient 
is generally less than 0.02 for these same parameters. 

A n iterative method for developing higher order approximations to 
the solution to Equation 1 can be devised by using some of the ideas of 
singular perturbation theory (15). To display the systematics of the 
procedure let us rewrite Equation 7 as 

S -sA(?+τ) Ρ++ τ ) S+ε0(ξ+τ) ψ (27) 

in which 

Α (ω) = F(u)/G2(u) 
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B(u) = F'(w)/G 2(u) - 2F(u)G'{u)/G\u) (28) 
C(u) = ZF(u)G'{u)/G\u) - ^ ( Μ ) 6 " ( Μ ) / ( ? 3 ( Μ ) - F'{u)G'{u)/G\u) 

where the prime denotes differentiation with respect to u. In Equation 27 
we now define a new space variable p = and introduce an expan
sion for ψ in powers of y/7 

ψ = ψ, + βίΛψχ + εψ2 + ε3«ψ3 + . . . (29) 

in which we wi l l assume that ψη(ρ,0) = 0 for η ^ 0—that is, the initial 
value for </<o is the same as that for ψ. When we make the indicated sub
stitutions and collect the terms, multiplving successive powers of e1/2, we 
find: 

+ β(τ)φ. + ρΑ'(τ) ^ + Β(τ) ^ 

and so forth. 

The successive equations in Equation 30 can be represented in the 
general form 

ψ - Α ( τ ) V ? - C(i>, τ) (31) 

where the function Un(p,r) is calculated in terms of ψ0, ψι, . . . , ψη-ι> 
and can be considered known at any stage of the calculation. Equation 
31 can be solved by means of a Fourier transformation, the final result 
being 

/->"' τ ' ) χ 

^{ - îra^wu}* ' ( 3 2 ) 
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For an initial pulse distribution we have, from Equation 12 the result 

Φο(ριτ) = 1 m ( Ρ2 \ m x 

If we insert this into the equation for that appears in Equation 3 0 , we 
find, after some lengthy calculation, that 

^ = ( " 4"4) {(16*)'W) JTA#M[AW " 
+ ( 6 4 X ) ^ 2 A 7 / 2 ( T ) SO Α'^^ΆΤ' ~ (16χ)ΐ/2Α3/2( Τ) X 

Χ £[Α'(τ') + BW)W (34) 

showing no correction at the peak maximum, but there is some shift in 
the tails of the concentration profile. Detailed calculations can also be 
made for the initial condition c(xjO) = H(x — 1) where H(u) = 0 , 
u < 0, H(u) = 1, u > 0. This case is appropriate to the problem of 
ultracentrifugation and leads to a result different from that given in 
Equation 34 . Further details of this correction procedure w i l l be given 
in a forthcoming publication, but for most applications at the present 
stage of separation technology the simple approximation given by ψ0 

should suffice for whatever information is required. 
It would be of considerable interest to extend the technique just pre

sented to problems involving nonlinear equations because there are many 
situations in ultracentrifugation where nonideality is a dominant feature. 
Furthermore, it is known (4, 14) that even for two-component systems 
with nonideality the theory for estimating the sedimentation constant 
based on a diffusion-free (c = 0 ) approximation can lead to systematic 
error. Therefore, the development of an approximate procedure for 
nonlinear equations would be useful for further progress in analytical 
separation methods. 
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A New Way of Determining Molecular 
Weight Distribution, Including Low 
Molecular Weight, from Equilibrium 
Sedimentation 

M A T A T I A H U G E H A T I A and D. R. W I F F 

Air Force Materials Laboratory, Wright-Patterson Air Force Base, Ohio 45433 
University of Dayton Research Institute, Dayton, Ohio 45424 

Formulas leading to determination of molecular weight dis
tribution (MWD) from equilibrium sedimentation have been 
subjected to mathematical analysis. It has been shown that 
these formulas are a particular case of the Fredholm integral 
equation of the first kind, which is an improperly posed 
problem in the Hadamard sense. To cope with this problem 
the Tikhonov method of regularization has been imple
mented, and new computation-oriented equations have been 
derived. Mathematical analysis shows that very precise re
sults can be obtained in case of a narrow molecular weight 
range. Therefore, the method suggested can be successfully 
used to determine MWD of a low molecular weight polymer. 
For a wide MWD or if the distribution is multimodal and 
very assymmetrical, this method becomes more cumbersome. 

TiJ"olecular weight determination of a monodisperse macromolecular 
system from equilibrium sedimentation was devised by Svedberg 

and Fahraeus in 1925 ( I ) . They applied the following formula 

2RT d\nc ( ) 

(1 - 7ρ)ω2 dr* { l ) 

Here M is molecular weight, R is the gas constant, Τ is the absolute tem
perature in degrees Kelvin, V is the partial specific volume of the solute, 
ρ is the density of solution, ω is the angular velocity, r is the distance from 
the center of rotation, and c is the concentration measured at r. Under 

216 
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20. G E H A T i A AND w i F F Equilibrium Sedimentation 217 

ideal conditions Equation 1 can be easily integrated. The integral form 
w i l l be presented in the following by adopting the Fujita formalism which 
won a wide acceptance (2) 

c_ X J f 
Co 1 - e - λ " e w 

where c 0 is the initial concentration, λ = (1 — Vp)«>2(rh
2 — r&

2)/2RT, 
£ = (fb2 — r2)/(rh

2 — r a
2 ) , r a and r b are the values of r at meniscus and 

bottom, respectively. 
Almost simultaneously with the first attempt to determine molecular 

weight from equilibrium sedimentation, Rinde tried to widen this method 
to include determination of the molecular weight distribution ( M W D ) 
of a polydisperse system (3). Unfortunately, this attempt proved to be 
more complicated and did not result in establishment of a reliable routine. 
Since the appearance of Rinde's dissertation in 1928, many investigators 
have tried to determine M W D . Most of these efforts, however, d id not 
provide a successful comprehensive technique (4-16). This objective 
has been accomplished only in a few cases under very limited conditions, 
such as in case of a Gaussian or near Gaussian M W D , in which only 
characterizing parameters had to be determined. Scholte (17, 18) deter
mined M W D by performing an experimental procedure based on several 
equilibrium experiments. 

If it is assumed that the lack of success in developing a comprehensive 
method leading to M W D determination (a single experiment at a single 
rotor velocity) stems from mathematical difficulties, the expressions re
lating M W D to concentrations or concentration gradients must be more 
closely analyzed. There are methods other than the classical equilibrium 
sedimentation which can be used to obtain a molecular weight distribu
tion. Two such methods are "equilibrium density gradient" and "sedi
mentation velocity." The former method has been developed for aqueous 
solutions where the density gradient is achieved primarily by use of 
cesium chloride. In the study of synthetic polymers, which dissolve only 
in a limited number of organic solvents, the experimental conditions re
quired by this method have not been sufficiently developed for all cases. 
The latter method, that of sedimentation velocity, could be applied to 
fractionated synthetic polymers for molecular weight determination. How
ever, the determination of M W D by applying this method may be com
plicated by various factors. For example, if the molecular weight is not 
high enough (M > 100,000), the correction for diffusion becomes cum
bersome. The M W D of spherical molecules large enough to neglect 
diffusion was investigated by Gralen and Lagermalm (19). Methods to 
correct the resulting curves by introducing the contribution of diffusion 
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Figure 1. MWD calculated from Equation 10. The solid 
line represents the originally assumed distribution f(M), 
and the dashed line represents the curve / ( M ) resulting 

from the inverse operation. 

are discussed by Hengstenberg (20). According to this analysis such 
corrections may be complicated. However, when the material under i n 
vestigation is of sufficiently high molecular weight, the influence of diffu
sion can be neglected, and the distribution of the sedimentation constant 
of the unfractionated material may be directly obtained (21). In any 
case, to infer M W D from velocity sedimentation experiments, auxiliary 
measurements must be made to correlate the molecular weight of each 
fraction with its appropriate sedimentation constant. Since each method 
has its own limitations, this paper deals only with the technique of ob
taining a M W D from an equilibrium sedimentation experiment performed 
at a single angular velocity. 
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The Mathematical Analysis of Formulas Relating MWD to 
Concentrations or Concentration Gradients 

M W D can be expressed by several equivalent formulas derived from 
the theory of equilibrium sedimentation at ideal conditions. In the fol
lowing the well-known Fujita formalism (see Equation 2) w i l l be used. 
This expression related the density of M W D , f ( M ) , to concentrations or 
concentration gradients, respectively: 

- ^ - H , ( J W " 
The left sides of Equations 3 and 4 depending only on ξ w i l l be de
noted as u(£) . The expressions in brackets under the integral sign which 
are known for every ξ and M w i l l be called kernels and denoted as K(£, 
Λί). In this way Equations 3 and 4 reduce to a single formula: 

oo M m a x 

ιι(ξ) = fQ Κ(ξ, M)î(M)dM = f Κ(ξ, M)i(M)dM (5) 

0.6 η 

η (s- η / 4 1 . 5 ; n-1 , 2, ---,41) 

Figure 2. Unimodal MWD using regularization without linear pro
gramming. The solid line is the originally assumed distribution, and the 

crosses are the computed distribution values. 
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12η 

Figure 3. Symmetrical bimodal MWD using regularization with linear pro
gramming. The solid line represents the initial distribution, and the circles 

represent the computed distribution. 

which is the well-known Fredholm integral equation of the first kind. 
The upper integration limit ( oo ) has been replaced by M m a x since mathe
matically it becomes important later, and beyond M m a x f ( M ) = 0 . 

Since K(£, M ) is always known, only two types of different compu
tations may result from Equation 5: computation of u(£) if f ( M ) is 
known, defined as the "straight operation," and computation of f ( M ) if 
u(£) is known, defined as the "inverse operation." While the straight 
operation is a simple integration always leading to reliable results, the 
inverse operation is a more complicated procedure, and its results are 
less reliable. It has been shown that the inverse operator of Equation 5 
is unstable. A small change in u(£) may cause a very large change and 
sometimes even uncontrollable oscillations of f ( M ) (22). Hadamard 
defined this type of mathematical operation an "improperly posed prob
lem" ( IPP) and excluded it from mathematical applications (23). U n 
fortunately, Equations 3 and 4 are mathematically I P F s , and therefore, 
their direct application did not result in a comprehensive and reliable 
method \o determine M W D . 

To demonstrate the instability of Equations 3 and 4, a symmetrical 
unimodal distribution f ( M ) was arbitrarily assumed, and the correspond
ing u(£) = c/co was determined by applying a straight operation on 
Equation 3. This newly obtained u(£) function was now used as an 
input to evaluate back f ( M ) , by applying an inverse operation on the 
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same Equation 3. The parameter λ was taken from a real experiment 
conducted in the laboratory. The inverse operation was accomplished 
with the aid of variational calculus which minimizes the following func
tional: 

1 M m a x 

N[f(M), u « ) ] =f0[f0 Κ(ξ, M)W)dM - ιι(ξ)]\ίξ (6) 

By applying the Euler equation, this expression becomes: 
^ m a x 

b(M) = fQ F ( M , x)f(x)dx (7) 
where 

ι 

F ( M , x) = fQ Κ(ξ, Μ)Κ(ξ, *)<ίξ (7a) 
and 

ι 

b(M) = fQ Κ(ξ, Μ)η(ξ)<2ξ (7b) 
Here x and M denote molecular weight, χ denotes a molecular weight 
variable within a single equation, while M is a fixed molecular weight for 
this equation. By making M, x, and f ( M ) discrete, and by introducing 
a constant interval h = xt — Xi.x = AM, Equation 7 becomes: 

ι 

b(M y ) = Σ <*F(Mj, *.-)f<A (8) 

Here the σ/s are the Simpson integration coefficients. Equation 8 repre
sents a set of linear equations: 

b = (9) 

Here b = (b(Αίχ), b ( M 2 ) , . . . b ( M 7 ) ) and f — (îl9 f2, . . . //) are vec
tors and A = is a matrix, where a}i = aiF(MjjXi)h. Thus the deter
mination of M W D reduces to computation of the vector f with the aid 
of the inverse matrix Ç = A " 1 : 

Qb = f (10) 

This procedure was applied in conjunction with the above-mentioned 
unimodal distribution. The computation resulted in a 'noisy" f ( M ) curve 
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which had no resemblance to the originally assumed f ( M ) curve (F ig 
ure 1). 

Approximate Solution of Certain IPP's 

Since many vital relationships in science and technology are IPP's, 
there was a need for obtaining a stable and reliable solution. Tikhonov 
(22, 24-39) and Phillips (40) suggested a method leading to an approxi
mate solution for this, general type of problem. They introduced a regu
larizing function, which if added to the functional expressed by Equation 
6 causes damping of oscillations induced by an unstable inverse operator. 
Functions which can be computed this way are called regularizable func
tions. Since f ( M ) expressed by Equations 3 and 4 proved to be a 
regularizable function at least in the most typical cases, the Tikhonov-
Phillips method was applied to transform these theory-oriented equations 
(see Equations 3 and 4) into new computation-oriented expressions. This 
task can be accomplished by substituting a new functional for the func
tional given in Equation 6. 

M°[f(M); u « ) ] = N[f(M); u(Ç)] + α Ω [{(M)] (11) 

Figure 4. Asymmetrical bimodal M W D using regularization with linear pro
gramming. The solid line represents the initial distribution, and the circles 

represent the computed distribution. 
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Figure 5. Symmetrical trimodal MWD using regularization with linear pro
gramming. The solid line represents the initial distribution, and the circles 

(dashed curve) represent computed distribution. 

where 

« Ω . / ; - | Σ « . ( ^ ) ' | ^ (.2) 

an
ys are adjustable numerical parameters. The expression defined by 

Equation 12 is the regularizing function. 
Equation 11 can be transformed by applying variational calculus 

analogously to the transformation of Equation 6. This procedure results 
in the following expression: 

b(My) = £ > F ( M y , Xi)Uh - Rj (13) 
2=1 

where 

Ν 2 N + 1 

« i = Σ (-1)"+1«· Σ ( - D* - 1 (k - ι ) ^ " W ^ i ( i 4 ) 
n=l fc=l \ ' 
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The following boundary conditions were applied: for i < 1, 

(15a) 

and for i > I, 

îl+i — ίΐ—i+l (15b) 

First, one of the terms composing the sum given in Equation 14 
was chosen, and then the numerical values of the corresponding an param
eters were arbitrarily assumed. Under such conditions a set of linear 
equations defined by Equation 13 leads to determination of a correspond
ing vector f { α ι,α 2,... α η}== f {«„}. This in turn leads to the determination 
of the corresponding û { a n } ( £ ) by implementing Equation 3 or 4. In gen
eral the function u{ttn} determined in this way is different from the 
function u ( f ) provided by the experiment. Such a difference can be 
expressed by the following norm: 

By applying a high-speed digital computer, a search for different sets 

closest approximation of the "true" distribution f ( M ) . 
The method of regularization gave excellent results in the case of a 

unimodal distribution (41). A symmetrical arbitrarily assumed distribu
tion, which previously had led to a "noisy" curve if no regularization was 
applied, gave very good agreement if determined by implementing Equa
tion 13 (see Figure 2) . In the case of a bimodal asymmetrical distribution, 
the use of regularization proved not to be adequate and this method 
had to be incorporated into linear programming. 

Regularization and Linear Programming 

Even though regularization smooths the "high frequency" noise, a 
certain amount of "low frequency" noise still exists in the f{<*„}. This is 
especially noticeable when the true distribution f ( M ) has more structure 
and/or a narrow peak somewhere in the distribution. In these cases 
negative values of i{an} w i l l exist, and such a region is commonly referred 
to as an "overshoot." From purely physical reasoning the negative por
tion of £{ a n } is meaningless.^ A technique which would automatically 
admit only positive values for f would be helpful. One such technique 

ι 
(16) 
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Table I. Parameters Characterizing the Conducted Experiments 

Concen
tration, 

grams of 
polymer/ Relative 

100 grams of % Concen-
Sample Solution tration 

A 
Β 
C 
Ρ 

0.496 
0.434 
0.528 
0.449 

56.9 
34.1 

9.0 

Rotor Speed, rpm Equil Sedimentation 

Velocity 
Sed 

40,000 
40,000 
40,000 

Equil 
Sed 

16,000 
10,000 
4,800 

10,000 

Starting 
Velocity, 

rpm 

16,000 
10,000 
5,000 

10,000 

Duration, 
hr 

48 
74 
72 

104 
α Sum of concentrations = 100.0. 

is linear programming. Scholte ( 17, 18) has applied linear programming 
in his method, but when we tried to apply the same for low molecular 
weights (0 ^ M ^ 150,000) erratic fluctuations resulted for M < 10,000. 
If, however, linear programming is incorporated into the regularization 
scheme discussed in the previous section, the erratic fluctuations at low 
molecular weights no longer exist (42). The regularization part ensures 
an analytical molecular weight distribution, and the linear programming 
eliminates the negative values of the distribution and simultaneously 
contributes further smoothening. For specific details regarding linear pro
gramming the reader is referred to the books by Cass (43) or Hadley 
(44). A n excellent review article by Rabinowitz (45) may also be of 
considerable help. 

In the present case two algorithms for the best linear approximation 
on a discrete set were considered, one dealing with the L x norm and the 
other with the L x norm (or Chebyshev approximation). The L i norm 
approximation consistently gave better results in comparison with the 
assumed initial molecular weight distributions. Therefore, the applica
tion of the L x approximation was stopped, and all that follows relates 
to the L i approximation. In matrix notation Equation 13 may be ex
pressed as: 

Q«f« = b (17) 

Here the superscript a is retained to emphasize that for each value of the 
parameter a there exists a corresponding set of equations. If one admits 
that error exists in b ( M ) (see Equation 7a) when using the experimental 
values u (&) , then 

Q*f« = b + s (18) 

where c denotes both positive and negative error. Letting 
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(19) 

where δ* ^ 0 and βι ̂  0, the linear programming formulation with the L i 
approximation and regularization follows. 

The objective function which is to be minimized is 

q H q 12 · 
qa2iqa22 · 

Jfji <laJ2 

Σ f; 
i W + 1 

qau 1 - 1 0 0 
qa

2J 0 0 1 - 1 

qajj0 0 0 0 

(20) 

0 0" 
0 0 

1 - 1 

"fi* 
Î2a 

f°j 
faJ+i 

(20a) 

3J J 
subject to the constraints 
where ij* 0 and / = 1, 2, . . . , 3/. The quantities if for / + 1 ̂  / < 3/ 
are called "slack variables" and correspond to the 8's and /?'s in Equation 
19. For each value of the parameter a, there w i l l correspond a set {f/*}. 
The "best fit" criterion used was inf{min||ûl — u*|| {<*„})> where ||ûi — 
ui||{a»} n a s been defined by Equation 16. In this case excellent results 
were obtained for a unimodal and a symmetrical bimodal M W D (see 
Figure 3). Good results were obtained when an asymmetrical bimodal 
and a trimodal distribution were mathematically assumed as the initial 
distributions (Figures 4 and 5). 

U p to this point we have considered only those evaluations where 
the following procedure was invoked. ( 1 ) A n initial mathematical func
tional form distribution f ( M ) was assumed. (2) Analogous experimental 
data u(£) were numerically computed. (3) A distribution f ( M ) was in 
ferred using Equations 20 and 21. (4) Finally, the computed u(£) and 
the observed u(£) were compared. In what follows a true experimental 
justification of the validity of this technique is discussed. 

Verification of the Newly Developed Method 

To substantiate the credibility of the newly developed method, a 
polydisperse system with f ( M ) known in advance was subjected to an 
equilibrium sedimentation experiment. Then the new computation-ori-
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ented equations were implemented to infer f ( M ) from the experimental 
data. Finally, this resulting f ( M ) was compared with the a priori f ( M ) . 

To perform this verification three narrow fractions of linear poly
styrene denoted as A , B, and C were investigated to determine their 
molecular weights. This task was accomplished by applying velocity as 
well as equilibrium sedimentation. In addition, these three individual 
fractions were combined according to a known weight ratio into a new 
polydisperse sample denoted as P. Sample Ρ was also subjected to equi
librium sedimentation. A l l samples were investigated in cyclohexane at 
35°C (near the Θ temperature); see Table I. 

Table II. Tabulation of Parameters Determined 

Method 
Velocity Sedimentation Equilibrium Sedimentation Viscosity 

Sample 

S 

Sed. 
D X 10\ 
cm2/sec 

Mol 
Wt 

M 
"mono-

dis-
perse" a Md 

A 
Β 
C 

1.33 
2.73 
4.97 

17.50 
5.50 
3.16 

6,300 
41,100 

130,700 

5,600 
36,700 

146,500 

5,700 
38,000 

148,000 

e 
42,400 

156,100 

5,270 
29,100 

114,200 
a B y Equation 22. 
6 By the new method for individual samples. 
c By the new method from the Ρ curve. 
d Estimated by the Mellon Institute. 
« Molecular weight intervals (about 5200) were too large for obtaining reliable results. 

Sedimentation velocity experiments were performed using a 12-mm 
Kel -F double-sector capillary synthetic boundary cell. Each equilibrium 
experiment was performed with aid of two separate 12-mm, 4° single-
sector aluminum cells, one containing solvent and the other solution. In 
all cases the schlieren angle was 65°. 

Processing Velocity Sedimentation Data 

The sedimentation constant s has been determined by applying the 
moving boundary method (46) 

log ( r m a x ) = constant λ + 0.4343ω2θ^χΡ (22) 

Here r m a x is the radial distance to the moving boundary and teXY> is an 
experimental time relative to some time t0. The diffusion constant D was 
determined from knowledge of the highest (dc/dr) coordinate measured 
at different times and by applying the following relationship: 
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(23) 

where β = Λ ο 2 and α = (1 — em)/2fit. Since 

α = 1 + β* + 2/3β2*2 + . . . « Φ% (24) 

one can derive the following approximate expression: 

H2 » c^e-^/^Dt (25) 

Therefore, 

and 

4xZ>* + . . . (26) 

ώ + ··· ( 2 7 ) 

where 

1 -5&t 

' = 7* 

There is no way to measure the "absolute" time appearing in Equa
tions 26 and 27. The most feasible way to circumvent this problem is to 
introduce an elapsed time t0 and an experimental time t*, i.e., 

t = tQ + <* (28) 

By plotting (c0/H)2 vs. t* and extrapolating (c0/H)2 to zero, one can 
obtain an approximate value of t0 which makes the time correction pos
sible. In addition, since the diffusion constant, D, determined from Equa
tion 26 is not always reliable, the connected time can be substituted into 
Equation 27 resulting in a better determination of D from a plot of 
(H/c0)2 vs. Θ. 

Finally the molecular weight can be determined from the well-known 
Svedberg equation ( I ) 

(29) 
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σ £« 5 χ 10 
M « 5,700 

15-

60 
-3 

-rf^ûOO 
80 0 20 40 

Molecular Weight χ ΚΓ 

Figure 6. MWD for sample A with Δ Μ = 2381 and ff(M)dM = 0.569 

Processing Equilibrium Sedimentation Data 

For a monodisperse fraction one can derive from Equation 4 the 
following formula 

log constant + 0.4343 λΜξ (30) 

which leads to the determination of molecular weight or an average 
molecular weight in case of a polydisperse system. In addition, experi
mental results for fractions A , B, and C were also analyzed by the newly 
suggested method. Thus the molecular weight distribution of each frac-
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tion has been individually determined, and from these distributions the 
weight averages, < M W > , were mathematically evaluated. Finally, these 
distributions were superimposed so as to compare the resulting distribu
tion with the known f ( M ) function. 

The equilibrium sedimentation experiment of sample Ρ was analyzed 
only by applying the computation-oriented expressions. The resulting 
f ( M ) was compared with the previously obtained f ( M ) . From the curve 
of f ( M ) the average < M W > values were computed and compared with 
the < M W > values computed in the same way from individual distribu
tion curves of fractions A , B, and C. These < M W > values were also 
compared with M values obtained in a conventional way from equilibrium 
sedimentation by applying Equation 2, and with M values determined 
from velocity sedimentation experiment, Equation 30 (see Table II ) . 
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Results 

In all calculations the buoyancy factor (1 — Vp) at 35°C was taken 
as 0.31. The computation-oriented expression Equation 13 was applied 
in order to obtain the results shown in Figures 6-9 for sample A , with 
0 ^ M < 100,000 and a2 = 6 χ 10 1 7 (Figure 6) ; sample B, with 15,000 
^ M ^ 100,000 and « 2 = 2 χ 10 1 6 (Figure 7) ; sample C, with 100,000 
^ M ^ 180,000 and « 2 = 2 χ 10 1 6 (Figure 8) ; and sample P, with 
0 ^ M ^ 180,000 and <*2 = 1.5 χ 10 1 6 (Figure 9). The integrals 
J{(M)dM of individual samples A , B, and C were adjusted so as to 
correspond with the relative concentrations, characterizing the composi
tion of the polydisperse sample Ρ (see Table I ) . It is obvious that for 

sample Ρ j {(M)dM = 1. The weight-average molecular weight was 

computed by <MW> = f Mf(M)dM f î(M)dM. In all cases a 41-

Molecular Weight χ l(f3 

Figure 8. MWD for sample C with Δ Μ = 1910 and J f(M)dM = 
0.090 
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Molecular Weight χ ΙΟ" 3 

Figure 9. MWD for sample Ρ with Δ Μ = 5120 and ff(M)dM = 
1.000. The solid thin line is the distribution of sample A, the dashed 

line represents sample B, and the dotted line represents sample C. 

point mesh was applied. It limited the precision of the resulting function 
f ( M ) which was computed in steps corresponding to the intervals AM 
equal to 2381, 2024, 1910, and 5120, respectively. The parameters deter
mined in all the calculations are tabulated in Table II. 

Conclusion 

In general, the results obtained by the different methods discussed 
above are in good agrrement thereby proving the applicability of the 
proposed computation-oriented equation for M W D determination. The 
precision of the results obtained by this method depends, however, on 
the molecular weight range, M m a x — M m i n , where M m i n ^ M ^ M m a x . 
Every discrete step in determining the corresponding f ( M ) value depends 
upon the interval 

AM = ( M m a x - Mmin)/N (31) 

where Ν is the order of the matrix (or mesh) applied. 
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If molecular weight range is very wide, one is forced by the size of 
the matrices, i.e., the allowable digital computer storage available, to 
settle for less resolution by having a larger molecular weight interval. On 
the other hand, the narrower the range the smaller is the interval AM and 
the better the computation precision. One obvious advantage to this 
method is that it seems especially precise for low molecular weights 
where the range is M m a x ^ M ^ 0 = M m i n , and M m a x is not a large number. 

Another limitation of this method is that it tends to present the most 
compact distribution. That is, the structure of a multimodal curve is 
suppressed unless one is willing to invest the time to tediously parametrize 
for a better "fit" to the experimental data. The eventual limiting factor 
wi l l be the experimental error itself. 
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North Chicago Ill. 60064 

Since 1928 it has been realized that molecular weight dis
tributions (MWD's) of polymeric solutes could be obtained 
from sedimentation equilibrium experiments. Two currently 
used methods developed by Donnelly and by Scholte to 
obtain MWD's require ideal, dilute solutions and the use of 
ultracentrifuge cells with sector-shaped centerpieces. These 
restrictions are removed in this paper. Equations analogous 
to those of Donnelly and Scholte are presented for non-
sector-shaped centerpieces. A method of correcting for 
nonideal behavior is also presented along with a method of 
application of this nonideal correction to the measurement 
of MWD's by Donnelly's or by Scholte's methods, using 
centerpieces of any shape. 

T n 1924 Svedberg and Rinde (J ) published the first paper on the ultra-
centrifuge. Four years later Rinde (2) advocated the idea of obtaining 

a molecular weight distribution ( M W D ) from sedimentation equilibrium 
experiments. He tried to obtain the distribution of radii from colloidal 
gold sols. Subsequent methods proposed for obtaining M W D ' s from 
sedimentation equilibrium experiments were largely based on Rindes 
(2) pioneering work. There have been a number of attempts to obtain 
M W D ' s from sedimentation equilibrium experiments, using the concen
tration (c) or concentration gradient (dc /dr ) distribution at sedimenta
tion equilibrium. In some cases (3-^5) specific models of the M W D , such 
as the most probable distribution, were used. Wales and his associates 

235 
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(6-9) attempted to avoid specific models for the M W D ; they also tried 
to include nonideal behavior. These methods, as well as a recent one by 
Sundelof (JO) based on the Fourier convolution theorem, depended on 
data (c or dc/dr vs. r) obtained from one sedimentation equilibrium 
experiment; sometimes the experimental error caused negative weight 
fractions to be obtained for some of the polymeric components. 

This then was the state of the art until two separate and elegant 
breakthroughs, the first by Donnelly ( J J , 12) and the second by Scholte 
(13, 14) showed new ways to solve the problem. Donnelly pointed out 
that the concentration distribution of the polymeric solutes at sedimen
tation equilibrium was in the form of a Laplace transform. He showed 
methods for obtaining analytical expressions for the Laplace transform. 
Once these expressions were available, one could obtain the M W D from 
the inverse of the Laplace transform. While this method is theoretically 
rigorous, it appears to be applicable only to unimodal distributions. Don
nelly's (11, 12) method requires only one sedimentation equilibrium 
experiment. Refinements to the Laplace transform method and also to 
the Fourier convolution theorem method have been reported by Pro-
vencher and Gobush (15, 16). Scholte's (13, 14) method uses sedimen
tation equilibrium experiments at different speeds on the same solution 
to.obtain M W D ' s . He showed that his method could be applied to b i 
modal and trimodal distributions. Both Donnelly's ( J J , 12) and Scholte's 
(13, 14) methods were restricted to ideal Θ solutions and to ultracentri-
fuge cells with sector-shaped centerpieces. We show here how both of 
these restrictions can be removed. The ideal case is developed first, 
followed by a method for obtaining M W D ' s under nonideal conditions 
from sedimentation equilibrium experiments using cells with sector- or 
non-sector-shaped centerpieces. 

Ideal Solutions 

Basic Sedimentation Equilibrium Equation. Sedimentation equilib
rium experiments are performed at constant temperature. The condition 
for sedimentation equilibrium is that the total molar potential, IH, for all 
components i be constant everywhere in the solution column of the ultra-
centrifuge cell. Mathematically this can be expressed as 

M i = M i + Φ ι = M i 2 — = c o n s t a n t ( ! ) 

2 x R P M . . ω = — — — = angular velocity 

Here m is the molar chemical potential of component i, Φι = — M i W
2 r 2 / 2 
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its molar centrifugal potential, the molecular weight of component i, 
and r the distance (from the center of rotation) in the solution column 
of the ultracentrifuge cell. The quantity r is restricted to values between 
and including r m , the air-solution meniscus radial position, and r b , the 
radial position of the cell bottom. For simplicity we shall assume that 
the solution is incompressible. It is not necessary to make this assump
tion, but the treatment is easier to follow if we do so. Excellent treatment 
of compressible solutions wi l l be found in the monograph by Fujita (17) 
or the review by Casassa and Eisenberg (18). At constant temperature 
and for incompressible systems, one notes that the following relations 
apply for a solution containing q polymeric solutes. 

Hi = / ( C i , c 2 , · . cq, P, T) (2) 

(θμί/θΡ) τ , c = M-Vi (3) 

The chemical potential of component i can be expressed as 

μ; = μ\ + RT In y id (4) 

Here Ci is the concentration of component i in grams per liter, and t/* is 
the activity coefficient of component i on this concentration scale. The 
quantity m° is the standard state chemical potential of component i and 
is a function of temperature only. The standard state of solute compo
nent i is chosen so that In t/t —> 1 as c{ —> 0. In Equation 4, R is the uni
versal gas constant, 8.314 Χ 107 ergs/(deg mole), and Τ is the absolute 
temperature. The quantity In y4 is a function of the concentration of all q 
solutes; thus 

In y{ = f(ch c2, · . ., cq) (5) 

We wi l l denote the solvent by the subscript 0. Usually In y* is expressed 
as a Maclaurin series in which only the first term is retained—i.e., 

In V i = Σ ( ^ ^ " ) V c ^ y C y + . . . = M£BijCj + . . . (6) 

Here (d In yi/dcj)°T}Ck^jis the value of the derivative at infinite dilution 
of the solutes. For ideal solutions In yi is taken to be zero at all concen
trations. In this case Equation 1 can be expressed as 
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but 

άμ \dP 

and 

dP = w
2 pd(r 2 ) /2 

so that 

MjQ. - t>,-P)<a*d(r») 
2 (7) 

or 

~djf) ~ ~' 2Rf = A Mi (7a) 

This then is our basic, working equation in sedimentation equilibrium 
experiments. To obtain the weight-average molecular weight, M w , it is 
necessary to assume that the specific refractive index increments, of 
the polymeric solutes are equal, i.e., Φί = Ψ,· = Ψ; it is also necessary to 
assume that the partial specific volumes, vh of the polymeric solutes are 
equal. The most common optical systems available on modern ultra-
centrifuges are the Rayleigh and the schlieren optical systems, which 
give information proportional to the refractive index difference, η — n 0 , 
between the solution and the solvent ( Rayleigh optics ) or to the deriva
tive d(n — n0)/dr (schlieren optics) at each radial position r. Some 
ultracentrifuges are also equipped with an absorption optical system 
which measure ultraviolet absorption at 248, 254, and 265 nm. This was 
one of the earliest optical systems used on the ultracentrifuge (19); it is 
used extensively for studies on viruses or nucleic acids. Here the optical 
density or absorbance is proportional to concentration. A photoelectric 
scanner has been developed for the absorption optical system (20-22), 
and with the use of a monochromator one can do studies in the wave
length range of 220-560 nm. For refractometric optics ( Rayleigh and/or 
schlieren optics) one notes that 

When the refractive index increments, Ψί9 of the solutes are equal, then 
Equation 8 can be written as 

η — n0 = Σ (ni — η ο) = Σ (8) 

η — η0 = Ψο (8a) 

The Rayleigh interference fringes result because of a difference in optical 
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path between solution and solvent. The number of fringes, which is the 
number of wavelengths difference in the optical path between solution 
and solvent, is denoted by / and is defined by 

J = I {n - n 0) = \ψο (9) 

Here λ is the wavelength of the light being used (546 nm for the green 
line of mercury), and h is the thickness of the centerpiece ( 12 mm is most 
common ). 

Equation 7a can be rewritten as 

Ĵ = (10) 

where A = (1 — Vp)u>2/2RT. The summation of Equation 10 over all 
q solutes leads to 

^ = ΑΣ CiMi = AcMwr (11) 

Here M w r = XcirMi/cr is the weight-average molecular weight at any 
radial position r between and including rm and r & . Equation 11 only gives 
M w r if Vi = Vj = v> and Φι = Ψ, = Φ. When this condition is not met, 
then one measures a quantity called M l r (23). For this situation Equa
tion 11 becomes 

d ( n

d ^ 0 ) = ΣΑ,Ψ^Μ, (12) 

i 

The quantity M ] r is defined by 

Mlr = ΣΑ i^iCiMi/ΣΑ iCi¥i (12a) 

i i 

Here A* = (1 - ϋφ)ω2/2ΒΤ. 
To simplify matters we wi l l restrict the discussion to situations where 

Φί = ψj = ψ and Vi = Vj = v. We wi l l also write cir as c{ and cr as c; 
the initial concentrations wi l l be denoted by c0i or c0. 

Concentration and Concentration-Gradient Distributions. Equa
tion 10 can be written for convenience in dimensionless quantities using 
methods initiated by Fujita (17); thus, Equation 10 becomes 

= —AMi (13) 
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where 

Λ = (1 - vç>oW(rb
2 - rJ)/2RT (14) 

^ (1 - vç)u2(rb
2 - rJ)/2RT 

and 

ξ = (15) 

In Equation 14 it has been assumed that the density of the solution, p, is 
approximately equal to the density of solvent, p0; this approximation im
proves as the solution becomes more dilute. Note that £, defined by 
Equation 15, varies from 0 at rb to 1 at rm. When the variables in Equa
tion 13 are separated, the equation can be integrated between £ = 0 and 
£ = έ to give 

So far the equations that have been developed are independent of 
the shape of the cell. In order to make Equation 17 more useful, it is 
necessary to relate c*(£ = 0) to the initial concentration of component 
i, C(H. To do this one applies conservation of mass, which states that in a 
closed system (the solution column in the ultracentrifuge cell) the total 
amount of solute is constant at all times. Since mass equals concentration 
times volume, it is necessary to know the volume of the centerpiece, and 
this depends on the shape of the centerpiece. Two types of centerpieces 
are currently used. One is a sector-shaped centerpiece, and the other 
is a six-channel, equilibrium [or Yphantis (24)~\ centerpiece. Top views 
of both centerpieces are shown in Figure 1. In either centerpiece, one 
side is reserved for solvent and the other for solution. 

For the sector-shaped centerpiece the conservation of mass equation 
can be expressed as (for θ in radians) 

In [α(ξ)/α(ξ = 0)] = -AM£ (16) 

Conversion to the exponential form gives 

α(ξ) = α(ξ = 0) βχρ( -ΛΜ;ξ) (17) 

or 

(18a) 
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Figure 1. Top view of double-sector (left) and 
Yphantis (right) centerpieces 

3.2 
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Figure 2. Plot of the cross-sectional width f(r) vs. radial distance r 
for an Yphantis centerpiece 

Here θ is the sector angle (2.5° for a double-sector centerpiece), and h 
is the cell thickness which can vary from 12 mm (most common) to 30 
mm. Since θ and h are constants, they drop out. Note that for a sector-
shaped cell dv = 0hd(r2)/2. One can also write the conservation of mass 
equation for the total concentration; this is done by summing Equation 
18a over all q solutes. Thus 

co = Σβοί = Γοάξ (19) 
i JO 

The total concentration at the meniscus, c(£ = 1), can be evaluated from 
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Co - c(k = 1) =/\^) - c « = l)]dt (20) 

For the Yphantis cell one notes dv = hf(r)dr, where f(r) is the 
cross-sectional width. This w i l l vary with r since the holes are curved 
at each end. A typical plot of f(r) vs. r is shown in Figure 2. For com
ponent i the conservation of mass equation is 

h 

or 

f bCif(r)dr = hcoi f bf(r)dr (21) 

dx = Co; (21a) 

Here dx = f(r)dr I \h f(r)dr. The conservation of mass equation for 

the total concentration is 

C° = So 
It is obtained by summing Equation 21a over all q solutes. One can 
obtain cm> the meniscus concentration, from 

Co - Crm = (C ~ Crjdx (23) 

The conservation of mass equations are used with refractometric optics. 
The absorption optical system wi l l give absorbance (optical density) 
which is directly proportional to concentration. Unless conservation of 
mass equations are used, one can only obtain concentration differences 
from refractometric optics. The Rayleigh optical system wi l l give infor
mation proportional to cr — cfm; thus Equation 20 or 23 would have to 
be used to obtain cTm. Note also that the initial concentration c 0 is needed. 
This must be measured by differential refractometry, by boundary-form
ing experiments, or from ultraviolet light absorption. 

For sector-shaped centerpieces the substitution of Equation 17 into 
Equation 18a leads to 

^ - °> = l - ^ ' - A M , ) ( 2 4 ) 

When Equation 24 is substituted into Equation 17, the result is 

C i { ® - 1 - e x p ( - A M t ) ( 2 5 ) 
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The summation of Equation 25 over all i solute components, followed 
by division by c0, leads to 

m = ~c~o~ = i 1 - e x p ( - A M t ) ( 2 6 ) 

Here /« = Co»/co is the weight fraction of component i. Now differentiate 
Equation 26 with respect to £ to obtain 

1 dc(Ç) _ -άθ(ξ) _ . _ v A W / , - e x p ( - A M ^ ) 
~ Γ. W " ( ' ξ ) " ^ 1 - βχρ ( -ΛΜ, ) ( 2 7 j 

Equations 26 and 27 are the equations needed for obtaining M W D ' s 
when sector-shaped centerpieces are used. 

The corresponding equations for the Yphantis centerpiece are 

ctf = 0) = (28) 
idx 

C i(S) = ε°<™Ρ(-ΑΜ® (29) 
/ J [exp(-AM,·ξ)]ώ 

β(ξ) = CM. = /» βχρ ( -ΛΜ,ξ ) ^ 
C o 4 y 1 [exp(-AJIf<Ç)]dr 

_ 1_ φ ( ξ ) = _ d«(Ç) = v = £ Λ/,-Μ.-βχρί-ΛΜ,ξ) ( 3 1 ) 

C o d * d * * [βχρ( -ΛΜ <ξ)]ώ: 

Here we have used Equations 17 and 21a. 
Donnelly's Method for M W D ' s . If one assumes a continuous dis

tribution of molecular weights, then one can write Equation 26 as 

M ~ J 0 1 - e x p ( - A M ) ( 3 2 ) 

for sector-shaped centerpieces. Here the summation over all solute com
ponents (from i = 1 to q) has been replaced by an integral from 0 to oo, 
and the weight fraction of i , fi} has been replaced by f(M)dM. The 
quantity f(M) is the differential M W D , and f(M)dM is the weight frac
tion of solute having a molecular weight between M and M -f- dM. Now 
make the following substitutions. 
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t = AM (33) 

y w 1 - e x p ( - A M ) 1 - er* J 

ξ = s (33b) 

dM = dt/A (33c) 

Then one can write Equation 32 as 

Λ0(ξ) = <?(t)e~stdt (34) 

In other words, the quantity Λ0(|) is the Laplace transform of <p(t), the 
Laplace transform being denoted by L{q)(t)}. Donnelly ( I I , 12) showed 
how one could use the quantity (d In c/d(r2)) to obtain an analytical 
expression for the Laplace transform. This is now illustrated for a non-
sector-shaped centerpiece. 

When the Yphantis centerpiece is used, the analog of Equation 32 is 

Λ fo

l [exp(-AM$)]dx 

Now let 

7<0 = (36) 

jo [ β χ ρ ( - Λ Μ ξ ) ] ^ 

When Equations 33, 33b, 33c, and 36 are used, one obtains 

Λ0(ξ) =J y{t)e~stdt (36a) 

= L{y(t)} 

Here Αθ(ξ) is the Laplace transform of y{t). 
A n analytical expression for the Laplace transform can be obtained 

from values of (d In c/d^r2) ) at various radial positions. Note that 

/ l ^ f d ( r 2 ) = l n c r / c r m ( 3 7 ) 

and 

exp f ^ d(r») = cr/crm = c(Ç)/c(Ç = 1) (38) 
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However, what we need is Αθ(ξ) = Ac(£)/c0. Therefore, Equation 38 
is multiplied by 1/K = Ac (ξ = l)/c0 to give 

Λ*(ξ) = L{y(t)} = (1/K) exp J ^d(r2) (39) 
m 

Define 

,(d In c\ F(n,u) = 1 / ^ 1 (40) 

and 

If F (η, Μ ) can be expressed as a function in u, this can be converted to 
a function in s since u = 1 — £ = 1 — s. Laplace transforms are algebraic 
expressions in s, so one can use a table of Laplace transforms to obtain 
the inverse of the Laplace transform. 

Suppose that when F ( n , u) is plotted against u, a straight line is 
obtained. The equation for this straight line can be written as 

F(n, u) = Ρ — Qu (42) 

Here F is the intercept at u = 0 and Q is the slope. Note that 

du = —*β^1— 
rb

2 - rm
2 

or 

d(r2) = ( r 6
2 - rj)du = bdu (43) 

Using Equations 42 and 43 

J™ bdu _ ru bdu 
o F(n, u) ~ J o Ρ - Qu 

0 1 P (ΛΛ\ 

= π In 7s (44) ρ ρ - Qu 

b 1 P 

When Equation 44 is substituted into Equation 39, the result is 
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Λί(ξ) = L{y(t)} = i 

Here α = (P/Q) - 1 and η = fc/ρ. 

W O (P/Q ) V < ? 

[ s + α ] (45) 

J. oo - 1 „ - ( * + α ) < Λ , =
 Γ ^ η ) ai = ^ (46) 

(s + a) n 

Here Γ(η) is the gamma function of n. Thus it follows that 

L{y(t)} = Γ y(t)e-'dt (47) 

Κ V(b/Q) 

and 

Finally 

/ (Μ) = { Γ [ βχρ ( -ΛΜξ) ]ώ }γ« ) (49) 
«Ό 

For a sector-shaped centerpiece one would obtain 

/ ( M ) _ ! t-expi-AM)! ( 5 0 ) 

If F(n, u) = Ρ — Qu, then the expression for y(t) or cp(t) is given by 
Equation 48. In other words, y(t) is the same as qp(t) for the same 
choice of F ( n , u). However, to use Donnelly's (22, 12) method the total 
solute concentration, c, must be known at any radial position for the 
evaluation of d In c / c^r 2 ) , and c is obtained from the appropriate con
servation of mass equation when Rayleigh or schlieren optics are used. 

Table I gives values of y(t) or φ(ί) in the third column for the three 
types of equations that are obtained from a plot of F ( n , u) vs. u. The 
equations for F ( n , u) are listed in column 1. From these values of F(n, u) 
the Laplace transforms which are listed in column 2 are obtained. The 
appropriate expression for f(M) can be obtained from values of y(t) or 
φ(ί) by the use of Equation 49 or 50. 
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Scholte's Method. Scholte's ( 13, 14) method requires sedimentation 
equilibrium experiments at different speeds on the same solution. When 
sedimentation equilibrium has been attained at one speed, the Rayleigh 
and schlieren data are recorded, then the speed is changed. When sedi
mentation equilibrium is attained at the new speed, the Rayleigh and 
schlieren data are recorded again. This procedure is repeated at each 
speed. At lower speeds the concentration distribution of the lower mo
lecular weight solutes is relatively slight, whereas at higher speeds the 
higher molecular weight solutes are relegated to the bottom of the cell, 
and the lower molecular weight solutes are redistributed throughout the 
cell. In a way this simulates fractionation of the sample. 

E V A L U A T I O N O F T H E W E I G H T F R A C T I O N O F S O L U T E . Sector-Shaped 
Centerpieces. For sector-shaped centerpieces Scholte (13, 14) starts his 
analysis with Equation 27 which he writes as 

Ξ ) ,' = Ç f < ^ Z i - A - M ^ + »' " + 8' ( 2 ? ) 

Here 

Λ*Μ*βχρ(-Λ,·Μ,·ξ,·) 
1 - exp ( -AyAf i ) (51) 

and Sj is a term expressing experimental error. Since f { depends on M h 

and Mi is independent of any speed chosen, the subscript i is used here. 

F (n , u) 

Ρ 

Table I. M W D ' s by Donnelly's Method" 
f(s) 7 ( t ) or <p(t) 

1 

Κ 

Ρ lb/Q 

p"°" >(?-1+s)J 
b/Q l(6/Q)-l] -[(P/Q)-l]t 

t e 
KV(b/Q) 

b/Q 

1 + R(P - Qu) 
(bRP/Q) [(WQ)-l] -\(P/Q)-l]t 

e (t-bR) e 

KT(b/Q) 

a Note that (1) P, Q, and R are constants; (2) b = rb
2 - r m

2 ; (3) s = ξ = 1 - u; 
(4) δ[< - (b/P)] is the Dirac delta function of t - (b/P); (5) 1/K = Λο(ξ = l ) /c 0 ; (6) 
t = AM; and (7) Γ(6/(?) is the gamma function of b/Q. 
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The values of A and ξ do depend on the speed, so the subscript / is used 
to indicate this. Usually £ is read at intervals of one-fourth starting at 
£ = 1 (the air-solution meniscus) and going to ξ = 0 (the cell bottom). 
At higher speeds it may not be possible to obtain values of U(A, £)j (or 
V ( A , ξ),—see Equation 31) at ξ = Vi or È = 0. To use Scholte's method 
one assumes a discrete range of molecular weights (Mi) which wi l l 
bracket the molecular weight range of the sample. By experience it was 
found that the interval between molecular weights should be logarithmic, 
and that the lowest interval was about 2. Thus the choice of molecular 
weights might be M i = 2000, M 2 = 4000, M 3 = 8000, and so on until 
a molecular weight greater than the molecular weight of the largest poly
meric component is obtained. The experiments should be designed so 
that there are more values of U(A, £)y than there are choices of M { . The 
first choice of molecular weights is known as the first series. Once the 
first series has been chosen, one can use the U(A, values to write a 
set of linear equation as follows 

[7 (Λ, ξ)1 = fxKn + f2K21 + fJCn + . . . + h 

U(A, ξ ) 2 = fxK12 + f2K22 + UKZ2 + . . . + δ2 (52) 

£/(Λ, ξ) n = flKln + f2K2n + UKZn + . . . + ln 

This set of linear equations is solved for by a linear programming tech
nique. It is perfectly set up for linear programming, since ( 1 ) we have 
a set of linear equations containing no negative quantities; (2) the sum 
of all weight fractions must be 1, i.e., 2 / i = 1; (3) any fi must satisfy 

i 
the relation 0 ^ fi ^ 1; and (4) the ft values are sought for which 2|δ;·| is 
a minimum and which also satisfy condition 2. 

The set of fi obtained in the first series is not unique. One could 
choose another set of Mi and solve for fi, and this is what Scholte does. 
If the data are good, a second series in M { is obtained from the first series 
in Mi by multiplying each M 4 of the first series by 2V\ i.e., Mt(second 
series) = first series) X 2y\ The U(Λ, values are then used to 
obtain fi for the second series. A third series, in which M{(third series) 
= M i (first series) X 2 % , and a fourth series, in which Mt( fourth series) 
== Mi(first series) X 2%, of molecular weights are chosen, and the //s are 
obtained for each series from the U(A, values. Now note that 

Hfi = 1 for any one series (53) 

Σ/i = 4 for all series 
i 

(54) 
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or 

Σ / ι / 4 = 1 for all series (54a) 
i 

Thus, Equation 54a is also a solution. If one wished to plot the /; vs. Mi in 
order to display a differential M W D , the use of Equation 54a would 
give a better or smoother plot since more points are included than would 
be included in a plot based on data obtained from one series only. 

Non-Sector-Shaped Centerpieces. Although Scholte ( 13, 14) set up 
his method originally for equations applicable to sector-shaped center
pieces, this restriction can be disposed of readily. For non-sector-shaped 
centerpieces start with Equation 31 written as 

i 

Here 

A / M t - e x p ( - A y M & ) ( , 

^ fo [ e X V ( ~ A i M i ^ ] d X 

and δ; has the same meaning as before. (It is a term expressing experi
mental error. ) One can then proceed to choose the various series in M { . 
V ( A , $)J can be expressed as a set of linear equations as follows 

7 (Λ, ξ)χ = fxHxl + f2H21 + / 3 # 3 i + . . . + h 

V(A, ξ ) 2 = fxH12 + f2H22 + / 3 # 3 2 + . . . + 82 (56) 

F ( A , ξ ) η = fxHln + f2H2n + fzHZn + . . . + ln 

This set of equations can be solved for fi by linear programming methods 
since these equations meet the same criteria that were set up for the 
sector-shaped centerpiece case. Again one can obtain the fi for all four 
series once the series in M 4 have been chosen. For data that are not too 
precise, Scholte suggests using three series in Mt instead of four series. 
Here 2 1 / s is used for the second series, and 2% for the third series ( 13,14). 

H o w το O B T A I N A C O N T I N U O U S M W D . Once the f/s have been 
obtained from Equation 52 or 56, one can obtain a plot of the differential 
M W D using Scholte's procedures (13, 14) by following the steps below. 
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Σ/*· = 1 = f°>f(M)dM (57) 
i Jo 

Now 

f~f(M)dM = fo

œ Mf(M) ψ = 1 (58) 

Then use the rectangular rule (or trapezoidal rule if the values oiMf(M) 
at the extremes of the interval are zero ) to write 

y* 0 0 dM n 

0 Mf(M) ~^A(ln M) £ [MfMh = 1 (59) 

Here η is the number of intervals used in the numerical integration. If 
the interval between successive molecular weights is 2y*, then 

Δ (In M) = M In 2 = (60) 

and 

h{Mimt'ôm (61) 

Thus it follows (cf. Equation 54) that 

y / t-(all series) = 4 ( . 
< 0.693 0.693 ^ ; 

So, [ M f ( M ) ] i is given by / { /0.693, where f{ is one of the f/s in the four 
molecular weight series. One then plots Mf(M) (or / t/0.693) vs. In M . 
Figure 3, which is redrawn from Scholte's work (13, 14), shows such a 
plot of Mf(M) vs. In M for polyethylene in biphenyl at 123.2°C. A 
sector-shaped centerpiece was used in these experiments. 

Nonideal Solutions 

Estimation of the Ideal Values for d In c/d(r2) and dc/d£. For the 
nonideal case we can use Equations 1-4 and 6 to obtain the basic sedi
mentation equilibrium equation for component i. In the Fujita notation 
(17) this equation is 

-AMiCi = J + cMZBil ^ (63) 
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Here 

*«' = B» + mmk
 (64) 

In this treatment concentrations c or ct are in grams per liter, and Λ, 
defined by Equation 14, is used in place of Fujita's λ. Following the 
procedures of Albright and Williams (25) and Osterhoudt and Williams 
(26), we assume that the dck/d£ in the nonideal term (the term contain
ing Bik) can be written as 

~ _ ACkMk (65) 

Thus Equation 63 becomes 

dr · 
-AMiCi = i i - AciMJLBikCkMk (66) ας h 

Now 

k 
v - }ZckMk = <Bik'>HckMk = <Bik'>cMwr (67) 
jjCkMk I k k 

<Bik'> is the z-average value of Bik' at any radial position r for rm ^ r $C 
r & . The substitution of the right-hand side of Equation 67 into Equation 
66 leads to 

dr 

-AMMl ~ <Bik'>cMwr) = ^ (68) 

The summation over all i components followed by rearrangement leads to 
dc AcMwr 

1 + <Bik'>cMx 

This equation can be converted to 

1 d In c Mwr 

(69) 

= M „ „ D (70) 
A0 d(f) 1 + <Bik'>cM„ 

Since 

Λ = (1 - vpoWir^ - rm*)/2RT (71) 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

02
1

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



252 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

A0 = (1 - vg0W/2RT (72) 
and 

d(r2) = - ( r 6
2 - rm*)dt (73) 

In Equation 70 Mwr&w is the apparent weight-average molecular weight 
at any radial position r, where rm ^ r ^ rb. Now Equation 70 can be 
written 

1 1 + <Bik
f>c (74) 

Equation 74 tells us that when < B l f c ' > is positive and greater than zero, 
the effect of the nonideal term, <B , f c ' > , w i l l be to offset the effect of 
decreases in values of 1/Mwr with increasing r. Negative values of 
< B i f c ' > are usually interpreted as polymer-polymer interactions (27, 28) 
which are usually interpreted as self-associations. More negative values 
of < B i f c ' > could lead to phase separation (28). The discussion that 
follows wi l l be restricted to situations where < B l f c ' > is positive. 

The problem at hand with Equation 74 is how to deal with the quan
tity <Bik'>, and this complication is what has stymied sedimentation 
equilibrium work with nonideal solutions containing polymeric solutes. 
This problem has been discussed by Goldberg (29), Wales (6), and 
Fujita (17). One way to overcome the problem is to assume that 

<Bik
f> ^ B L S (75) 

Here B L s is the second virial coefficient of the polymeric solute in the 
original solution before ultracentrifugation. B L S is a quantity which can 
be obtained in light-scattering experiments (17, 25, 30) or in Archibald 
experiments (31), provided it is calculated from a plot of 1/M^ a p p° vs. c. 
Here l / M W a p p ° is obtained from values of Mw&pp (at rm or r 6 ) that have 
been extrapolated to zero time. The reason for using Equation 75 is that 
it leads to a simple method of estimating the M W D in nonideal solutions. 

A n alternative method for obtaining <Bik'> is to assume in Equa
tion 6 that the Biks are the same for each polymeric component. Accord
ing to Fujita (32) this is not a bad assumption for a solution containing 
synthetic polymers. When the B^'s are equal then one can write Equation 
74 as 

éX1 + mô) + Bc (76) 
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Here Β = Bik. It then follows that 

Mwr ( M r o ! a p p
 BC) 1 (* + lOOo) 

_1/[l_(d}nç\ "I 
1 [A \ d(r2) y i d e a l J 

(77) 

The application of Equation 75 leads to a similar equation, namely 

1 1 
My; 

1 / 

- 5 L S C 

Γ 1 (d In c\ 1 
lA\d(r>) /*J 

(78) 

where the subscript id means ideal. 
The quantity (d In c / d ( r 2 ) ) i d , which is available from Equation 

77 or 78, can be used to calculate (cr/crm)^ since 

fr (^f) i d d ( f 2 ) = l n (Cr/C'-) id (79) 

These values can be used with the appropriate conservation of mass 
equation to obtain ( c r m ) i d . Once this is known, the ideal concentration 
distribution can be obtained. For sector-shaped centerpieces the con
servation of mass equation is written as 

Co 

c(5 = Did 
(80) 

Polyethylene in 
Biphenyl I23.2°C 

I0 6 2 
M 

Figure 3. Molecular weight distribution of polyethylene in biphenyl 
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For non-sector-shaped centerpieces the corresponding equation is 

φ^, 
In order to use Donnelly's (11,12) method, we must convert the observed 
values of cr and d In c/d(r2) in nonideal solutions to ideal values. Then 
we can use the ideal value of d In c/d(r2) to calculate M W D ' s as has 
been described previously here and elsewhere (11, 12). One must also 
remember to use Equation 49 for non-sector-shaped centerpieces. 

In an earlier attempt to analyze nonideal M W D ' s (25, 33), we had 
started out with Equation 14 of Albright and Williams. This amounts 
to replacing %kBikckMk in Equation 66 by B L S C O M ^ 0 . Instead of obtain
ing Equation 70, this leads to 

W) ~ AoMwr»™ - a + BLScoMw°) m 

The term 1 + B^CoM^ in Equation 82 is a constant, whereas the term 
1 + <Bik>cMwr in Equation 70 varies with r from rm to rb. Note when 
< Β * / > = B L g , the denominator in Equation 70 becomes 1 + B^cMwr 

which varies with r from rm to rb and more closely mirrors the true situa
tion. Thus the treatment reported here, which is based on Equations 
75-78, appears to be a better approach to the problem. 

For Scholte's method one needs (dc/d£)id. When Bik = B, then 
Equation 6 becomes In t/* = M { B c ; thus Equations 70-72 can be used 
to obtain 

1 Β _ 1 _ 1 
A ~ AcMwr ~ / de \ (83) / de \ A AcMwr / de \ 

Then we use (dc/d(r2) ) i d to calculate the values of U(A, £)j or V ( A , £)j 
needed for Equation 52 or 56 and proceed with the methods described 
earlier. 

H o w to Evaluate BLS. The final item to dispose of is how to evaluate 
B L s- Methods for evaluating B L S using sector-shaped centerpieces wi l l 
be outlined first. 

S E C T O R - S H A P E D C E N T E R P I E C E S . Method 1. Do the Archibald ex
periment and calculate MWapv>t at rm and rb using standard procedures 
(32, 34). Here MWapvJ is the value of the apparent weight-average mo
lecular weight at rm or rb. Extrapolate these values of Mw&pp> t to zero time 
to get Mw&pp°; details for this extrapolation have been given by Fujita 
et ol. (32). 
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M „ a p p ° = l im^ 0 M„ a p p ,< (84) 

The quantity M W a p p ° represents the value of MWapv for the original solu
tion whose initial concentration is c 0. Now note that (32) 

1 1 + £ L S C 0 (85) MW ο M 

Thus B L S can be obtained from the limiting slope of a plot of l / M W a p p ° 
vs. c0. The Archibald method is restricted to sector-shaped centerpieces. 

Method 2. Follow the procedure of Albright and Williams (25) and 
do sedimentation equilibrium experiments on the same solution at differ
ent speeds. Then calculate M W a p p ( c e l l ) from 

MW (cell) = °rb 7 Crm (86) appV J Aco 

A plot of M W p p ( c e l l ) values vs. A and extrapolation to Λ = 0, which is 
true at zero speed, gives M W i i p i i ° . Alternatively, the limiting slope of a 
plot of (cTb — Crm)/c0 vs. A gives MWavp°. Now B L S is obtained from 
Equation 85 and the limiting slope of a plot of l/MWapp° vs. c0. One 
could also use Mw(ce\\ vol) (35, 36), where 

M„ a p p (cel l vol) = ! 2 J W £ = ) (87) 

since 

l im A ^oM W e p p ( ceH vol) = M „ a p p ° 

Method 3. For sector-shaped centerpieces, Fujita showed that (30) 
if Λ was the same for each initial concentration c 0, then 

where 

B'^B^(\ + ^ ) (90) 

Thus a plot of l / M W a p p ( c e l l ) vs. c 0, could yield B' from the limiting 
slope, and B L S could be estimated from Equation 90, provided one had 
an estimate of MZy the z-average molecular weight. This method was 
restricted to lower speeds (to avoid solute redistribution problems) and 
to solutions that were not too nonideal. More recently, Deonier and 
Williams (37) showed that 
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c « « , ( l + f ) (91) 

where 

C = (Crb + CrJ/2 

Thus one could plot l / A i W l i p p ( c e l l ) vs. ~c since Equation 85 could be 
rewritten as 

1 ^ - L + B L 8 c (92) 
Mw (cell) M 

In carrying out M W D determinations by Scholte's (13, 14) method, one 
has the required information available to use any or all of the three 
methods discussed here for the evaluation of B L S . When all the Biks in 
Equation 6 are equal, then B L S turns out to be B L S = Β + v/1000Mw°. 
Here Β = Bik. 

N O N - S E C T O R - S H A P E D C E N T E R P I E C E S . For non-sector-shaped center
pieces one is restricted at present to Method 2. Here the equation for 
M™ a p p(cell) is given by 

_L f 1 ^ 
A c 0 J 0 d 

dr 
a c dx = Mw (cell) (93) 

= M w \} ~ cW~ f0 <B^>r(cM-r)2dx + . . .] 

At zero speed the concentrations of the polymeric components become 
uniform, so that 

cMwr -> c0Mw(ce\l) = c0Mw° 

and 

<Bik>r —> ΒLS 

Thus 

M „ a p p ° = l i m r o M W a p p ( c e l l ) (94) 

= Mw°[l - B^Mw°c0 + . . .] 

and 

(95) 
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Here Mw° = Mw(ce\l) is the weight-average molecular weight of the 
original sample. Thus a plot of l / M W a p p ° vs. c0 has a slope of B L s-

Eventually it may be possible to develop an analog of Method 3 for 
a non-sector-shaped cell. Here one lets 

I = £ <Bik
f>r(cMwr)Hx (96) 

Now expand J in a Maclaurin series in Λ ; thus 

'-'· + (Ιί)~Λ + ··· 
= ' · [ ' + ( ^ > - λ + 

The quantity 70 = B^CQMW0 is the value of 1 at zero speed. The sub
stitution of Equation 97 into Equation 93 leads to 

- £ + M 1 + ( ^ V + • · ·] 
Thus at Λ = 0 Equation 95 is definitely obtained, which can be used for 
the evaluation of B L s as described. Whether the quantity c0 [1 + (d In 1/ 
dA ) Λ = ο A -f- . . . ] ~ ~c or not is not known yet. 

Concluding Remarks 

There are three points to emphasize. First, the expressions for the 
concentration or concentration gradient distribution for non-sector-shaped 
centerpieces can be applied to other methods for obtaining M W D ' s , such 
as the Fourier convolution theorem method (JO, 15, 16), or to more 
recent methods developed by Gehatia and Wiff (38-40). The second 
point is that the method for the nonideal correction is general. Since 
these corrections are applied to the basic sedimentation equilibrium equa
tion, the treatment is universal. The corrected sedimentation equilibrium 
equation (see Equation 78 or 83) forms the basis for any treatment of 
M W D ' s . Third, the Laplace transform method described here and else
where (11, 12) is not restricted to the three examples presented here. 
For those cases where the plots of F ( n , u) vs. u w i l l not fit the three 
cases described in Table I, it should still be possible to obtain an ana
lytical expression for F ( n , u) which is different from those in Table I. 
This expression for F ( n , u) could then be used to obtain an equation in 
s using procedures described in the text (see Equations 39 and 44). 
Equation 39 would then be used to obtain the desired Laplace transform. 

(97) 
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The application of the complex inversion formula (41, 42) may lead to 
the inverse Laplace transform from which the M W D is obtained. 
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The Study of Mixed Associations by 
Sedimentation Equilibrium and by Light 
Scattering Experiments 

A L L E N H . PEKAR,1 PETER J. WAN,2 and Ε. T. ADAMS, Jr.2 

Illinois Institute of Technology, Chicago, Ill. 60616 and Texas A&M University, 
College Station, Tex. 77843 

The analysis of mixed associations by light scattering and 
sedimentation equilibrium experiments has been restricted 
so far to ideal, dilute solutions. Also it has been necessary 
to assume that the refractive index increments as well as the 
partial specific volumes of the associating species are equal. 
These two restrictions are removed in this study. Using 
some simple assumptions, methods are reported for the 
analysis of ideal or nonideal mixed associations by either ex
perimental technique. The advantages and disadvantages 
of these two techniques for studying mixed associations are 
discussed. The application of these methods to various types 
of mixed associations is presented. 

.Associations between two macromolecules, A and B, of the type 

nA + mB A n B m (n,m = 1,2, . . .), or (1) 

A + Β <=> A B (2) 
2A<=> A 2 

as well as other related associations are known as mixed associations. 
These associations can occur in a variety of ways, and as Equation 2 
indicates both complex formation and self-association can occur simul-

1 Present address: The Lilly Research Laboratories, Eli Lilly & Co., Indianapolis, 
Ind. 46206. 

2 Present address: Texas A&M University, College Station, Tex. 77843. 
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taneously. This behavior may occur in the formation of the trypsin-
trypsin inhibitor complex (1, 2) or the insulin-protamine (3) complex. 
Perhaps the best studied example of a mixed association is the antigen-
antibody reaction (4, 5, 6). Although mixed associations have been 
studied by a variety of ways (7, 8, 9, 10, 11), relatively little has been 
reported on the study of mixed associations by light scattering experiments 
(1,6, 12), by sedimentation equilibrium experiments (13, 14, 15), or by 
the latter's relative, the Archibald experiment (14, 16, 17). 

With ideal mixed associations one can utilize the redistribution of 
components in sedimentation equilibrium experiments to evaluate the 
equilibrium constant(s); this has been described extensively in previous 
publications (13, 14, 15). In nonideal systems, the analysis of mixed 
associations is more complicated so that one must resort to sedimentation 
equilibrium experiments at different speeds on the same solution. Here 
one calculates M w (cell mass) or M z (cell) , the w e i g h t — ( M w ) or ζ— 
( M z ) average molecular weights, over the cell at each speed. For non-
ideal solutions one calculates the apparent values of these quantities. 
These values are extrapolated to zero speed, in a manner similar to that 
used by Albright and Williams (18) with nonideal, nonassociating poly
mer solutions. The required calculations are done with these values at 
zero speed. W i t h the Archibald experiment (14) one extrapolates the 
values of M w a , the apparent weight-average molecular weight, obtained 
at various times at the extremes (rm or rb) of the solution column in the 
ultracentrifuge, to zero time. In both cases the analysis becomes quite 
similar to that used with the light scattering experiment; hence the 
reason for discussing these methods together. 

Ideal Solutions 

Preliminary Thermodynamic Relations. Here it w i l l be assumed 
that we are dealing with incompressible systems; this is a very good as
sumption for aqueous solutions since the isothermal compressibility of 
water is so small. At constant temperature the equilibrium condition for 
any mixed association (see Equations 1 and 2 for example) is 

Here (i = A , B, or A n B m ) is the molar chemical potential of reacting 
species i. Equation 3 is valid for self-associations as well since η or m is 
zero in that case. Under ideal (theta) solution conditions the activity 
coefficient tji of each of the associating species is one, so that 

ημΑ + τημΒ = M A n B T O ( w , m = 0,1,2, . . .) (3) 

CANBM = KCA"CB (4) 
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Here Κ = KAnBm. In the discussion that follows, we use the mixed asso
ciation described by Equation 1 as an example since the methods we wi l l 
develop can, in general, be applied to other mixed associations. The total 
concentration c (we wi l l use grams/liter) of all the associating species is 
given by 

c = cA + c B + KcA
ncB

m = / ( C A , C B ) (5) 

From Equations 1 and 5 we note that c is a function of c A and cB only. 
Now note that we can differentiate c with respect to cA or cB; thus 

{dc/dcA)cB = 1 + nKcA
n-lcB

m, and (6) 

(dc/dcB)cA = 1 + mKcxncB
m-1 (7) 

Also, note that 

M A N B M = n M A + m M B (8) 

For any mixed association the weight-average molecular weight 
( M w

e q ) depends on the total concentration c of the associating species 
and also on the initial proportion of the reactants ( A and B ) . A solution 
for which c = 10 grams/liter could be made up of a variety of blends 
of A and B; each blend would have the same value of c but they would 
each have a different value of M w

e q . This suggests that we use the follow
ing procedure to simplify matters. Let us assume concentrated stock solu
tions of A and Β are prepared. In work with proteins ( or other polyelec-
trolytes ) this means that the concentrated stock solutions ( one for A and 
one for B ) are dialyzed against buffer, with several changes of buffer. 
Now the dialyzed, concentrated stock solutions of A and Β are blended 
so that the initial concentration ratio of A to Β in the blend (assuming 
no chemical reaction has occurred ) is cA

0/cB° = β. This blend is known 
as the working stock; dilutions are prepared from it, using the buffer 
that was in dialysis equilibrium with the concentrated stock solution. 
Note that β is the same for al l dilutions, yet c is different for each of the 
solutions (working stock plus dilutions). If this procedure is followed, 
M w

e q or its apparent value M w a w i l l vary with c since the chemical equi
librium wi l l cause more A n B m to form as c increases. This effect is shown 
in Figure 1; here we have plotted 1 / M w a vs. c at constant β for four 
different situations: ideal, nonassociating mixture of A and Β (curve 1); 
nonideal, nonassociating mixture of A and Β (curve 2 ) ; ideal, mixed 
association of A and Β ( curve 3 ) ; nonideal, mixed association of A and Β 
(curve 4) . Clearly such a plot gives much useful information. 
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22. P E K A R E T A L . Mixed Associations 263 

The quantity M w a can be defined by 1 / M w a = ( 1 / M W ) + Be, where 
M w is the true weight-average molecular weight and Β is the second 
virial coefficient. For ideal, nonassociating mixtures of macromolecules, 
Β is zero and 1 / M w a = 1 / M W . Thus a plot of 1 / M w a vs. c w i l l have a 
slope of zero, which is illustrated in curve 1 of Figure 1. For a nonideal, 
nonassociating mixture of macromolecules the second virial coefficient 
wi l l be greater than zero. Since M w is a constant when there is no asso
ciation, a plot of 1 / M w a vs. c w i l l have an intercept of 1 / M W and a slope 
(or limiting slope) equal to B, the second virial coefficient. This is shown 
in curve 2 of Figure 1. 

Figure 1. Curve 1 could represent an ideal polymer 
solution containing A and Β but undergoing no asso
ciation; the nonideal counterpart of this is shown in 
curve 2. An ideal mixed association between A and B, 
such as described by Equation 1 might be described by 
curve 3, whereas, curve 4 could represent a nonideal, 

Solutions exhibiting greater deviations from ideal behavior would 
give a curve instead of the straight line shown in curve 2 of Figure 1. If 
a mixed association occurs, then M w = M w

e q w i l l increase with c (at 
constant β) because of the chemical equilibrium; this means that 1 / M w

e q 

wi l l decrease with increasing c as is shown in curve 3 of Figure 1. Here 
M w a = M w = M w

e q . For a nonideal, mixed association with the second 
virial coefficient ( Β ) greater than zero, one could encounter a minimum 
in the plot of 1 / M w a vs. c. This is because the term Be increases with 
increasing c while 1 / M w

e q decreases with increasing c; such a situation 
is illustrated in curve 4 of Figure 1. 

The quantity c M w
e q is defined by 

c (grams/liter) 

mixed association. 
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c M w
e q = cAMA + cBMB + K c A

n c B
m M A n B m 

= CAMA(dc/dCA)T,CB + CBMB(dc/dCB)T,CA (9) 

= Σ CiMi(dc/dCi)T,Cj = A or B ) 
i 

Equations 6-8 have been used to obtain Equation 9; Equation 9 is a 
general equation which can be applied to all mixed associations. The 
final form of Equation 9 indicates that there are only two solute com
ponents ( independent variables ) involved in the mixed association. When 
no association occurs, then (dc/dCi)T,Cj = 1. The superscript "eq" is 
used to indicate a mixed association is present. Now that the quantity 
c M w

e q has been defined, how do we obtain M w
e q , and how do we use it 

(or its analogs) to obtain the equilibrium constant or constants and the 
nonideal terms if they are present? 

Evaluation of M w
e q . S E D I M E N T A T I O N E Q U I L I B R I U M E X P E R I M E N T S A N D 

T H E A R C H I B A L D M E T H O D . At constant temperature the condition for sedi
mentation equilibrium is that the total potential ~JH for each associating 
species i (i = A , B, or A W B W ) be constant at every radial position r in the 
solution column of the ultracentrifuge; thus 

Mi = M; — — 2 — = c o n s t a n t ( 1 0 ) 

Here μι is the molar chemical potential of species i , ω = 2^pm/60 is the 
angular velocity (radians/second) of the rotor, and M { is the molecular 
weight of associating species i . From this relation it can be shown that 
(14) 

( dc\ _ (dcA\ /dc\ /dcB\ /dc\ 

\d(r*))T \d(r*))T \dcA/TCB \d(r*))T W r . c A 

L E c i M ; (dc/dcdr.cj = LcMw^ (11) 
i 

Here, L = ( 1 — v9)o>2/2RT ( 1 2 ) 

In obtaining Equation 11 it has been assumed that the partial specific 
volumes ν of the associating species are equal; we have also assumed 
that the specific refractive index increments Ψ of the associating solutes 
are equal. In Equation 12 R is the universal gas constant (8.314 Χ 107 

ergs/deg-mole), ρ is the density of the solution (gram/ml) , and Τ is the 
absolute temperature. Equation 11 is also valid for the Archibald ex
periment but only at rm or rb, the radial positions ( in the solution column 
of the ultracentrifuge cell) of the air-solution meniscus and of the cell 
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22. P E K A R E T A L . Mixed Associations 265 

bottom, respectively. Archibald ( 19 ) was the first to point out that there 
is no flow at the extremes (rm or r 6 ) of the ultracentrifuge cell solution 
column since it is a closed system; this fact could be used to show that one 
can obtain Mwt at various times t at rm or r 6 . Here one notes that 

1 dc 
2r~c~L dr = M w ? i a t r m o r r 6 (13) 

The centrifugal field causes a redistribution of the reacting species in such 
a way that chemical equilibrium is maintained; in order to get M w

e q at 
c0 it is necessary to extrapolate values of M w i to zero time, i.e., 

lim Mw,t = M w
e q a t c 0 (14) 

To utilize Equation 13 it is necessary to know cTn or crb; here we use the 
following equations, provided a plateau ( a region where the concentration 
gradient dc/dr = 0) exists: 

Here rp is any radial position in the plateau region. 

^-o + hS?,*** (16) 

Equations 15 and 16 were first obtained by Kegeles and his co-workers 
(16, 20, 21) and they are valid only for cells with sector-shaped center
pieces. Because of convective disturbances in the solution column of the 
ultracentfifuge cell during the transient state when nonsector-shaped cells 
are used, it is customary to do Archibald experiments in cells with sector-
shaped centerpieces which avoid this problem. For details on the Archi 
bald method—pitfalls, extrapolation to zero time—one should consult 
the papers of LaBar (17) and Fujita et al. (22). 

The quantity c M w
e q can also be evaluated from sedimentation equi

librium experiments done at different speeds on the same solution. Here 
one gets to sedimentation equilibrium with a given solution at one speed; 
the necessary information (concentration and/or concentration gradient) 
is recorded. Then the speed is changed; once sedimentation equilibrium 
is attained at the second speed, c and/or dc/dr are recorded. This pro
cedure is repeated at two or more additional speeds. Then one calculates 
M w (cell mass) or M w (cell vol) from the following equations: 
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Mw (cell mass) = °I± (17) 

Mw (cell vol) = l n [ C f » / C r J (18) 

Here Λ = L(r»« - rj) = ( 1 " ~ r J ) (19) 

Because of the redistribution of reacting species by the centrifugal field, 
one notes (23) that M w (cell mass) and M w (cell vol) do not represent 
the value of M w

e q at c 0, the original concentration. However, if these 
values are extrapolated to zero speed, they become equal to M w

e q , i.e., 

lim Mw (cell mass) = 
Λ->0 

lim Mw (cell vol) = M w
e q at c0 (20) 

Λ ^ Ο 

Thus one has two ways to obtain M w
e q . In addition one can also calculate 

M z (cell) or M z (cell vol) where 

(ldc\ _ /ldc\ 
\r drJrb \r drJr 

A M ( n η 1 Π [ (^ d i ) r j ( r J and Mz (cell vol) = ^ (22) 

Here one notes that 

lim Mz (cell) = lim Mz (cell vol) = MB at c 0 (23) 
L->0 Λ->0 

L I G H T SCATTERING E X P E R I M E N T S . This discussion is concerned only 
with elastic light scattering (24). In these experiments one measures the 
reduced scattering intensity (sometimes called the Rayleigh ratio) R(0), 
where 

™ = Zo (1 + cos' Θ) (24> 

Here r is the distance of the photomultiplier tube from the center of the 
cell, ie is the intensity of the scattered light at an angle θ to the path of 
the incident light beam, and / 0 is the intensity of the incident light. For 
molecules whose maximum dimension is less than λ/20, where λ is the 
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22. P E K A R E T A L . Mixed Associations 267 

wavelength of the light being used, R(6) is usually independent of angle. 
For very large molecules a correction for the angular dependence of the 
light scattering must be made; this is usually done by means of a Zimm 
plot (24, 25, 26, 27). It w i l l be assumed that angular dependence, if 
present, has been overcome, and we wi l l use the symbol R(0 ) to indicate 
this. One can evaluate M w

e q from the equation 

^ g i ° > = cM^ (25) 

Here Κ is the well known light scattering constant and is defined by 

Κ = 2 x W / X W 

In this equation n 0 is the refractive index of the solvent, λ is the wave
length of light, and Ν is Avogadro's number. The quantity AR(0) in 
Equation 25 is defined by 

AR(0) = fi(0)solution - #(0)solvent 

Analysis of Mixed Associations Using M w
e q . C O N V E N T I O N A L S E D I M E N 

T A T I O N E Q U I L I B R I U M E X P E R I M E N T S . Usually sedimentation equilibrium 
experiments are run at one speed only for each concentration; these are 
known as conventional sedimentation equilibrium experiments. Although 
the choice of speed is arbitrary, practical considerations force one to 
choose a speed to evaluate the concentration (c) or the concentration 
gradient (dc/dr) near the cell bottom; otherwise blurring or defocusing 
of the optical images in that region at high speeds results. For this 
situation the basic sedimentation equilibrium equation becomes 

^ ! * L * = LMi9 (i = A or B) (26) 

L = (1 — v9)rf/2RT 

for each component. This equation can be integrated between rm and r 
and then converted to exponential form to give 

= cirmeLMi^-™2) (27) 

where φ ί Γ = L M { ( r 2 — rm
2). The total concentration cr can be expressed as 

V = cAr + cBr + KcA
n

rcB7 (28) 
= C A r / A r + CBre*Br + KcA? CB? 6 n < J , A r + « Φ Β Γ 

τ/ι 7n τη fj% 
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for a mixed association described by Equation 1. One can take values of 
cr at three different radial positions (not too close to each other) and 
obtain three simultaneous equations which can be solved by standard 
methods to give c A r m , cBrm, and KcArrn

ncBrm
m (14, 15). From these quan

tities one can calculate K. By comparing results obtained with different 
radial positions and two or more experiments, one can test for ideal be
havior since Κ would be the same in all cases if the solution were ideal. 
One can also use the concentration gradient to evaluate Κ and test for 
ideality. First one notes that 

^ J = cM^ = c A M A + cBMB + KcA u C B mM\NB M (29) 

Now divide Equation 29 by M A and then subtract c to give 

MMa aVr ' c = C B [Ml ~ V + K C A C B \ MT ~ V (30) 

At this point apply Equation 27 to Equation 30 and then multiply both 
sides by e ' V ; this leads to 

Y = {aw: % ~ (31) 

A plot of Y vs. e ^ A r + ^ - ^ V w i l l have a slope equal to: 

Slope = KcAr
n

mcBrZ {^^m - *) (32> 

The intercept at r = rm is 

Intercept = cBrm - + (^fm ~ l ) KcAr
n

mcBrZ. (33) 

Since cTm = cArm + c B r m + * C c A r n
w c B r m

m one can calculate K. Upward 
curvature in the plot based on Equation 31 indicates the presence of 
higher aggregates whereas downward curvature may be caused by non-
ideal effects. 

A R C H I B A L D E X P E R I M E N T S , S E D I M E N T A T I O N E Q U I L I B R I U M E X P E R I M E N T S 
A T D I F F E R E N T SPEEDS, A N D L I G H T SCATTERING E X P E R I M E N T S The analysis 
of a mixed association described by Equation 1 is similar for these three 
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22. PEKAR E T A L . Mixed Associations 269 

methods. First of all let us introduce the conservation of mass equations. 
For 

nA + w B <=± A n B T O (n, m = 0, 1, 2, . . .) (1) 

the initial concentrations c<° ( i = A or B ) are related to the chemical 
equilibrium concentrations c{ as follows: 

nKcA
ncB

m
 Ά/Γ , Ο Λ \ 

CA° = cA Η τ* MA (34) 

, 0 . mKCANCB
M

 NJR / Q r x 
and cB° = C b Η M B (35) 

η m 

Equations 34 and 35 are known as the conservation of mass equations. 
From Equations 34 and 35 it follows that: 

c = CA° + cB° (36) 
= CA + CB + KCANCB

M 

One can also define a quantity M w ° , which would represent the value of 
M w that a solution containing A and Β in a nonreacting mixture would 
have. Thus, 

cMJ = CA°MA + C B ° M B (37) 

= C A M A + cBMB + [nMA2 + m l e 2 ] 
•Μ A Β 

On the other hand, c M w
e q can be written as: 

c M w
e q = c A M A (1 + nKcAn~lcB

m) + cBMB (1 + mKcAncB
m~l) (38) 

= c A M A + cBMB + KcAncB
mMANB% 

= C A M A + C B M B + , 7 [n 2 M A
2 + 2umM AMB + m 2 M B

2 ] 

Then the quantity A ( c M w ) becomes 

A ( c M w ) = c M w
e q - cM w ° 

^ A N B M 

KcA
ncB

T 

M A Β 

[(η2 - η) M A2 + 2mnMAMB + (m2 - m) M B 2 ] (39) 

Q 
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A(cMw) 

Q 

Figure 2. This plot is based on Equation 41. An ideal asso
ciation described by Equation 1 could be represented by curve 1; 
its nonideal counterpart could be represented by curve 2. The 
presence of higher aggregates, such as AnMm+1, might be de

scribed by curve 3. 

where Q = ( n 2 — n ) M A
2 - f 2nmMAMB + (ra 2 — ra)MB

2. This proce
dure was first suggested by Steiner ( 1 ). From Equation 39 we obtain 

A ( c M w ) = KcA
ncB

m
 r 4 m 

Q MAΒ K } 

We can substitute Equation 40 into the conservation of mass equations 
(34 and 35) to obtain new expressions for cA and cB. Then we can sub
stitute these new relations for cA and cB back into Equation 40 to obtain 

A ( c M w ) Κ i_ Γ _ n M A A ( c M w ) l » m ( 4 1 ) 

m l — ^ J Q MA 

mMBA(cMw) 
Q 

A plot of A(cM w ) /Ç> the product on the right side of Equation 41 
has a slope equal to K/MA B w - A plot based on Equation 41 has the 
following advantages: (1) it gives a test for ideality since downward 
curvature may be the result of nonideal effects; (2) it provides a test for 
the type of association present since upward curvature may be indicative 
of the presence of higher aggregates ( A n + i B m , etc.); (3) it avoids the use 
of a limiting slope. These advantages are illustrated in Figure 2, which is 
based on Equation 41. 
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W i t h sedimentation equilibrium experiments at different speeds one 
can also use 

Δ(Σο<Μ*) = c(MwMz)*« - c(MwMz)° 
(42) 

= 3MAMBKcAcB 

for an A + Β +± A B association (14). Methods have also been reported 
for evaluating η and m if they are not known a priori (13, 14); we w i l l 
not discuss these details here. 

Now let us illustrate a somewhat more complicated problem. Sup
pose the mixed association is described by Equation 2; how do we do 
the analysis? Here we note that 

cMw*« = cAMA + cBMB + KABcAcBMAB + 2KA2cA
2MA (43) 

and 

A ( c M w ) = cM^ - cMJ = 2 ^ A B M A M B C A C B + R , M K ( 4 4 ) 

M A B 

Since β = cA°/cB°, 

^ = + f ^ A = X (45) lim 
c->0 C a C b 

β = const 

Note that 

U m η ~ H m S = P (46) 

c_>0 C A C B Ca°->0 
β = const β = const 

Thus by doing these experiments at two or more values of β, one can 
obtain two or more values of χ, which can be used to obtain KAB and KA2. 
In this situation one must use a limiting intercept; there is no simple plot 
available as there was from Equation 41. 

Analysis of Mixed Associations When vA ^ vB and ΨΑ ^Β· S O far 
we have assumed that vA = vB = ν and Ψ Α = ΨΒ = Ψ; under these cir
cumstances one could evaluate and use M w

e q . Now suppose we wished 
to study the interaction of a bacterial hapten which was a polysaccharide 
with an antibody which was a protein. Why should one expect the partial 
specific volumes or the specific refractive index increments to be the same 
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272 POLYMER MOLECULAR WEIGHT METHODS 

for these two reactants? Does this negate the analysis? The answer is no, 
and this is how we overcome these minor complications. 

Note that the mass balance equations become 

ΨΑΟΑ 0 

, nKcA
ncB

m
 M \ (47) 

+ " M Z B T M A ) 
and n B ° = n B ° — n0 = Ψ Β ο Β

0 

= ΨΒ(· 
, mKcA

NCBM
 M \ (47a) 

for a mixed association described by the first equation. Furthermore, 
note that 

η = nA° + n B ° = η — n0 

= ΨΑοΑ + Ψ Β Ο Β + K
A

C / C B M [ΠΨΑΜα + πιΨΒΜΒ] (48) 

= ΨΑοΑ + ΨΒοΒ + WABKcA"cB™ 

This means that ΨΑ B , the refractive index increment of A N B W , is defined 
by 

w _ ηΜΑΨΑ + ηιΜΒΨΒ ,,αΛ 

AnDm 
Similarly we w i l l define vAnBm 

nMAvA + mMBvB 

MA 

(50) 

A N A L Y S I S O F M I X E D A S S O C I A T I O N S F R O M C O N V E N T I O N A L S E D I M E N T A 

T I O N E Q U I L I B R I U M E X P E R I M E N T S . In these experiments one measures a 
quantity M i e q (14, 28) instead of M w

e q . The basic sedimentation equi
librium equation for each reactant is 

= (51) 

n{ = rii — n0 = Wid 

This can be integrated to give 

niTm explLiM^r2 - rj)] (52) 

= nirm βχρ[φ,Γ] 
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22. PEKAR ET A L . Mixed Associations 273 

where φίτ = LMi(r2 — rm
2). The Rayleigh optical system gives us infor

mation proportional to η = Xrii = η — the number of fringes / is re

lated to η — no by 

J = \ (n - n 0) (53) λ 

Here h is the thickness of the ultracentrifuge centerpiece (usually 12 
mm), η — n 0 is the refractive index difference between the solution (n) 
and the solvent (n 0 ) , and λ is the wavelength of light used (generally 
546 μ). Thus with the Rayleigh optical system one can obtain n, which 
can be expressed as 

nr = nAr + nBr + WAnBmKcA
ncB

m (54) 

= V A C A r ^ A r + WBCBrme*Br + ψ AnBmKCA? mCB^me^r + m$Br 

Equation 54 is analogous to Equation 28, and one can take three 
values of n r at different radial positions to solve for c A r m >

 cBrm, and 
"cArmcBrm, and from this evaluate K. With the schlieren optics one obtains 

dît ~ 
= LAnAMA + LBnBMB + LAnBmnAnBmMAnBm 

d{r*) 

= nM^ ( 1 ~ ^ p ) " 2 ( 5 5 ) 

1 2RT 

_ Ση{Μί (1 - Vf?) Ση{Μ{ (1 - ϋ,·ρ) 
Here, = = ^ r - = ^ r j z ^ - r - (56) 

Ση,· (1 - ι\·ρ) η (1 - ywp) 

i = A , B , or A n B m 

η = Ση» 
(1 - vwç>) = Ση,·(1 - ν<ρ)/Ση< 

With the aid of Equation 48, Equation 56 can be written as 

_ ~CjMj (1 - ϊ,·ρ) (dn/dCj)T c . 
= ι — — L ^ i (56a) 

η (1 - vwç) 
j = A or Β 

One can use Equation 55 to obtain an analog Equation 31 which can be 
used to obtain K; the details for doing this w i l l be found in Adams' 
paper (14). 
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274 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

A N A L Y S I S F R O M A R C H I B A L D E X P E R I M E N T S O R F R O M S E D I M E N T A T I O N 

E Q U I L I B R I U M E X P E R I M E N T S A T D I F F E R E N T S P E E D S . This discussion here 
is illustrated by the association described by Equation l.__When vA ^ vB 

and ΨΑ yé= ΨΒ, analogs of Equations 17 and 18 wi l l yield M i e q when extra
polated to zero time. Similarly, M i e q w i l l also be obtained from the 
analog of Equation 13 when values of M M are extrapolated to zero time. 
For this situation 

nM^ = ΨΑοΑΜΑ +ΨΒβΒΜΒ 

+ Ψ Α Β · W + 2nmMAMB + m 2 M B
2 ] 

whereas ηΜι» = Ψ Α Ο Α 0 Μ Α + Ψ Β Ο Β 0 Μ β (58) 
= ΨΑβΑΜΑ + WBcBMB + Ψ Α > Β Μ \nMA* + mMJ) 

Thus, Δ(ηΜχ·) = KïfC*m { M A 2 (η 2 ΨΆ ΗΒ„ - ηΨΑ) 
I V Î A n B m 

+ 2πιηΜΑΜΒΨΑηΒηι + MB
2 (mWAnBm - mWB)} 

KcA
ncB

n 

M A W B R 

Q 

or Δ(ηΜι°)/,0 = KcA
ncB™/MANBM (59a) 

The analysis from this step on is similar to that described following Equa
tion 40, and it is possible to set up an equation analogous to Equation 41 
and make a plot from it (cf. Figure 2). 

A N A L Y S I S F R O M L I G H T S C A T T E R I N G E X P E R I M E N T S . When ΨΑ ¥= ^ B > 

then the light scattering equation becomes 

1000Δβ(0) = ΣΨ**Μ< = ZWJCJMJ (dn/dc^r,^ (60) 
i 

% = A , B , or A n B T O 

j = A or Β 

Note that we get neither M w
e q nor M i e q here but an entirely different rela

tion. The analysis wi l l be illustrated with two examples. 
Case I. A + Β τ± AB. For this case one notes that 

(ΣΨΐαΜ^ = οΑΜΑΨΑ> + οΒΜΒΨΒ* + ΚοΑοΒΜΑΒΨΑΒ> (61) 
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22. P E K A R E T A L . Mixed Associations 275 

W i t h the aid of Equation 61, the mass balance equations (34 and 35), 
and the quantity ( S ^ c ^ M * ) 0 one can obtain 

i 

Δ(ΣΨί2θίΜ,·) = ( Σ Ψ Λ , Μ ^ ο - ( Σ Ψ ^ , Μ ί ) 0 (62) 
i i i 

2KcAcBMAMBWAWB 

M AB 

Using the appropriate mass balance equations ( cf. 34 and 35 ) for cA° and 
c B °, one notes that Equation 62 can be rewritten as 

2ΚΜΑΜ ΒΨΑΨΒ Γ Q Δ ( ? Ψ ^ Μ Ί ) 

= ^ |_cA - 2 Μ β Ψ α Ψ β _ 
(63) 

Δ(ΣΨ 
CB° - 2 M A , 

As in Equation 41, one can plot the quantity Δ(Σ*« 2ο {Μί) against the 

product on the right side; the slope of this plot is 2 Κ Μ Α Μ Β * Α 1 Ϊ Γ Β / Μ Α Β · 
Since all quantities making up the slope except Κ are known, one can 
easily obtain K. The plot based on Equation 6 2 is analogous to that 
shown in Figure 2 and has al l the advantages of this plot. 

Case II. A + Β τ± AB and 2A ^ At. Here one has 

( Σ Ψ ^ , Μ , · ) * » = ΟΑΜΑΨΑ 2 + C B M B T B 2 + K A B C A C B M A B ^ A B 2 (64) 

+ 2 Α : Α 2 ο Α
2 Ψ Α

2 Μ Α 

The quantity A ( S c i M i
i i r

4
2 ) can be expressed as 

i 

Δ ( Σ Ψ Μ ύ = 2 ^ Β Ψ Α Ψ Β Μ Α Μ Β ^ 0 Β + κ 2 Μ α Ψ α 2 ( 65) 
i MAB 

At constant β (β = C A
0 / C B 0 ) one can obtain 

c->0 

β = const 
By doing a series of experiments at two or more values of β, one can 
evaluate K A B and KA2. 
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2 7 6 P O L Y M E R M O L E C U L A R WEIGHT METHODS 

Nonideal Solutions 

Conventions Used to Define Nonideality. The equations developed 
in the preceeding section for the ideal case have really crystallized our 
operational definition of ideal conditions, since they require (1) that 
* / A N B m / t / A

n t / B
m = 1 at all concentrations, and ( 2 ) that the experimental 

techniques give us a measure of c M w
e q or its analogs, such as (X^fcMi)** 

or n M i e q . For the nonideal case it w i l l be assumed that the natural loga
rithm of the activity coeflicient, yh on the c-scale (gram/liter) can be 
represented as 

In y A = B A A C A 0 + BABcB° (67) 

and In yB = BBAc\° + BBBCB° (68) 

for the reactants A and B. The reason for writing In yt (i = A or B ) in 
this manner is that c f° ( i = A or B ) represents the total concentration 
of each reactant that is present in the solution. Furthermore, if no mixed 
association is present then ct and Ci° are one and the same. Now for an 
association described by Equation 1 one could write 

VA Β 
" N M = 1 + a i C A ° + « 2 C B 0 + · · · (69) 
yAnyB

n 

since this ratio must approach one at infinite dilution of the reactants. 
This would mean that the mass balance equation ( cf. 34 and 35 ) would 
become 

0 _ - , K c A
N C B

R 

CA° = CA+ 
1 + <XlCA° + «2CB0 + . . · (70) 

= CA + KcA
ncB

m (yAnyB
m/yAnBm) 

for reactant A ; a similar equation applies for reactant B. Now these 
relations (Equations 67-70) could be inserted into the appropriate equa
tions for c M w a or its analogs. However, do we really have enough infor
mation or precision to evaluate these quantities? To simplify matters we 
shall define a nonideal system as one in which Equations 67 and 68 apply 
and in which 

2 / A N B > \ M = 1 ( 7 1 ) 

Some reasons for doing this are as follows: (1) it simplifies the treatment 
and gives us a practical method for evaluating Κ and B A B (or B B A ) ; (2) 
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22. PEKAR ET A L . Mixed Associations 277 

real systems approach this model at very low concentrations; (3) it is 
analogous to the treatment used for the analysis of self-associating sys
tems (29, 30, 31, 32, 33). It wi l l not always be necessary to assume that 
Equation 71 applies; for a special circumstance in the sedimentation 
equilibrium experiment one can assume Equation 69 to apply. This is 
discussed later. 

Analysis by Conventional Sedimentation Equilibrium Experiments. 
The analysis of nonideal, mixed associations from conventional sedimen
tation equilibrium experiments is a very difficult matter, and at present 
seems to be an impasse. These difficulties arise because the redistribution 
of the reactants is combined with nonideal behavior. We can illustrate 
the difficulties with the following example. The equation for reactant A 
can be written as 

din c A + ( ^ ) de A + (^) dcB = LM\d(r2) (72) 

This can be integrated between rm and r, and then rewritten in exponen
tial form to give 

CAr = CA exp { L M A (r> - r j ) - /alnj /A ^ 

• fell ( ^ L D C S } = C A - E X P { L M A (R2 - R J ) ( 7 3 ) 

: ? £ ; ( ^ ) , , ^ } = C - E X P ^ 
A similar equation results for c B r m . Now a priori we do not know (d In 
i /A /dCf i ) , cAr, cBr, or K; we do not know B A A and BBB (see Equations 67 
and 68) from measurements on pure A and pure B. We have no way of 
knowing Φ ί Γ a priori, so we cannot use equations similar to 28 or 31. 
Similar considerations apply if t3A ̂  vB and Ψ Α ̂  ΨΒ· Thus, it appears 
at present that we are forced to use the Archibald experiment or sedi
mentation equilibrium experiments at different speeds to analyze mixed 
associations when one is restricted to Rayleigh and/or schlieren optics. 

There is one exception to this situation. If one has an ultracentrifuge 
equipped with a photoelectric scanner (34, 35) as well as Rayleigh and 
schlieren optics, one might be able to evaluate c A r , cBr, and hence 
KcArncBr

m for a mixed association under the following circumstance. Sup
pose A and Β each have a different absorption spectrum in the range of 
220 to 560 fx. Now if there is no change in the absorption spectrum of A 
or Β on forming the complex, then one can calculate cM w ° at every r. 
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278 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

From Rayleigh and schlieren optics, one could calculate cMwa, and hence 
one could calculate A ( c M w a ) at every r in the solution column of the 
ultracentrifuge cell and use the analysis used with the other methods 
(see Equation 76 and the discussion following i t ) . This could also be 
done even if only one of the reactants had an absorption spectrum, since 
c = cA° + C B ° . The other possibility is that the complex A n B m has a 
different absorption spectrum from the reactants, or that in the formation 
of AnBm some chromophoric groups are buried so that the absorbance of 
A and Β represents a quantity proportional to c A and c B . In either case 
one could then calculate 

K~ = ci^ = K^t" = K{1 + aiCA°+ *2CB°+ ···>(74) 

It would then be possible to obtain Κ as well as <*i and a2. The dye 
toluidene blue has been reported to change color when it is bound to 
heparin (36); undoubtedly other examples are known. Here the sedi
mentation equilibrium experiment could be used to study dye binding; 
such studies have been reported by Steinberg and Schachman (37). 

Analysis by the Archibald Method or by Sedimentation Equilibrium 
Experiments at Different Speeds. Instead of using M w

e q here, one uses 
M w a , the apparent weight-average molecular weight. For the Archibald 
experiment one obtains Mwa>t at rm or rb by the application of Equations 
13-16. The extrapolation of M w M to zero time gives M w a . For sedimen
tation equilibrium experiments at different speeds, one can evaluate Mwa 

by two different methods; here one uses either Equations 17 or 18. For a 
mixed association such as A + Β ^± A B , the basic sedimentation equi
librium equation can be written as 

dc = LoIc«M t- (dc/dCiJTiCj d(r2) 
i 

- Σο» (dc/da) r,Cj Σ ^ Μ ; (^^) LQd (r2) (75) i 3 i \ dCj JTPck 

- ΣΣαο; (dc/dci)ek ( y g j ô ) MtUd (r2) 

The terms L0 = (1 - ϋ / 0 0 )ω 2 /2ΚΤ, A 0 = L0(rb
2 - rm

2), and 
X%vCiCj(dc/dCi)Mi/1000 arise from the fact that the quantity (1 — up) 

can be written as follows (28) : 

( l - vç) = (1 - »P„)(1 - «L) 
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22. P E K A R E T A L . Mixed Associations 279 

Here p0 is the density of solvent. Also we assume (18) that 

It then follows that 

lim crh — cr 

Λο->0 Λ 0 

= CoMwa (76) 

= c A M A + C B M B + KcAcBMAB - £ A A M A ( c A
2 + 2#c A

2c B + [#cAcB]2) 
- £ B B M B ( c B * + 2t fc A c B

2 + [KcAcB]2) 

vc2Mw
e« 

2BABMB(cAcB + KcAcB* + KcA
2cB + [KcAcB]2) - 1000 

Here we have used Equations 34, 35, 67, and 68, and we have made 
use of a relation (38) 

BABMB = BBAMA 

which is obtained from the relation a{j = aj{ (ay = d In a*/dm,) on the 
molality scale. When this relation is converted to the c-scale one can 
show that BABMB = BBAMA. One can also show that 

Co l im l n Crb/Cr™ = c0Mwa (77) 
Λ 0 - »0 Ao 

This expression for c M w a is quite similar to the expression obtained in 
light scattering experiments. When ΨΑ = ΨΒ (and vA = tJ B ) , the light 
scattering equation becomes 

1 0 0 0 [ ^ p r ] = ^ciMia(dc/dci)T,cj = cMwa = -CiMi(dc/dCi)T,cs (78) 

- ΣΣ ciCj(dc/dcx) τ α MI - Σ^Μ, / ΙΟΟΟ 
\ D C ' /T,P,ck 

Here the term S c ^ M f / l O O O arises when one converts from the molality 
i 

scale to the grams/liter concentration scale; the details for doing this, as 
well as problems encountered in studying multicomponent systems, are 
discussed by Casassa and Eisenberg (39). 
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2 8 0 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

In writing the equations for the three component system (solvent, 
solutes A and B ) we have treated the analysis as if the solutes were 
neutral. When working with proteins or other macromolecules which 
can ionize, it w i l l be assumed that the solutes A and Β have each been 
dialyzed against the same buifer or solvent, that the working stock is 
made up from dialyzed solutions of A and B, and that dilutions ( at con
stant β) are made with the solvent (buffer) in dialysis equilibrium with 
the concentrated solutions of A and B. Then it w i l l be assumed that this 
procedure allows us to use equations applicable to three component 
systems. This problem is discussed in great detail by Casassa and 
Eisenberg (39). 

The analysis for an A + Β <^ A B association (or for any mixed 
association containing the A B species) is complicated since one obtains 
Κ and B A B (or B B A ) together in one term. At this point let us define the 
quantity c M w a * , where 

c M w a * = cMwa + BAA(cA»)2MA + B B B ( C B ° ) 2 M B + (79) 

for the Archibald experiment or the sedimentation equilibrium experiment 
at different speeds. For the light scattering experiment one would define 
c M w a * by 

c M w a * = cMwa + BAAMA(cA»)2 + £ B B M B ( C B 0 ) 2 

+ 

(79a) 
Ë ( C A ° ) 2 M A V(CB°)2MB 

1000 + 1000 

Using Equation 79 one notes that 

A(cMwa*) — cMwa* - cM w ° = (2KcAcBMAMB/MAB) (80) 

- 2 B B A M A [CACB + KcAcB
2 + KcA

2cB + (KcAcB)2] 

vc Γ 2 ^ Α 0 Β Μ Α Μ Β Ί 

At constant β one notes the following relations: 

lim 
c->0 

β = const 

A ( c M w a * ) 
C A ° C B ° 

2MAMB 

Κ B B A ) (81) 
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22 . P E K A R E T A L . Mixed Associations 2 8 1 

The term K/MAB — BBA/MB (or K/MAB — BAB/MA) is also the limiting 
term obtained in osmotic pressure experiments (S). To estimate K, one 
notes that 

β r ΓΔ (οΜ„„»)Ί 
1 + β 1 D J A o _ o W / ™ L C A ° C B ° J 

(~2K( Μ Λ (KMAMB \ 

ΤΜΐτ \M B + τ J VTIB- - BABMB ) 
(i-MA 
\ M A B ) 

(i - .MA 

(82) 

c A
u 

= β ' 
1 + β 

- 2BKAMAK 

, 2 B B B M B Î : 

- 2 Β Α Α Μ ( - ^ j - 1 0 0 0 Μ α β ^ — j | 

This gives us a second equation containing Κ and B A B , which can be used 
to evaluate these quantities. In obtaining Equation 8 2 we have used the 
mass balance equations ( 3 4 and 3 5 ) and the quantity β to obtain the 
following relations: 

(¥) -τ 
\ dc ) τ.β 1 

^ — (83) 
+ β 

lim (ψ) = 1 (84) 

l i m ( in.) =\ (85) 
0_>0 \dc^ /τ.β β 

For an association of the type 2 A -+- Β ^± A 2 B (or related associations not 
involving A B ) one can get Κ and B A B directly. Here one notes that 
Equations 79 or 79a can be used to obtain 

U m A(cM w „*) = _ 2 B b a M a ( g 6 ) 

β — const 

and lim U) (87) 

= ΓΤ^[^(2ΜΑ2 + 4ΜΑΜΒ)] 
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2 8 2 P O L Y M E R M O L E C U L A R W E I G H T M E T H O D S 

For the sedimentation equilibrium experiments at different speeds one 
could use A ( c M w M z ) a p p , the nonideal analog of A ( c M w M z ) or Δ (2^Μ* 2 ) , 

in the analysis; this is not discussed further here. 
Analysis When vA ^ vB and ΨΑ ^ ΨΒ· For the sedimentation equi

librium experiments at different speeds or the Archibald method one 
measures nMla; thus one would use Δ(ηΜι α * ), which is the analog of the 
quantity A ( c M w a * ) , and proceed in a manner similar to that described 
above. We wi l l not elaborate further on this procedure here. 

In the light scattering experiment one measures 2 ^ A ( d n / d C i ) T , c M i a 
i 

under nonideal circumstances. To do the analysis one defines 2Ψ-Α(θη/ 
i 

dCi)T,cjMia*, the analog of Equation 79a, first. Then one calculates 

Δ (ΣΨ^·Μ ί α *) = Σ Ψ ^ ( ^ ) Mia* - (ΣΨ^-Μ;) 0 

i i \OCi/ T,CJ i 
and this quantity is used in the analysis. For an association of the type 
2A + Β ^± A 2 B , one can show 

Δ(ΣΨί2θίΜία*\ 
l im V 1 = - ΒΑΒΜΒ(ΨΑ> + Ψ Β 2 ) (88) 

C _ > 0 C A C B 

β = const 

Δ 0 Ψ Λ Ο ί ι α * ) 

c^To \dc/ T>f> C Â°CB° 

= β lim / d \ 
1 + β cA°-> 0 \dcA°) Τ,β 

{ ϊ ί ^ Β [ 2 Ψ α 2 Μ α 2 + 4 Ψ Α Ψ Β Μ Α Μ Β ] | 1 + β (ΜΑ 2 Β 

Note that Mla and refer to the apparent values of M i e q and Mh 

respectively. 

Discussion 

W e have shown some of the ways that mixed associations could be 
analyzed by light scattering, Archibald, or sedimentation equilibrium 
experiments. It might be appropriate at this point to make a comparison 
of some advantages and disadvantages of each technique. 

The light scattering experiment is potentially the fastest way to do 
these experiments. It does appear to require more solution; 2 ml of solu-
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22. PEKAR ET A L . Mixed Associations 283 

tion seems to be the smallest amount of l iquid that can be used. One 
serious difficulty appears to be the removal of dust from aqueous solu
tions, although Millipore filtering or other forms of filtering can be used 
to remove dust. For slow or moderately fast reactions one could use 
light scattering experiments to follow the kinetics of a reaction described 
by Equation 1, since one could measure M w (or c M w ) at various time 
intervals. This should be applicable under the same conditions that 
stopped flow experiments are applicable. It would require special cells, 
but one could also use this to see if the active form of an enzyme is an 
aggregate ( dimer or higher aggregate ). Here one could use rapid mixing 
techniques to blend substrate with the enzyme and follow changes in 
M w . One could also study pressure effects on chemical equilibria between 
macromolecules, using special cells designed for this purpose; this has 
been done very elegantly by Payens and Heremans (40) on their studies 
of pressure effects on the self-association of β-casein. 

The sedimentation equilibrium experiment requires much smaller 
volumes of solution, about 0.15 ml. W i t h six-hole rotors and multichannel 
centerpieces (41) it is potentially possible to do fifteen experiments at 
the same time. For situations where the photoelectric scanner can be used 
one might ( depending on the extinct coefficients ) be able to go to much 
lower concentrations. Dust is no problem since the centrifugal field 
causes it to go to the cell bottom. For conventional sedimentation equi
librium experiments, the analysis of mixed associations under nonideal 
conditions may be virtually impossible. Also, sedimentation equilibrium 
experiments take time, although methods are available to reduce this 
somewhat (42, 43). For certain situations the combination of optical 
systems available to the ultracentrifuge may allow for the most precise 
analysis of a mixed association. The Archibald experiment may suffer 
some loss in precision since one must extrapolate the data to the cell 
extremes (rm and rb) to obtain M W ( M , which must then be extrapolated 
to zero time. Nevertheless, all three methods indicate that it is quite 
possible to study mixed associations. We have indicated some approaches 
that could be used to overcome problems of nonideality, unequal refrac
tive index increments, and unequal partial specific volumes. 

In this paper we have used the quantity (1 — ϋρ0) in writing equa
tions for sedimentation equilibrium experiments. Some workers prefer 
to use the density increment, 1000(dp/dc) r,M, instead when dealing with 
solutions containing ionizing macromolecules. This procedure was first 
advocated by Vrij (44), and its advantages are discussed by Casassa and 
Eisenberg (39). Nichol and Ogston (13) have used the density incre
ment in their analysis of mixed associations. The subscript μ means that 
all of the diffusible solutes are at constant chemical potential in the buffer 
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solution (the solvent) and in the macromolecular solution; this condition 
is achieved by dialysis. 
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The Use of Thin Film Dialysis and High 
Resolution N M R to Study Conformation 
and Association Phenomena 

L . C. CRAIG, H . C. C H E N , and W. A. GIBBONS 

The Rockefeller University, New York, Ν. Y. 10021 

Further progress in our understanding of the nature of 
large polymeric substances will require the development of 
methods with greater discrimination in the study of molec
ular size, conformation, molecular interactions, and other 
solution properties. It is postulated that this can be accom
plished only by the use of a variety of approaches depending 
on different parameters. A short review of the present stage 
of development of two approaches, thin-film dialysis and 
high-resolution NMR, is given. The former is shown to be 
a sensitive tool for estimation of Stokes radius and for detec
tion of molecular interactions and changes in conformation 
while the latter gives detailed information concerning the 
relative positions of the atoms within the molecule. They 
are shown to have complimentary value by the use of well 
characterized naturally occurring antibiotic polypeptides 
and hormones as models. 

T n spite of intensive research by countless numbers of capable scientists 
A for the past 30 years our methods for precise separation and charac
terization of larger molecules do not have the discrimination needed to 
solve many of the problems now posed by what we have already learned 
about the behavior of such substances. This is true even with naturally 
occurring biopolymers where the amazing selectivity of the synthetic 
processes of living tissues permits the isolation of preparations which 
show the behavior expected if the individual molecules of the preparation 
should be really all of the same size, shape, and composition. Research 
with biopolymers can therefore be considered in a different category from 
that so important for industrial polymers since in many cases it relates 
to single molecular species. The importance of the latter point depends 
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on the purpose of the research but it would appear to be all important 
from the standpoint of precise separation methods development, structure 
determination, and non-covalent molecular interactions. 

Present-day literature dealing with the structure and conformation of 
large molecules presents a confusing array of approaches. Some of them 
are well supported by experimental data and model building such as the 
x-ray diffraction studies with crystalline material. Other approaches are 
theoretical; they require extensive computer calculation, involve assump
tions which have not been rigorously proved, and at best allow only a 
rough correlation with overall existing data. The substances studied are 
often of such great complexity as to make rigorous experimental verifica
tion virtually impossible. 

Nature and the synthetic organic chemist have provided an amazing 
array of substances of molecular weights ranging in the hundreds; these 
substances can be separated and documented now with great precision 
with modern methods which include x-ray crystallography, U V , IR, N M R , 
gas chromatography, and mass spectroscopy. Nature has provided a 
corresponding array of substances of molecular weights ranging in the 
tens of thousands, e.g., the proteins. On the other hand pure substances 
of intermediate molecular size seem to have offered more difficulty and 
not to have been so plentiful. The separation and characterization meth
ods so successful for the smaller molecules have for the most part not 
been applicable nor have those developed for the proteins been applicable 
or shown sufficient resolution. 

For some years an objective of this laboratory has been the develop
ment of methods for isolating and characterizing the last-mentioned size 
of natural product. Countercurrent distribution has been a chief tool but 
more recently we have been developing a membrane-diffusion method 
which we have called "thin-film dialysis" ( 1 ). It has considerable poten
tial for studying molecular size, conformation, molecular interactions, and 
other solution behavior, particularly when combined with the rapidly 
developing possibilities suggested by high resolution N M R . 

Our approach has been essentially empirical in nature with less em
phasis on the theoretical. We have isolated single substances, proved 
their purity, and determined their covalent structure by classical methods 
of organic chemistry; we have then used these substances of molecular 
weight ranging from 1,000 to 14,000 as model solutes for the study of 
conformation and intermolecular interaction. Solutes of special interest 
have been gramicidin SA (2), bacitracin A (3), polymyxin B, and the 
tyrocidines A , B, and C (4). A l l are cyclic antibiotic polypeptides. The 
first three behave in aqueous solution as reasonably ideal solutes and do 
not associate, but the tyrocidines associate strongly and are interesting 
models for the study of association phenomena. Other model solutes of 
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similar nature are the hormones vasopressin (5) and oxytocin (6) and 
their synthetic analogs (7). Studies with these solutes which are also 
cyclic polypeptides have been carried out in other laboratories (8). 

The presence of a covalently linked ring structure reduces the num
bers of theoretically possible conformational forms. This fact makes such 
small polymeric solutes desirable models for establishing certain con
cepts regarding the structural features responsible for measurable prop
erties which can be detected by O R D , C D , N M R , diffusability, tritium-
proton exchange kinetics, etc. Gramicidin SA (2) is a good example 
since it was the first solute of this class whose complete structure, both 
covalent and conformation in solution, was determined. It was deter
mined to have an antiparallel β pleated sheet structure and to have four 
amide-hydrogen bonds. N M R studies were of great importance in con
firming this structure which had been proposed earlier by Schwyzer (9) 
as the most probable one on the basis of the reasoning of organic chem
istry. Its correctness, however, had been questioned in several labora
tories ( 10, 11 ) because we had found in 1965 ( 12, 13 ) that it gave the 
precise type of O R D spectrum that had become widely accepted as 
specific for the conformation of the a helix. Our confirmation of the 
antiparallel pleated sheet structure by N M R , tritium exchange, and other 
techniques therefore was a contribution to the study of polymers in that 
it showed that O R D and C D data alone could not be taken as a reliable 
measure of helicity. Other conformations can give the same type of pat
tern. It is interesting that in spite of this now generally known uncertainty 
O R D and C D are still widely used to measure helicity in polymeric 
solutes without any mention of the uncertainty. 

A number of excellent publications have now appeared dealing with 
N M R studies of oxytocin (14,15), vasopressin (16,17), and their analogs. 
These follow the earlier pattern set in the gramicidin SA study and are 
of great value in forming ground rules for interpretation of N M R data. 

A logical further step in this general study should deal with linear 
molecules lacking the covalently bonded ring which are of the so-called 
'random-coil" type. Excellent models are to be found in the angiotensin 
hormones (7) and their synthetic analogs, bradykinin and analogs, A C T H 
hormones (18), the calcitonins, glucagon, and protamines. We have had 
many of these under study to some degree with the methods outlined 
above but much of the study is only preliminary. The data, however, 
do permit a few conclusions. The angiotensins appear to have a definite 
tightly coiled conformation (or possibly two interconvertible forms) de
pending on the p H and solution environment (7). This had been shown 
by thin-film dialysis and the presence of slow exchangeable amide protons 
(19). In fact all of these random-coil peptides appear to have a diffusional 
size in aqueous solution indicative of rather tightly coiled spheres depend-
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ing on the ionic strength and p H (20). Urea and guanidinium chloride 
have the expected effect of increasing the measured diffusional size except 
where there is molecular association. 

The tyrocidines associate strongly and have been thoroughly investi
gated (4) from this standpoint. Extensive study has shown the interac
tion to be primarily hydrophobic in nature but requiring the rigid 
fixed-ring structure for expression. Solutes such as urea and guanidinium 
chloride which increase the diffusional size of linear peptides make the 
tyrocidines more diffusable. This is true also with insulin (21) and 
glucagon (18). The latter was first shown by thin-film dialysis to asso
ciate. Association, with the tyrocidines, could be detected by N M R 
through line broadening as might be expected (22). 

As experience with the different models has accumulated it has be
come possible to refine certain techniques and make more meaningful 
interpretations. One of these has concerned the thin-film dialysis tech
nique. For some years we have considered that the fixed charge on 
Visking "dialysis" membranes was sufficiently low (23) so that ion-ex
change effects could be neglected. Actually, in calibrating the membrane 
if a change in ionic strength significantly altered the half-escape time 
with a test solute such as bacitracin A , that roll of casing was discarded. 

Recently in working with the random-coil peptides such as A C T H 
which carry a high charge density, it has been found that a higher degree 
of freedom from fixed charge on the membrane is required in order to 
achieve reproducible results. This stimulated a search for a method to 
remove fixed charge completely. Membranes treated with glycine amide 
and a cyclohexyl dimide coupling agent ( l-cyclohexyl-3- ( 2-morpholino-
ethyl)-carbodiimidometho-p-toluene sulfonate, Aldrich Chemical Co.) 
proved to be completely satisfactory for highly charged solutes (20). 
They also appeared to show less absorptive properties for certain solutes 
and gave lower blanks for ultraviolet absorbance measurements in the 
220 to 230 τημ range. 

With these membranes we were able to show that in thin-film dialysis 
neither the escape rate into the diffusate nor diffusion across the mem
brane itself is the controlling rate expressed by the escape plot. There
fore the escape plot is a true measure of the probability of the solute 
finding its way into the membrane. It was suggested 15 years ago 
(24) that thin-film dialysis could be performed in such a way that it would 
be a sensitive measure of diffusional size. This has since been confirmed 
with many solutes (25) at a given temperature. 

Interpretation of temperature effects, however, remained uncertain. 
With polypeptides in particular the effect of a change in temperature 
was unpredictable. Certain ones followed rather closely the Stokes-
Einstein relationship for free diffusion; others deviated strongly. It was 
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thought this was caused either by a change in hydration or a change in 
conformation or both. 

If the escape pattern is a true reflection of the probability of the 
solute entering the pores of the membrane, it should show close adherence 
to the Stokes-Einstein (26) relationship. That is to say the activation 
energy of this particular type of dialysis should agree closely with the 
activation energy of free diffusion. For a number of rigid solutes such 
as gramicidin SA we have found this to be true over the temperature 
range 10° to 70 °C. On the other hand the slope of a plot of the reciprocal 
of the half-escape time against the reciprocal of the absolute temperature 
for random-coil peptides deviates either positively or negatively from the 
slope required by the Stokes-Einstein relationship. 

These findings strengthen our confidence in the reliability of the 
thin-film dialysis method for determining diffusional size provided it is 
carried out with the precautions and care now shown experimentally to 
be required. It then becomes a direct measure of the probability of a 
solute finding its way into a pore from the solution side. Thus it can 
be a measure of true diffusional size, and the basis of the sensitivity or 
selectivity is a function of the limiting pore size relative to the diffusional 
size of the solute molecule. The selectivity or probability is dictated 
by the relationship 

A = A0 (1 - r/Rf 

where A0 is the cross-sectional area of the pore, r is the effective radius 
of the diffusing particle, and R is the radius of the cross-sectional area of 
the pore. This is a relationship suggested many years ago in ultrafiltration 
(28). Since we now know from nuclear magnetic relaxation measure
ments that solutes of the size we are dealing with are tumbling at the rate 
approximating 10 1 0 times per second, the longest cross-sectional dimen
sion of the molecule is the most important one in determining diffusional 
size. 

Thin-film dialysis can thus be considered as a way to estimate Stokes 
radius with a precision approximating ± 3 % (24) when suitable models 
of known dimensions are available for comparison. In addition to this it 
offers an excellent approach to the study of molecular interactions, self-
association, and binding (29, 30). It therefore is excellent for supple
menting the type of information which can be derived from high-resolu
tion N M R study which in many cases together with model building and 
the restrictions of steric hindrance can reveal the precise positions certain 
atoms in a molecule occupy in space relative to each other. Many times 
however with N M R , a single unique position cannot be extracted from 
the data but instead only several possibilities. Here supplementary knowl-
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Figure 1. Drawing illustrating IUPAC terminology 
describing the conformation of a peptide unit 

edge of the overall size can be helpful. Reliable interpretation of some 
of the N M R data also requires a knowledge of the effect of the solvent 
and whether or not self-association is occurring. 

The general overall approach of high-resolution proton N M R to prob
lems of conformation involves the following procedures: 1) Obtain the 
spectrum as a function of magnetic field strength, solvent, temperature, 
and p H . 2) Integrate to obtain a proton count. 3) Analyze the N M R 
spectra obtained in 1, principally by spin decoupling, I N D O R , and iso-
topic labeling, to give coupling constants and chemical shifts of each 
proton in the molecule. 4) Study the amide proton-hydrogen bonding by 
deuterium exchange, double resonance, relaxation measurements, and 
perturbations by changes of solvent, temperature, p H , and paramagnetic 
shift reagents. 5) Correlate N M R parameters to molecular parameters 
such as dihedral angles. 6) Compute or model build to find the conforma
tion most consistent with the above data and relevant data from sources 
other than N M R . 

The conformation of a polypeptide is determined by the allowed or 
most favorable rotational position of each single bond connecting each 
atom in the molecule. The bonds fixing the backbone structure are given 
in Figure 1. Since the C - N bond is known to be essentially fixed and 
trans with respect to the carbonyl and amide proton in practically all 
peptides, the degrees of freedom are limited to rotation around the other 
two bonds called φ and ψ according to I U P A C terminology (31). The 
dihedral angle φ influences the coupling constants of the two vicinal 
protons designated 3 J N c . The single proton on the a carbon atom is also 
coupled to the proton or protons on the β carbon to give 3 J « 0 . Determina
tion of these coupling constants furnishes data which limits the stereo-
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chemistry around these atoms according to the Karplus relationship (32) 
but does not provide a unique stereochemistry (33). Four possibilities 
remain to be considered which can be reduced to two by the use of 
conformational energy maps (34). For the cyclic polypeptides, model 
building and strong evidence for hydrogen bonding of specific protons 
provided the further limitation expressed in the structural formula for 
gramicidin SA shown in Figure 2. 

In gramicidin SA four protons were shown to have very slow deu
terium-proton exchange rates which could be assigned to specific protons. 

H ™\ CH2 

ΗΝ V 

C=0--H-NV CH \ 3 Η / \ Η 

N-H—-0=Ĉ  H \CH, C H 3 C
H \ . H . . . . n = / H C \ ^ 3 

N H 2 ^ H °Λ/ >H Η H ~ - N H 2 

HN, ,C=0 

^ C = 0 - - H - l ^ 

C ^ .-CH CH Η H CH3 

r NH 

π 2 ο 

Figure 2. Schematic drawing of model with ω angles 
all 0 except Leu = 10°. φ angles of Val, Ora, and 
Leu — 30°, Phe = ISO0; ψ angles of Val, Orn, and 
Leu = 0, Phe = 150° and Pro = 130°. Dashed lines 

Ο Η indicate hydrogen bonds. 
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Gramicidin-SA in D M S 0 - d 6 

293 

300 MHz 

60° 
I I I 

J L L k J 

0 0 ζ ζ 
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Figure 3. High-resolution NMR spectra of gramicidin SA 

The rates were confirmed by tritium-exchange studies (35). The very 
slow rate of exchange for this peptide must result from hydrogen bonding, 
a conclusion that is not so certain with other peptides with protons whose 
rate of exchange are only somewhat slower than rates known for simple 
amides. 

The effect of a change in temperature or solvent on chemical shift 
is a parameter which must be carefully studied. On the basis of several 
examples it was proposed that evidence for hydrogen bonding ( 36 ) could 
be derived from the failure of an amide-proton chemical shift to be sensi
tive to a change in temperature. Later observations from this laboratory 
have shown that the chemical shift of certain amide protons not hydrogen 
bonded also may not be sensitive to a change in temperature. 
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The chemical shift may reveal the position of one atomic grouping 
with respect to another by anisotropic shielding. This is an effect likely 
to be sensitive to temperature and solvent changes as seen in the valine 
amide-proton resonance in Figure 3. 

Gramicidin SA was a particularly suitable model for establishing and 
testing certain ground rules for the use of N M R in conformation studies. 
The challenge now is the extension of this type of study to larger mole
cules. Here the resolution of individual resonances rapidly becomes a 
problem. The development of spectrometers with stronger magnetic 
fields (37) and equipped with Fourier transform is a promising approach 
which is being vigorously pursued and wi l l be particularly important for 
the study of more dilute solutions. Simplification of overlapping reso
nances by an I N D O R technique is also a promising newer approach (38). 

Regardless of how much improvement can be made in N M R tech
niques, conformation problems wi l l always require the support of other 
techniques such as x-ray diffraction, C D , O R D , U V , proton exchange, 
thin-film dialysis, model building, and energy-minimization calculations. 

In this short review it is not possible to cover more than a bare out
line of the possibilities presented by only two approaches to the study 
of-conformation. These were chosen because of our own current interest 
and because they supplement each other well. From the practical stand
point high-resolution N M R is a very expensive and intricate approach 
while thin-film dialysis is very simple and inexpensive. 

Examples of the way these two entirely different approaches com
pliment each other are developing in conformation studies with the 
hormones angiotensin, oxytocin, and vasopressin. In 1964 Craig, Harfenist, 
and Paladini (7) published the comparative half-escape times shown in 
Table I in 0.01N acetic acid and another series in Table II using a differ
ent membrane less porous and not as selective as the first. Oxytocin and 
vasopressin are cyclic octapeptides with an S-S linkage closing the ring 
at the 1-6 positions (5, 6). Their size is thus limited except for the side 

Table I. Comparative Dialysis Rates of Selected Solutes 
of Known Structure 

Molecular T/2 
Solute Weight hr 

Carbowax 1000 950-1050 2.4 
Angiotensin I 1282 0.95 
Tyrocidine Β (ring split) 1348 2.1 
Cyclohexaamylose 972 2.1 
Polymyxin B i 
Ring fragment of polymyxin B i 

1208 5.6 Polymyxin B i 
Ring fragment of polymyxin B i 762 1.4 
Gramicidin S 1142 2.4 
Bacitracin 1420 1.8 
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Table II. Comparative Escape Rates of Oxytocin and 
Vasopressin Analogs 

Τ12 No. of 
Peptide hr Separate Runs 

Angiotensinamide 3.6 3 
Oxytocin 3.2 5 
8-Lysine vasopressin 5.3 3 
8-Histidine vasopressin 4.5 1 
8-Lysine vasotocin 5.2 1 
l-Deamino-8-lysine vasopressin 3.1 3 
1-Deamino oxytocin 3.5 2 
l-Acetyl-8-lysine vasopressin 4.1 2 
1-TV-Methyl oxytocin 4.1 1 
4-Decarboxamido oxytocin 3.8 1 
D-Leucine oxytocin 3.7 2 
4-Deamido oxytocin 2.6 2 
Oxytocin dimer 9.8 1 

chain containing three amino acid residues. From the data in Table II 
it is seen that 8-lysine vasopressin, 8-histidine vasopressin, and 8-lysine 
vasotocin all have half-escape times definitely longer than oxytocin and 
deaminooxytocin. Removal of the basic charge on oxytocin did not ap
preciably change the half-escape time but with 8-lysine vasopressin the 
time was reduced to about that found for oxytocin. It was therefore 
postulated that the side chain of the vasopressins was more extended 
than the oxytocins and that the oxytocins were as compact as possible. 
This now appears to be confirmed by N M R studies (15, 17), one of which 
postulated (15) a hydrogen bond between the terminal glycineamide 
proton and a cystine amide carbonyl. If the latter is true, the hydrogen 
bond would not be possible in 9-sarcosine oxytocin and the side chain 
would be more extended. The data in Table I indicate a larger diffusional 
size for 9-sarcosine oxytocin. The suggestion of the more extended con
formation of 8-lysine vasopressin also appears to have been confirmed 
by N M R studies (17). 

It was postulated from the comparative data in Tables I and II and 
other observations that angiotensin had a definite compact conformational 
structure even though it is a linear peptide and should be a random 
coil. Tritium-exchange studies (39), C D (40), and N M R evidence 
(41, 42) now give support to this view. N M R studies with angiotensin, 
oxytocin, and vasopressin thus far have not indicated conformational 
restriction on the benzene rings, but the thin-film dialysis data are incon
sistent with any conformation in which these bulky groups are extended 
from the otherwise compact conformation. 
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Theoretical Model for Determining 
Monomer-Polymer Reaction Stoichiometry 
from Equilibrium Gel Partition 

B R U C E F. C A M E R O N 
Papanicolaou Cancer Research Institute, 1155 Northwest 14th St., Miami, Fla. 
33136, and Department of Medicine, Division of Hematology, University of 
Miami School of Medicine, POB 875—Biscayne Annex, Miami, Fla. 33152 

A L A N D. A D L E R 
New England Institute, Grove St., Ridgefield, Conn. 06877 

A theoretical analysis of an equilibrium gel partition system 
for determination of association reaction stoichiometry is 
described. Equations are generated for generalized mono
mer-polymer equilibrium, including sequential equilibria. 
Numerical solutions of the generated polynomial equations 
were obtained for pM Ρ, p up to 6, and the slope of the 
graph of the ratio of monomer equivalents external to the gel 
phase to total monomer equivalents as a function of total 
initial concentration was shown to be a strong function of 
the stoichiometric order. A numerical analysis of slopes and 
values of this curve in the region of the inflection yielded a 
parameter independent of specific equilibrium constants and 
characteristic of the stoichiometric coefficient for simple 
generalized polymerization. 

A relatively common feature of many problems involving molecular 
^ v weight determination of biopolymers is that of association-dissocia
tion equilibrium. Subunit structure of enzyme proteins is well recognized 
( I ) , and methods of dissociation of subunits to obtain monomer molec
ular weight are widely utilized (2). A previous paper described the 
application of an equilibrium gel partition method to the analysis of 
macromolecular association in a monomer-dimer case (3). The experi
mental parameters in a system utilizing the Sephadex series of gel filtra-
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24. C A M E R O N AND ADLER Equilibrium Gel Partition 299 

tion materials were described and optimized, and the method was applied 
to the problem of the dissociation of the hemoglobin tetramer (3, 4). 
The present work is a theoretical extension of the mathematical model 
to generalized association stoichiometry, for like and unlike monomers, 
including sequential association with detectable intermediates for the 
system containing like interactants. 

Theory 

Case la . Multiple Association of Like Interactants. For the reac
tion 

pM — P, where Ρ = M p 

the gel partition system is essentially 

Ka 

pM-P 

KM 
M - M 

K? 
Ρ - Ρ 

where the external phase is represented by a (volume = V« ) , and the 
internal phase is represented by β ( volume = ). The relevant equilib
rium constants are defined in terms of the number of moles of species 
M and Ρ and concentrations [P] and [M] as 

Ka = [ P « ] / [ M J ' = ^ Va<v-» 

KM = [ M e ] / [ M J = ^ - £ « 

κ ν = [ P 8 ] / [ P „ ] = y~ 

Note that Κβ is also determined by the above equations since 

Kz = Ka{Kr/(KM)p} 

Now define 

pM - Ρ 

k = Κ /V ( ? , - υ = (ΐ) 
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V$ Pp (3) 
fcP - Λ ρ · ψ -

" α * α 

μ = 1 + kM (4) 

χ = 1 + h? (5) 

Conservation of mass requires that 

Mtot = ( M e + M e ) + pÇPa + P e ) (6) 

where M t o t is the total equivalents of reactant in the entire reaction 
volume. Substitution in Equation 6, first for Ρβ and M# from Equations 
3 and 2, and then for P« from Equation 1 and simplification using Equa
tions 4 and 5 yields the following expression for M t o t 

Mtot = μΜ α + p%kaMa
p (7) 

Defining 

Mo = Mtot/pxfc« (8) 

κ = μ/ρ%Κ (9) 

Substitution of Equations 8 and 9 into Equation 7 and rearrangement 
gives the following functional relationship of M a to M 0 (and hence M t o t ) 

Μα*> + κΜ α - Mo = 0 (10) 

By Descartes' rule (on alternation of signs), this general equation can 
have only one positive real root (5) which then must be the root of 
physical significance and must lie between 0 and M t o t - In application to 
a real system, use of the equation in this form requires a method for 
measuring M « , and hence it is necessary to distinguish experimentally 
between M « and P a . Often such a measurement is not possible, and what 
can be measured is M a ° , the total number of monomer equivalents in the 
external phase. By definition 

M a ° = M e + pPa (H) 

Combining this with Equation 1 

Μ αο = Μ α + ρΚΜα» (12) 
and 

M a ° = R + pkaRv (13) 

where R is the particular root of Equation 10 found by analysis. It is the 
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variation of Μ α ° , or the dimensionless quantity M a
0 / M t o t , that may be 

analyzed as a function, / (M t o t ) , to determine stoichiometry (i.e., the value 
of p) and the various equilibrium constants. 

Case lb. Multiple Association of Unlike Interactants. For the re
action 

the extension from association of like to association of unlike particles 
is essentially similar to that described in a previous analysis of colligative 
properties (6). However, because of the individual distribution equi
libria of the species M i , M 2 , . . . , M ^ , it is not possible to guarantee that 
M i a = M 2 « = . . . = Mpa as in the colligative case; hence, no generalized 
solution is possible, and any individual case must be treated specifically 
according to the scheme outlined. 

If it could be arranged that Mi« = M 2 « = . . . = M ^ , and that all K M 
values be equal throughout the concentration range of interest, then the 
generalized equation is identical with that for the homogeneous equi
librium since 

Such a condition might hold, for example, in the mixed association of 
unlike monomers of identical molecular weight in gel permeation. 

In such a case, the condition that the polymer is formed by a mixed 
association of monomer units would be reflected in the numerical value 
of the association equilibrium constant. The value for unlike association 
differs from that for like association by a factor pp since the Keq is re
ferred to M« moles of monomer for like particle association and to M« / ρ 
moles of each monomer for unlike particle association, while the measure
ments are referred to systems both containing M« moles of monomer. 
Alternately it can be shown that this factor arises from a statistical 
entropy contribution. 

For certain classes of polymerization, such as simple copolymeriza-
tion, a similar generalized analysis could be derived from considerations 
of monomer reactivity ratios. However, in the completely general case 
( such as assembly of a protein from subunits ) it would require knowledge 
of stoichiometrics to specify these ratios, and it is just these stoichiometrics 
that one is attempting to obtain from this analysis. 

Case II. Sequential Association of Like Interactants. For the re
action 

M i + M 2 + . . . + Mp <=> Ρ 

Ka = [ P J / [ M l e ] [M 2 e ] . . . [Μ,.] = Ρ α / [Μι α ] Ρ 

M 
2 M - P 2 - P 3 ,_ . . . ,_ P(p-l) »— Pp 

M M M 
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The equivalent gel partition system is essentially 

Kv 

pM - P p 

Kip-Da 
(p - 1 )M - Ρ ( 2 _ υ 

Kp$ 

K(p-l)$ 
(p - 1)M - P(p-D 

K2a 

2 M - P 2 

KM 
M - M 

K2P 

P 2 ^ P 2 

Kip-DP 
P(p-l) ^ P(p-l) 

KpP 
Ρ Ρ 
1 Ρ Γ Ρ 

Κη$ 
2Μ - Ρ 2 

where the external phase is represented by a (volume = V a ) , and the 
internal phase is represented by β (volume = Vp). Note that for analysis 
the sequential reaction equilibrium constants are reparametized, i.e., 

Ki = Π K't 2 ^ i ζ ρ 
J - 2 

where K'j = [ Ρ , ] / [ Ρ , - ι ] [ M ] , / > 2, and [ P j = [ M ] . In analogy with 
Equations 1-6, define 

kia = Kia/V«-» 

1CM = KMT^ 

kip = KtPyT-

μ = I + kM 

%i = 1 + ki? 

By conservation of mass 

P t a 2 ζ i ζ ρ 

2 ^ i ^ ρ 

M t o t = M„ + Mf> + Σ t ( P i a + Pt-g 
t=-2 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 
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Substituting into Equation 19 from Equations 14-16 and simplifying 
using Equations 17 and 18 

Mtot = μ Μ α + Σ i^kicMJ (20) 

ΐ = 2 

Define 

M o = Mtot /pxp*pe (21) 
Ki = i%ikia/p%pkpa 2 ^ i ^ (ρ — 1) (22) 

κ = μ/p'Kpkpa (23) 

Substitution of Equations 21 -23 into Equation 20 and rearrangement 
yields 

Μ α * + Σ KMJ + κ Μ α - M o = 0 (24) 
i=p—l 

Again, since there is only one alternation of sign there is only one real 
positive root ( 5 ) , which must lie between 0 and M t o t , and this must be 
the root of physical significance. 

In terms of the measured variable, the total number of monomer 
equivalents in phase a is, by definition 

M a ° = M « + Σ iPia (25) 

For a particular solution, where R is the particular root of Equation 24 
found by analysis, and the respective P i £ /s are substituted from Equation 
14 

Μ α 0 = R + Σ ikiaR* (26) 

Note that for a sequential association with fewer species, the general 
equation is modified so as to eliminate those terms for which the specific 
equilibrium does not exist. For example, for 

M + M - P 2 

P 2 + M + M - P 4 

Equation 24 would become 

Μ α 4 + κ 2 Μ α
2 + κΜ« - M o = 0 
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and Equation 26 

M«° = R + 2k2aR2 + 4& 4 α β 4 

A similar solution may be written down for any arbitrary sequential 
association. 

Results 

Computer simulation was carried out on an I B M 370/155 computer, 
using double-precision calculation and the double-precision version of 
the Bairstow method polynomial roots subroutine in the I B M scientific 
subroutines package. For the monomer-dimer case, the quadratic can be 
and was solved exactly—e.g., see Ref. 3. Estimates of propagated error 
are provided in the tables where needed. The analysis given here reduces 
to that given previously (3) when the system concerned is a monomer-
dimer system. 

Take Equation 10 for the specific case of dimerization 

Μ α
2 + κΜ α - Mo = 0 

Now substitute here in terms of the variables as defined in the earlier 
study (3), where N 0 is the total equivalents of monomer—i.e., let 

and 

K 2hKa 

These substitutions yield the equation 

MJ + μΜα - N0 = 0 
* a 

which is identical with Equation 5 of ref. 3. 
Representative plots of Ma

0/Mtot for the dimerization reaction with 
varying values of the distribution parameters K M and Kp are given in 
Figure 1 as a semilogarithmic plot. Values of the distribution parameters 
were chosen here in relation to a gel partition model, where the only 
factor influencing distribution is a molecular size function; that is, Κχ 
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03 -

OJB -
Ο 

10"' 10"7 10** 10"* 10"* 10"' 10"* 10' 
C O N C E N T R A T I O N 

Figure 1. Concentration dependence of Ma°/Mtot for 
the monomer-dimer reaction. Concentration: Mtot/(Wa 

+ Va). Ratio: Ma°/Mtot. All curves, Υα = γβ = 1.00, 
KA = 1 X JO 5 . (1) KM = K P = 1.00; (2) KM = KP 
= 0.00; (3) KM = 0.55, K P = 0.33; (4) KM = 1.00, 

K M = 0.50. 

1JD 

0= 0.7 

05 

05 
10̂  ïo* Γα* Hr5 fir* fir3 To7* To11 ϊ ο 1 fir1 ϊ ο * ίο*· 

CONCENTRATION 

Figure 2. System and axes as in Figure 1, calculated for various 
stoichiometries. All curves, V a = = 1.0, KA = I Χ I0 5 , K M 
= 0.90, Κι» — 0.10. (1) Monomer-dimer, (2) monomer-trimer, (3) 
monomer-tetramer, (4) monomer-pentamer, (5) monomer-hexamer. 

varies from zero for a completely excluded molecule to one for a com
pletely penetrant molecule. 

Such limits for K x are not required. The mathematical model re
quires only that Κχ be positive, a necessity for the constant to have phys
ical meaning. The mechanism of the interaction of the gel with the 
experimental molecule is unspecified, and may be adsorption, ion ex
change, or any other process representable by an "equilibrium constant" 
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defined as a concentration ratio of "gel-associated" to "gel-non-associated" 
material. Multiple interactions are also allowed, and the same mathe
matical generalization holds. The apparent K x is then a combination of 
individual interaction parameters. Thus the analysis can be extended to 
multiple-phase equilibria in general. 

The same function is plotted in Figures 2 and 3 for the monomer-
dimer through monomer-hexamer stoichiometry, for a fixed association 
equilibrium constant of 1 Χ 10 5 . The distribution coefficients for Figure 
2 are chosen for K M constant and Kp the same irrespective of the size 
of the polymer while for Figure 3 K M is constant, and K P is that value 
predicted for the polymer using a gel permeation model in which the 
square root of molecular weight is a linear function of the cube root 
of the partition constant. This functional relationship is one suggested 
for gel permeation on theoretical (7) and experimental (8) grounds in 
the limit of zero flow ( 9 ) . 

1J0 

OS 
ίο 1 · Πτ7 ί ο * Πτ* ΰτ* ûr5 Πτ* Πτ* ϊ ο 1 Πτ* ϊ ο * ίο*· 

CONCENTRRTI ON 

Figure 3. The respective curves are identical with those of Figure 
2 except that Kp is chosen to correspond to a theoretical gel permea
tion experiment (see text). All curves, K M = 0.90. (1) Kp = 0.32, 
(2) KP = 0 . J 7 , (3) KP = 0.11, (4) KP = 0.08, (5) KP = 0.06 (for 
stoichiometrics monomer-dimer through monomer-hexamer, respec

tively). 

The slope of the plot is a function of the reaction stoichiometry 
although the functional dependence is complicated. In addition, the 
"thermodynamic point," i.e., the point which corresponds to K e q (which 
is at 1 χ 10"5 for all curves given here ) does not correspond to the point 
of inflection, and even for the simplest case, dimerization, the point of 
inflection does not correspond to the midpoint. In addition, the curves 
are not symmetrical about the midpoint. Thus, no simple analysis of 
curve shape based on midpoint value or inflection point can give the 
thermodynamic or stoichiometric numbers. 
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l JDr 

05 
10"' 10"7 10"* 10"S 10"* 10"' 10"1 10"' 

C O N C E N T R A T I O N 

Figure 4. System and axes as in Figure 1, monomer-
dimer reaction, varying KD. All curves, V a = = 1.0, 
KA = 1 Χ 105, KM = 0.90. (1) KD = 0.05, (2) KD = 

0.10, (3)KD = 0.30, (4)KD= 0.50. 

These points are emphasized by Figure 4, which is a series of plots 
of M a °/M t ot vs. Mtot in the same semilogarithmic scale for the dimerization 
stoichiometry with varying ΚΌ (partition coefficient for the dimer), KM 

held constant. Data points from Figures 2 and 4 are collected in Table I 
with respect to slopes and values at the inflection point. 

The slope at the inflection is a function of the partition coefficients, 
and if stoichiometric information is to be readily obtained, some trans
formation of variable must be applied to eliminate this dependency. 
Several reasonable transformations, based on the functional form of the 
graphed curve, were tried, and in Table II one is displayed which, for 
the dimerization reaction, satisfies this constraint. The ratio of the slope 
at the inflection with respect to the ordinate was found by division by 
the value of M a ° / M t o t at the inflection. M a

0 / M t o t is essentially an inverse 
weighted partition coefficient 

Mtot = M a + pPa ΜΒ + 7>Ρβ 

ΜΑ° ΜΑ + ρΡα
 + ΜΑ + ρΡα 

and 

Mtot -, , 7 

Μ7 = 1 + k x 

where Χ represents equivalents of monomer. This still does not yield a 
constant independent of KM; however, recognizing that the original equa-
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Table I. Curve Parameters for the Monomer—η-mer System 0 

Ρ K p Slope Value 

2 0.05 0.1683 0.7035 
2 0.10 0.1512 0.6855 
2 0.30 0.0960 0.6271 
2 0.50 0.0555 0.5847 
3 0.10 0.2362 0.6673 
4 0.10 0.2938 0.6553 
5 0.10 0.3366 0.6461 
6 0.10 0.3703 0.6390 

α Slope = slope at the point of inflection, value = ordinate value at the point of inflec
tion. Conditions: Va = Vç> = 1.0, KA = 1 Χ 105, K M = 0.90. 

Table II. Value of ξα as a Function of Κχ for the 
Monomer—Dimer Reaction b 

K M K D ξ ± 0.002 

0.90 0.05 0.929 
0.90 0.10 0.929 
0.90 0.30 0.928 
0.90 0.50 0.925 

α ξ has been defined operationally in the text. 
b Conditions: Va = 7 & = 1.0, Ka = 1 Χ 105. 

Table III. Value of £ as a Function of Stoichiometry (p)a 

ρ ξ ± 0.004 

2 0.929 
3 1.491 
4 1.889 
5 2.195 
6 2.442 

a Conditions: Va = 7β = 1.0, Κα = 1 Χ ΙΟ5, K M = 0.90, Kp = 0.10. 

tion contains terms of the form (1 + kM) and (1 + kp), and that the 
abscissa is a logarithmic axis, division of this ratio by log [(1 + & M ) / 
(1 + & P ) ] was attempted. The result is a number which is independent 
of the partition coefficients. A series of simulations with varying Ka and 
V a indicated that this parameter, which is designated £, is independent 
of al l parameters of the analysis except stoichiometric coefficient. The 
value of ξ for the various stoichiometries plotted in Figure 2 is given in 
Table III. 

It would be difficult in practice to use the value of ξ to determine 
stoichiometry since it requires not only the slope but also the value at 
the inflection point, which may be very difficult if not impossible to 
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recognize with sufficient accuracy in real error-prone data. Also, a knowl
edge of the values of K M and Kp is required. However, it has been shown 
that curve shape can give stoichiometric data in and of itself; further 
numerical modeling is required to define practicable curve parameters 
for analysis of experimental data. For stoichiometry, some experimental 
uncertainty is tolerable since ξ is a discontinuous function, and to infer 
a stoichiometry one requires only that ξ be approximately equal to one 
of the calculated values for a given set of considered stoichiometries. 
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25 
Polypeptide Chain Molecular Weight 
Determination by Gel Permeation Studies 
on Agarose Columns in 6M Guanidinium 
Chloride 

K E N N E T H G. M A N N and DAVID N. FASS 

Department of Biochemistry, University of Minnesota, St. Paul, Minn. 55455 

W A Y N E W. FISH 

Department of Biochemistry, Medical University of South Carolina, 
Charleston, S. C. 

Gel permeation chromatography of protein linear random 
coils in guanidinium chloride allows simultaneous resolution 
and molecular weight analysis of polypeptide components. 
Column calibration results are expressed in terms of a log M 
vs. Kd plot or of effective hydrodynamic radius (Re). For 
linear polypeptide random coils in 6M GuHCl, Re is propor
tional to M0.555, and M0.555 or R e may be used interchange
ably. Similarly, calibration data may be interpreted in terms 
of N0.555 (N is the number of amino acid residues in the 
polypeptide chain), probably the most appropriate calibra
tion term provided sequence data are available for standards. 
R e for randomly coiled peptide heteropolymers is insensitive 
to amino acid residue side-chain composition, permitting 
incorporation of chromophoric, radioactive, and fluorescent 
substituents to enhance detection sensitivity. 

'TT'he partitioning of a solute between the stationary and mobile phases 
A of a gel permeation column is a function of the molecular size and 

shape of the solute and the size distribution of gel pores separating the 
two phases. For a gel permeation column operating under conditions in 
which an equilibrium distribution of solute between the phases is ob-

310 
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25. M A N N ET A L . Polypeptide Chain Molecular Weight 311 

tained, the relative elution position of a solute component is a function 
of its effective hydrodynamic radius, Re ( 1 ). If polymer solutes of similar 
chemical composition and shape are compared, the elution positions of a 
series of solutes wi l l be related to their molecular weights since under 
the circumstance of identical shape molecular weight and R e are related 
functions. 

Since the actual structures of the pores of the insoluble polymer 
supports used as gel permeation chromatography resins are not known, 
an exact theoretical treatment of the technique is not possible, and the 
gel permeation characteristics of a solute can only be compared in a rela
tive fashion. (In alluding to molecular weights determined by this 
method, we shall use the term M a p p since values obtained by this method 
are approximate.) A l l estimates of polymer dimensions based on gel 
chromatography are therefore relative and based on those determined 
for polymers whose dimensions are known. 

Many soluble native proteins are compact, essentially spherical 
structures with frictional ratios ( f / f m i n ) around 1.25. (The term f / f m i n 

represents the ratio of the measured frictional coefficient to the minimal 
value which could be obtained for the equivalent anhydrous sphere. This 

0 0.2 0.4 0.6 0.8 

Figure 1. Gel permeation data for reduced proteins in 6M GuHCl on 4, 6, 8, 
and 10% agarose resins plotted in terms of log M vs. Kd. Proteins used to 
calibrate these columns were well-known materials of established electrophoretic 
purity. Molecular weights used for calibration are from the literature (5, 7). 
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observation led to the exploration of gel permeation chromatography as a 
means of determining the molecular weights of native proteins (2). 
While comparative gel chromatography has been widely used in bio
chemistry for molecular weight determinations, this method is inherently 
dangerous since gel permeation elution position ( V e ) can only be related 
to molecular weight if the "standard" protein used to calibrate a column 
and the unknown possess identical shapes and there is an absence of 
noncovalent binding of the protein to the gel filtration medium. The 
validity of apparent molecular weights ( M a p p ) determined in this fashion 
depend on the assumption regarding solute shape, which can be tested 
only by measurements whose complexity equals or exceeds that of the 
classical exact methods of molecular weight determination. 

Table I. Useful Limits and Resolution Capabilities of Agarose Resins 
for Linear Random Coils in 6 M G u H C l 

% Agarose M at M at 70,000- 30,000- 10,000- 5000-
Comp Kd = 0.1 Kd = 0.9 50,000 20,000 5000 1500 

4 250,000 2800" 0.075 0.080 0.113 0.115 
6 85,000 1850 0.050 0.085 0.180 0.125 
8 32,000 1700 — 0.090 0.220 0.295 

10 23,000 700* — — 0.215 0.265 
a Estimated. 

A l l proteins studied in concentrated solutions of guanidinium chlo
ride ( G u H C l ) have been demonstrated to behave hydrodynamically as 
random coils, possessing no detectable gross noncovalent structure (3). 
If all covalent crosslinks in the polymer chains are ruptured, the resulting 
structures behave hydrodynamically as linear random coils, and as such 
they obey the classical relationship between average dimensions of the 
flexible polymer defined by the radius of gyration ( R g ) and the molecular 
weight (4) 

in which β is a measure of monomer effective unit length, α is a measure 
of chain expansion from nonideality, and M 0 is the monomer residue mo
lecular weight. If we assume that proteins may be treated as homo-
polymers, M 0 and β become constant; however α is a slowly increasing 
function of molecular weight in real solvents. In 6 M G u H C l a has been 
found to vary as (constant)M° 0 5 5 ( 5). Therefore, collecting constant 
terms, Rg may be expressed as 

Rs = (constant)M 0- 5 5 5 (2) 
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25. M A N N E T A L . Polypeptide Chain Molecular Weight 313 

Figure 2. Gel permeation data for polypeptide linear random 
coils plotted according to the method of Porath (8); Μ 0· 5 5 5 is 
plotted vs. Kd

1/3. Lines drawn through the data from each col
umn are lines of best fit determined by linear least-squares anal
ysis. Numerical designation for each curve represents the agarose 

resin used. 

Further, since the term R e is proportional to R g , a relationship between 
the parameter measured by gel filtration of linear random coils and their 
molecular weights is provided. 

Previous studies (5-7) have clearly demonstrated that gel permea
tion chromatography of reduced linear randomly coiled polypeptide 
chains in G u H C l provides an accurate, dependable method for molecular 
weight estimation. 

The gel permeation characteristics are best expressed in terms of the 
distribution coefficient for a solute, K d , which represents the fraction of 
the gel internal volume accessible to the solute 
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K d =
 F ° - Y E P 

^ D N P — ^ B D 

in which V e is the elution weight of the solvent accumulated prior to the 
appearance of the maximum concentration of solute in the effluent, V B D 
the V e for blue dextran ( a high molecular weight polymer which is totally 

530-

erfc' 1 Kd 

Figure 3. Gel permeation data for linear randomly 
coiled polypeptides on various agarose resins, plotted 
according to the method of Ackers (9). Μ 0· 5 5 5 is plotted 
vs. the inverse error function complement of Kd (erfc1 

Kd). Lines drawn through the data points represent best 
fits obtained from linear least-squares analysis of the data. 
Numerical designation of each curve represents the per
cent agarose composition for the resin used. Filled tri
angles on the curve for the 6% resin, and the filled 
squares on the curve for the 10% resin are points deter
mined using fluorescent proteins. Data for the labeled 
polypeptides were not included in the least-squares 

analysis. 
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excluded from the gel), and V D N P the V E for D N P alanine. (The meas
ured parameter V e is generally expressed in terms of volume. In order to 
increase precision, we have used effluent weight rather than volume in 
determining values for K D . We shall continue, however, to use the stand
ard term V e and its usual connotations.) The terms V D N P — V B D is a 
measure of total solvent volume in the gel intersticies, and V E — V B D is 
the gel interstitial volume accessible to the solute under investigation. 
Values of KD can therefore vary between zero (total exclusion) and one 
(total inclusion). 

Since gel filtration studies are comparative, a set of standard poly
peptides of known molecular weight must be used to construct a calibra
tion curve for a given column. Once the K d ' s for a number of known 
polypeptide chain components have been accumulated, a calibration curve 
can be generated in a number of ways. The most common type of cali
bration is a plot of the log M vs. K D . Figure 1 presents calibration data 
for a series of agarose gel columns of identical physical dimensions ( 1.5 X 
85 cm) but containing resins of different agarose composition. (A com
plete description of all experimental techniques can be found in Ref. 7. ) 
The resins used were obtained from Pharmacia (6% agarose) and Bio-
Rad (4, 8, and 10% agarose), range from 4% to 10% agarose, and cover 
a useful range of molecular weight determination for linear random coils 
from approximately 300,000 to 700. The choice of agarose content 
depends largely on the desired application of the method. As the 
agarose content increases, the useful range of molecular weight estimation 
decreases, but the chromatographic resolution inherent in the method 
increases. The exclusion performance range of each resin can best be 
expressed in terms of the molecular weights of components which w i l l 
give observed Kds of 0.1 and 0.9. On the other hand, resolving perform
ance is best expressed in terms of the AKD observed between pairs of 
different molecular weight species when they are examined on each resin. 
Table I presents M at KD = 0.1 and KD = 0.9 as well as the AKds for a 
series of molecular weight ranges for each of the agarose resins exam
ined. By maximizing AKD, resolution is enhanced, but the useful range is 
limited. For most protein work, the 6% agarose presents the best com
promise between resolution and range. Examination of Table I would 
suggest that no obvious advantage would be had by choosing an agarose 
content greater than 8%. However, the lower limit of the 10% resin is 
theoretically extended to the range of pentapeptide, although we have 
not made measurements on this column below the level of dodecapeptide. 

It should be noted here that the curves in Figure 1 which were 
constructed with single lots of each type of agarose are merely repre
sentative. If resins of the same nominal agarose content obtained from 
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Table II. Gel Permeation Characteristics for Crosslinked 
Random Coils 

Protein Ma 

^^•app 

(cross-
linked) 

% Decrease 
xn ΙΥΧαρρ 

Crosslinks 
per 100 
Residues 

Serum albumin 
Chymotrypsinogen 
Lysozyme 
Ribonuclease 

69,000 
25,700 
14,700 
13,500 

40,000 
18,000 
8,000 
9,000 

42.0 
30.0 
45.6 
33.3 

2.8 
2.0 
3.1 
3.2 

α Based on value obtained by exact techniques. 

different manufacturers are compared, a great deal of variability in cali
bration curves may be observed (7). On the other hand, the calibration 
curves prepared by different investigators using separate columns but 
the same lot of agarose are remarkably consistent (7). 

While the calibration curves presented in Figure 1 provide an ade
quate treatment of gel permeation calibration data, they are nonlinear 
in the extremes of the useful calibration regions. Two methods of data 
treatment may be used to provide linear representations of gel filtration 
results. These methods substantially increase the usefulness of the tech
nique. The equations for these methods, developed by Porath (8) and 
Ackers (9), are as follows: 

While both equations provide linear calibration results, the Porath equa
tion is based on a specific model of the pore dimensions of a gel per
meation media while the Acker's treatment is a statistical treatment based 
on the assumption that for a given resin a Gaussian distribution of pore 
sizes exists. The terms A and Β in each equation have different significance 
and are adjustable parameters. Since Re is proportional to M° 5 5 5 for linear 
randomly coiled polypeptide chains in 6 M G u H C l , these equations can 
be used to provide linear arrays for the same data shown in Figure 1. 
Figure 2 provides Porath plots of the gel filtration data for 4% to 10% 
agarose columns while Figure 3 depicts the same calibration data plotted 
according to the Acker's method. For some experimental situations 
(Κά < 0.1) neither equation provides for linear representation of the 
data. This phenomenon can be most easily explained for Ackers treat
ment since the distribution of pores most likely is not Gaussian when a 
relatively small number of pores is considered, as at the extreme limits 
of the pore size distributions. 

Porath: Kd
m = A — BRe (4) 

Ackers: Re = A — Beric~l Kd (5) 
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While the data of Figures 1, 2, and 3 are plotted in terms of M, the 
parameter actually measured in gel permeation experiments is R e . The 
R e of a random coil can be calculated from intrinsic viscosity data using 
the expression 

in which [ 7 7 ] is the intrinsic viscosity and Ν is Avogadro's number. The 
significance of the term R e determined from intrinsic viscosity data is 
exactly equivalent to that used for gel permeation studies; thus column 
calibration data may be plotted as R e vs. er fc _ 1 K d , provided intrinsic vis
cosity data are available for the standards used to calibrate the column. 
Largely through the efforts of Tanford, Kawahara, and Lapanje (10), a 
sufficient quantity of intrinsic viscosity data for linear and crosslinked 
randomly coiled polypeptide chains in 6 M G u H C l are available. The 
effect of a crosslinking is to diminish the extent of unfolding of the 
random coil and hence reduce the observed R e . While molecular weight 
estimates of crosslinked random coils using gel filtration in 6 M G u H C l 
are not possible, estimation of R e for crosslinked coils can be done quite 
accurately (7). 

The dependence of M on R e is valid if and only if the polypeptide 
chain under investigation is free of covalent (disulfide, etc.) and non-
covalent interactions and is a linear random coil. This factor has made 
gel filtration in 6 M G u H C l a potent tool for establishing the absence of 
crosslinks in denatured proteins. The determination of the quaternary 
structure of a protein generally involves sedimentation equilibrium studies 
on the protein under native conditions and conditions which are thought 
to bring about complete disruption of three-dimensional structure and 
covalent crosslinks (e.g., 6M G u H C l , 0.1M 2-mercaptoethanol). The 
latter study involves an assumption rarely tested owing to the difficulty 
and quantities of material required for intrinsic viscosity measurement. 
If a protein exists as a linear random coil under reducing conditions in 
6 M G u H C l , its R e should be a function of its number of monomer units 
and hence molecular weight. Equivalency of molecular weight data 
obtained by an exact technique (e.g., sedimentation equilibrium) and 
those based on R e determined by gel filtration in 6 M G u H C l provides 
adequate proof of the attainment of ultimate subunits. A n illustration of 
the dependence of determined M a p p on the absence of crosslinks can be 
had by examination of the R e and M a p p for lysozyme ( M = 14,300) in 
6 M G u H C l with crosslinks and as a linear random coil. Crosslinked, 
randomly coiled lysozyme has an R e of 26.7 A , and would provide a Kd 

consistent with an M a p p of 8000. Reduced lysozyme, on the other hand, 

(6) 
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0" ' 1 1 1 1 1 > « -« 1 
0 0.2 04 , 0.6 0 8 1.0 

ercf" 1 Kd 

Figure 4. Data for linear randomly coiled polypeptides of known sequence on 
10% agarose. Ν 0· 5 5 5 is plotted vs. the inverse error function complement of K d 

(erfc1 Kd). The line drawn through the points represents a line of best fit 
determined by least-squares analysis of the data. 

has an R e of 33.9 A , and would provide a Kd consistent with its true mo
lecular weight when examined on an agarose-GuHCl column. 

Table II provides some examples of how the effects of disulfide 
crosslinks on Re are reflected in the observed M a p p s for a series of pro
teins of known molecular weight. The divergence between the true M 
and the M a p p observed for crosslinked random coils clearly demonstrates 
the dependence of the method on linear dimensions for the polymer under 
investigation. It also shows the need for coupling this method with exact 
methodology for molecular weight determination if incontrovertible data 
are required. 

Besides the need for the assumption that linear random-coil dimen
sions are fulfilled, a second assumption dealing with protein amino acid 
composition must be made if molecular weights are to be extracted from 
gel permeation data. The effective hydrodynamic radius for a polymer 
is a function of the number of monomer residues in the polymer, and for 
homopolymers this is obviously a function of M . Although proteins are 
heteropolymers composed of some 20 different amino acids with residue 
weights ( M 0 ) between 67.1 grams per mole (glycine) to 186.2 grams per 
mole (tryptophan), for most proteins the average M 0 is between 105 and 
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115 grams per mole, and the assumption that M 0 is constant does not 
produce a significant error. This is especially true if one considers that 
for most of the calibration standards used, the reliability of molecular 
weight is probably ±5%. The studies performed using the 10% agarose 
column permit a more precise definition of the quantity measured by gel 
permeation studies of randomly coiled polypeptide heteropolymers. For 
this column all the standards were polypeptides of known amino acid 
sequence. Thus, absolute knowledge of the molecular weight and num
ber of amino acid residues is available. Further, since our comparative 
measurements involve molecular weight only on an average residue basis, 
it is appropriate to compare a term consistent with that function which 
the technique actually measures, viz., R e . The Re for a linear random coil 
is a function of the number of residues in the polypeptide chain if any 
contribution from side-chain steric hindrance can be neglected. Since 
the term M / M 0 in Equation 1 can be expressed as the number of monomer 
units in the polymer ( N ) , we can re-express our data in terms of the 
expression 

Re = (constant)^ 0- 5 5 5 (7) 

Table III. Number of Amino Acid Residues Determined 
on 1 0 % Agarose 

Number of 
Number of Residues 
Residues Deter

Protein (Sequence) mined Difference % Em 

Myoglobin 153 144 - 9 . 0 - 6 . 3 
Ribonuclease 124 123.2 - 0 . 8 - 0 . 6 
Cytochrome-c 104 112.3 8.3 7.0 
Myoglobin residues 56-153 97 102.7 5.7 5.6 
Lysozyme residues 12-105 93 87.9 - 5 . 1 - 5 . 5 
Myoglobin residues 36-131 76 77.6 1.6 2.1 
Cytochrome-c residues 1-65 65 64.2 - 0 . 8 - 1 . 2 
Myoglobin residues 1-55 55 55.1 0.1 0.2 
Insulin Β chain 30 28.2 - 1 . 8 - 5 . 8 
Lysozyme residues 106-129 24 21.0 - 3 . 0 - 12 .5 
Cytochrome-c residues 

81-104 24 25.0 1.0 4.3 
Insulin A chain 21 23.4 2.4 11.6 
Myoglobin residues 131-153 21 22.5 1.5 11.9 
Cytochrome-c residues 

66-80 15 14.2 - 0 . 8 - 5 . 3 
Lysozyme residues 1-12 12 12.7 0.7 5.7 

Average 
Error, 
5.7% 
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In this way our initial assumption regarding the constancy of M 0 for 
naturally occurring polypeptides is deleted. Figure 4 presents a plot of 
e r f c - 1 K d vs. N° 5 5 5 for polypeptides of known sequence on the 10% agarose 
column. Over the range of 12-160 residues for a diverse grouping of 
proteins and peptides, it can be seen that excellent agreement is obtained. 
Table III presents the number of residues determined for each peptide 
using the data of Figure 4. Also presented is the difference between 
the determined value for Ν using gel permeation chromatography and 
the true value from the polypeptide sequence data. The average error 
for determined Ν is about 5%. This value is most probably a reflection 
of the experimental error in the technique since neither the assumptions 
regarding M 0 nor the errors involving calibration standards whose exact 
molecular weights are unknown are involved. 

ΙΟΙ 1 ι ι L 

Figure 5. Calibration curve for 6% agarose, prepared with 
unlabeled polypeptides (open circles), plotted according to 
the method of Andrews. The log M is plotted vs. Kd. Super
imposed on the curve are data points obtained with fluo
rescein (filled triangles) and rhodamine (filled squares) la

beled proteins. 
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The absence of side-chain contributions to gross polymer dimensions 
in 6 M G u H C l can be seen by the results obtained with cytochrome-c and 
the cytochrome-c peptide composed of residues 1-65. Both of these poly
peptides contain in addition to a normal complement of amino acids a 
bulky heme group. However the data of Table III clearly show that 
even the addition of this large side-chain substituent does not produce 
anomolous behavior. 
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Figure 6. Elution profile obtained on examination of the gel permeation be
havior of 14C acetylated S. aureus Factor III. Cytochrome-c and fluorescein 
labeled E . coli HPr were included in the applied sample as internal standards. 
Absorbance at 410 nm (cytochrome-c)fluorescein fluorescence (HPr), and 
radioactivity (Factor III) are plotted vs. fraction number. Inset shows the 
elution profiles for the external (blue dextran) and internal (fluor ο glycine) column 

markers. Data in this figure are from unpublished work (20). 

One of the outstanding characteristics of gel permeation chroma
tography is the fact that it provides for simultaneous analysis and sepa
ration of the components in the system under investigation. The nature 
of linear polypeptide chains in 6 M G u H C l is such that the dependence of 
Re on M in this solvent is much greater than in solvents which promote 
native globular configurations. Chymotrypsinogen and lysozyme have 
RJs of about 20.6 and 22.5 A in their native globular configurations (11). 
For the same proteins with disulfide bonds reduced in 6 M G u H C l , the 
resulting linear random coils have RJs of 33.9 and 49.0 A , respectively. 
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Since gel permeation discrimination depends on Re, it is apparent that 
dramatically enhanced resolution is obtainable in 6 M G u H C l . This factor 
has led to the use of this technique for analysis of such complex mixtures 
as proteolytic digestion products ( 12,13 ) and red cell membrane proteins 
(14). A n added dividend of the method is recovery of the isolated 
polypeptide components for further physical or chemical studies. 

Besides the need for accurate molecular weight determination and 
high resolution, the practicality of gel permeation studies in 6 M G u H C l 
to specific problems of protein chemistry depends also on the detection 
sensitivity of the method. Our initial work made use of either protein 
turbidity in trichloroacetic acid or the intrinsic chromophores present in 
naturally occurring polypeptide chains for detection of components in 
column effluents. Using these procedures analysis generally required 
at least 1 mg of the applied sample. Effluent absorbance monitoring re
quired the presence of intrinsic chromophores in the protein. While these 
requirements might not appear to be restrictive, for many biological 
systems they would prevent use of the method. Since our earlier studies 
indicated that polymer side-chain characteristics had little effect on gel 
permeation parameters, it appeared feasible to increase detection sensi
tivity by means of incorporation of chromophoric, fluorescent, and radio
active labels into the polypeptide chains. We have explored the use of 
the compounds fluorescein isothiocyanate and rhodamine Β (15), dansyl 
chloride (16), picryl sulfonic acid (17), 1 4C-acetic anhydride (18), and 
1 2 5 I (19) as labels for polypeptide chains. None of these modifications 
alters the measured parameter ( K d ) significantly, and all provide an in 
crease in detection sensitivity of at least 1000-fold. Using these prelabel-
ing techniques, molecular weigfit determinations can be easily performed 
on as little as 50 /xgrams of protein. Further, the possibility of not detect
ing a component because of lack of an intrinsic chromophore is practically 
eliminated. Figure 5 presents a calibration curve prepared with unlabeled 
proteins (based on the Andrew's method) onto which are superimposed 
the data points collected using rhodamine Β and fluorescein labeled 
proteins. It can be seen that the labeling technique has not altered the 
gel permeation behavior of the polypeptide chains or the experimental 
error which remains at about ± 7 % . (Figure 3 also presents data perti
nent to the question of using labeled proteins.) The use of these labels 
provides several advantages even in cases where detection sensitivity is 
not a problem. For example, by suitable choices of labels a mixture of 
standards can be used to provide a single experiment which w i l l com
pletely calibrate a column. The labeling procedures also permit the use 
of internal standards in individual gel filtration experiments. Figure 6 is 
an illustration of the use of multiple labels. This figure presents the 
elution profile obtained on analysis of a purified membrane protein, Factor 
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Table IV. Cyanogen Bromide Molecular Weight Fingerprint Data 
from 6% and 10% Agarose—GuHCl Columns 

Resin Protein Ma (sequence) M apP(determined) 

6% Agarose a-Lactalbumin 10,270 10,600 
3,900 4,000 

Myoglobin 8,162 8,400 
6,216 5,600 
2,100 2,400 

Cytochrome-c 7,650 7,300 
2,530 2,500 
1,540 1,500 

10% Agarose Lysozyme 10,281 10,000 
2,866 2,450 
1,389 1,400 

Myoglobin 8,162 8,700 
6,216 6,300 
2,100 2,550 

Cytochrome-c 7,650 7,200 
2,530 2,600 
1,540 1,600 

° Based on value obtained by exact techniques. 

I l l , which had been radioactively labeled by 1 4 C acetylation. Cyto
chrome-c and fluorescein labeled E. colt H P r , a protein of known sequence, 
have been added to the sample as internal molecular weight standards. 
The M a p p determined for Factor III by gel permeation in 6 M G u H C l , 
11,000 db 300, is in good agreement with the value obtained from sedi
mentation equilibrium in 6 M G u H C l - O . l M 2-mercaptoethanol, 12,000 
(20). 

The enhanced detection sensitivity provided by prelabeling tech
niques has permitted our examination of the concentration dependence 
of Kd over a range of concentration of applied sample from 0.001% to 
5%. Over this range Kd is independent of concentration. 

The accuracy and resolution capabilities of the technique, coupled 
with the enhanced detection sensitivity provided by the labeling tech
niques, has led us to explore the possibility of providing molecular weight 
fingerprints of the cyanogen bromide ( C N B r ) cleavage products of pro
teins. The reagent C N B r cleaves polypeptide chains specifically at the 
carboxyl terminal of methionine residues in the primary sequence (21). 
Since the methionine content of protein is generally low, a limited num
ber of relatively large peptides are generally produced. The size of these 
peptides generally precludes their mapping by conventional paper elec
trophoresis and chromatography techniques. Table IV provides the mo
lecular weights determined for fluorescein labeled cyanogen bromide 
peptides for a series of proteins of known sequence on 6% and 10% 
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agarose columns. The agreement between determined M a p p and the true 
molecular weights from sequence is rather good. While 6% agarose is 
suitable for these types of experiments, the better resolving power of 
10% agarose in the low molecular weight range renders it better suited 
to this type of analysis. A n illustration of this resolving power can be 
seen in Figure 7, which presents the elution profile obtained on analysis 
of a partially cleaved sample of myoglobin on 10% agarose. Components 
with molecular weights corresponding to the three normal myoglobin 
peptides which result from cyanogen bromide cleavage at methionines 
55 and 131 (C, D , E ) are clearly evident. In addition, components cor
responding to uncleaved myoglobin (A ) and myoglobin cleaved only at 
methionine 55 (B ) are resolved. 

FRACTION NUMBER 
Figure 7. Elution profile for a sample of myoglobin which was partially cleaved 
with cyanogen bromide and labeled with fluorescein isothiocyanate. Absorbance 
at 280 μm, (broken line) and fluorescein fluorescence, 493-nm excitation, and 
530-nm emission, (solid line) are plotted vs. fraction number. The identities of 
components A, B, C, D, and Ε were inferred on the basis of their M^s (see 

text). 

The accurate determination of molecular weights in the range of 
1400-10,000 indicated by our studies on small naturally occurring pep
tides and protein C N B r products is an extremely useful aspect of gel 
permeation studies on agarose-GuHCl columns. Molecular weight de
terminations by exact techniques are difficult for peptides of low molecular 
weight in denaturing solvents. Further, the application of the recently 
developed technique of electrophoresis in sodium dodecyl sulfate (22) 
is excluded from accurate measurements of polypeptides of molecular 
weight less than 10,000 owing to the shape adopted by polypeptide chains 
in this solvent (23). 
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Conclusion 

Gel permeation studies on agarose-GuHCl columns provide for high 
resolution and accurate molecular weight determination of linear ran
domly coiled polypeptide chains. For nonlinear random coils, gel per
meation studies provide for accurate determination of the effective 
hydrodynamic radius of the components. 

The technique described here is finding increasingly widespread use 
for the resolution and molecular weight estimation of naturally occurring 
polypeptides. Its intended function is to supplement the classical exact 
techniques of molecular weight analysis and is not intended as an alterna
tive procedure. Although we are aware of no instance in which invalid 
data have been obtained, the method can only be considered an approxi
mate one since measurement involves calibration with secondary stand
ards, and at present it is not suitable for precise theoretical analysis. 
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26 
Small-Angle X-Ray Scattering Measurements 
of Biopolymer Molecular Weights in 
Interacting Systems 

SERGE N . T I M A S H E F F 

Graduate Departmenet of Biochemistry, Brandeis University, 
Waltham, Mass. 02154 

The thermodynamic equations for measuring macromolecule 
molecular weights by small-angle x-ray scattering are derived 
from fluctuation theory. The multicomponent relation, 
which must be used in mixed solvents, is shown to be 
formally identical to those of light scattering and sedimenta
tion equilibrium. Small-angle x-ray scattering measurements 
of molecular weights in mixed solvents require knowledge of 
the extent of preferential interactions between the macro-
molecule and solvent components. Neglect of this contribu
tion may lead to serious errors in reported molecular 
weights. The theory is illustrated by two systems: β-lacto-
globulin A in a water-2-chloroethanol mixture and DNA in 
concentrated salt solutions. 

Τ η recent years it has become increasingly evident that many important 
A biological systems, in particular many enzymes, exist in a stable form 
as specific aggregates of subunits. Frequently, such intermolecular asso
ciations play a key role in determining biological activity and its control 
(1,2,3). To arrive at a full understanding of the function of such macro
molecules, it is important to know exactly the molecular weights of their 
subunits. 

Since in many systems the intersubunit association forces, even though 
they are not covalent, are strong enough to resist dissociation by mild pro
cedures (4) such as change in p H or salt concentration in dilute buffer, 
it is necessary to use strong dissociating agents to obtain monomeric 
species. The materials, most frequently used for this purpose are 6 M 
guanidine HC1 ( G u H C l ) , concentrated (8M) urea, detergents, and 

327 
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organic solvents—e.g., alcohols. While these media usually cause the asso
ciated protein species to dissociate fully into subunits, they also denature 
the proteins—i.e., they disrupt the native globular three-dimensional 
structure, resulting in a randomly coiled form (in 6 M G u H C l ) (5, 6) 
or in various other conformations, such as rod-like structures ( in sodium 
dodecylsulfate) (7) or highly helical forms (when alcohols are used as 
dénaturant) (8,9). While the conformations of the dissociated subunits 
are different in these cases, they all exhibit strong interactions with the 
dénaturant, which help to stabilize them in solution. Such interactions are 
seen thermodynamically as a large non-ideality of the system. Since many 
methods of measuring molecular weights are thermodynamic ( e.g., light 
scattering, small-angle x-ray scattering, sedimentation equilibrium), such 
interactions can be expected to affect strongly the interpretation of the 
experimental results. This paper reviews the basic theory of molecular 
weight measurements by small-angle x-ray scattering and gives examples 
of the magnitude of the effects which are commonly encountered in 
multicomponent systems. 

Theoretical 

When a beam of x-rays strikes an electron, some of the energy is 
momentarily absorbed, displacing the electron from its unperturbed posi
tion. This sets the electron in periodic motion with the same frequency as 
that of the exciting radiation. As a result the electron radiates an electro
magnetic wave in all directions with the same frequency as the exciting 
radiation. This leads to the experimental observation that the incident 
radiation is "scattered" by the electron. A theoretical analysis ( 10,11 ) of 
these events leads to the Thompson scattering equation which relates the 
intensity of x-rays scattered by a single electron, Ie, to that of the incident 
non-polarized x-radiation, I0: 

where e is the electronic charge, m is the mass of the electron, c is the 
velocity of light, r is the distance between the scattering electron and the 
observer, and 2 θ is the angle between the directions of the incident and 
scattered rays. For a particle containing η electrons, the scattering in 
vacuum ( averaged over all orientations ), has been shown by Debye ( 12 ) 
and Guinier (13) to be 

(1) 

I (s) = n 2 / « / ( « ) (2) 

where s is a directional parameter, defined as 
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. = ^ (3) λ 

where λ is the wavelength of the x-rays, and f(s) is the angular depend
ence of scattering, which is a function of the size, shape, and internal 
structure of the particle. It is essentially identical with the particle scatter
ing factor, Ρ(θ), defined by Zimm for light scattering (14). For F non-
interacting particles, the total scattering is F l(s), and if the concentra
tion, C, is expressed in mass (electrons) per volume units, the number of 
electrons per particle is given by 

η = (4) 
" IeCf(s) W 

For a two-component system ( macromolecule, component 2, dis
solved in pure solvent, e.g., water, component 1), application of the 
fluctuation theory of scattering (15, 16) shows that in a volume element 
of volume SV (of the order of s~3 at the lowest angles of measurement), 
the intensity of radiation scattered by the solution in excess of the 
solvent, I(s) = I( s ) solution — I(s)solvent, is proportional to the fluctuations 
in the number of electrons, n: 

M (s) = IeÂtff(s) (5) 

where An2 = η2 — η 2 is the fluctuation in the number of electrons in 
volume element 8V caused by fluctuations in the concentration of the 
particles by Brownian motion, assuming that the temperature and pressure 
fluctuations of the solvent and solution are identical (17). Defining the 
electron density, p, as the number of electrons per unit volume (usually 
per cubic Angstrom), we have, for a volume element 

> = τν <β> 

and substituting into Equation 5, 

M (s) = IeÂ?(W)2f(s) (7) 

For a unit volume, the intensity of scattering wi l l be equal to the 
total scattering from all ω volume elements which it contains. Since 
ω = 1/8V and since the fluctuations in electron density are the conse
quence of fluctuations in concentration of component 2, Δ C\2, where the 
concentration Ce>i is given as the number of electrons per unit volume 
( A 3 ) , we have 
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Δ / (s) = Ζ. hV (V?r-Y Δ C 2e. 2 / (β) (8) 

Introducing into Equation 8 the thermodynamic relation for concen
tration fluctuation: 

k Τ Ce,2 VX 

WAC\,2 = - ( dμι \ (9) 
V à Ce,2 )τ,ρ 

where k is Boltzmann's constant, Τ is the thermodynamic temperature, 
V i is the partial molal volume of solvent, and ρ is pressure, application of 
the Gibbs-Duhem equation, τΐχ άμχ = n 2 άμ2, and defining the chemical 
potential of the macromolecule, μ2, in proper concentration units, g c,2 
(number of electrons of solute per electron of solvent, a molal type of 
concentration), μ2 = μ°2 + RT In g e , 2 + RT In γ 2, results in the two-
component equation for small-angle x-ray scattering: 

L Vge.2f (s) 
Ν Α Δ J (β) 

where V is the volume of solution per electron of solvent, M e > 2 is the 
molecular weight of the macromolecule in electrons per mole, and N A is 
Avogadro's number. From a knowledge of the chemical composition of 
the macromolecule, M e 2 may be related to M 2 , its molecular weight, 
since Mt = NAMed/qi, where q is the number of electrons per gram of 
macromolecule. 

A determination of the molecular weight by small-angle x-ray scatter
ing requires, therefore, knowledge of the scattering intensity as a function 
of protein concentration and angle of observation, as well as of the elec
tron density increment, ( J*P ) , which replaces the refractive index 

\dge,2 /Τ,ρ 

increment in light scattering. While in light scattering the refractive index 
increment can be measured directly, the electron density increment must 
be calculated from a measurement of the partial specific volume, using 
the relation 

where ψ4 is the electron partial specific volume of component i, in units of 
A 3 per electron, p8 is the electron density of the solution, and vt is the 
partial specific volume of component i in ml /gram. In the more customary 
mass per volume concentration units, Ce, electrons per A 3 , Equations 10 
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and 11 take the forms: 

m Δ Τ % ) (Α )Γ . Ρ = wàml1 °-Λ (1 " α·2 φ2)]χ 

(12) 

\dCe.i/T,p (1 

(1 - Ce.2 ψ2)2 

(1 - 9s φ<) 

When the system becomes multicomponent, such as a protein in a 
dénaturant—e.g., 6 M G u H C l — t h e relations become more complicated. 
For strong interactions, such as complex formation, the fluctuating units 
evidently consist of protein molecules plus material liganded to them. 
In a more general sense, when the interactions are weak, the fluctuating 
unit, in addition to protein, receives contributions from other com
ponents of the system, whose freedom of motion ( rotation or translation ) 
is affected by the protein molecules. This is reflected in a change in the 
activity coefficient of the other components arising from the presence of 
the protein, ( d\nyi/dm2 ) T,p,mj, where m is molal concentration. This 
means that in the fluctuating units an extensive property, such as the 
electron density increment, w i l l now have contributions not only from 
the macromolecule but also from solvent components which interact with 
it. The extent of these contributions which wi l l be detected is only that 
arising from the difference between the composition of the solvent in the 
immediate domain of the macromolecule and that in the bulk (9). Thus, 
the interactions measured are preferential and not absolute. Formally, 
when the multicomponent fluctuation theory ( 18,19 ) is applied to small-
angle x-ray scattering, we obtain the relation 

IeV get2 ( dp Χ 2 1 Μ , » . π 
ΝΑ Δ / (s) \09.Λ)τ.9.9.Λ Me,2 (1 + DYÎ (s) μ ^ D Q e M 

(dç/dge,2)T,p,ge,z (άμζ/οςβ,ζ)τ,ρ,ββ,2 

= (1 ~ p, ψ 3 . 0 « , 2 ) fàQeA 

(1 - 9s Φ 2 . σ β ι 3 ) \tye.2/: T. p.μ3 

where components 1, 2, and 3 are principal solvent ( water ), protein, and 
dénaturant, respectively. The symbols have their previous meaning. The 
subscript ge>i on \pj means that the partial specific volume of component 
/ must be measured under conditions at which the molal concentrations of 
component i are identical in the solution and in the reference solvent. 
Examination of Equation 13 reveals immediately that in a three-corn-
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ponent system, the usual extrapolation to zero macromolecule concentra
tion of small-angle x-ray scattering data does not result in a value of the 
molecular weight but rather in the product of the molecular weight and 
a thermodynamic interaction parameter between the macromolecule and 
the third component. If we pass from the electron concentration units, 
ge,i to the more familiar gt units of gram of component i per gram water 
(ëe,i = gi <li/qu2o), we find that the deviation from the true molecular 
weight is a measure of the well-known preferential interaction parameter 

Thus, in small-angle x-ray scattering, measurement of the molecular 
weight of a macromolecule in concentrated solvent requires knowledge 
of the preferential interaction parameter. This can be measured by tech
niques such as differential refractometry, densimetry, and isopiestic vapor 
phase equilibrium measurements. For densimetry, 

where d is density in grams/ml. The subscripts indicate that the density 
measurements on protein solutions must be performed at conditions at 
which, in turn, the chemical potential and the concentration ( in grams per 
gram water) of the dénaturant must be identical in the solution and in 
the reference solvent. The first condition can be attained to a close 
approximation (19) by dialyzing the protein solution against the solvent 
of interest and using the dialyzed protein and dialyzate as solution and 
reference solvent in density measurements. ( In measurements of molecular 
weights by light scattering and sedimentation equilibrium, knowledge 
of the interaction parameter is not needed since the refractive index 
increments and partial specific volumes can be measured under con
ditions which eliminate it. These are conditions at which the solvent 
components are in chemical equilibrium in the solution and the reference 
solvent; operationally, this can be attained by dialysis. Such an operation 
is obviously impossible for small-angle x-ray scattering. This can be shown 
easily to be true, for example, for light scattering. The light scattering 
equivalent of Equation 13 can be simplified by: 

(20, 21, 22): 

(dgs/dg2)T,l = — Qz (dgi/dg2)T,i 

(1 ~ d8 v2tV.3) - (1 - ds v2,gz) 
(1 - ds vz,g2) 

(14) 

(13a) 
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As in Equation 14 for the density increment, the right side of Equation 13a 
is equal to (dn/dg2)T,m,ns, i.e., the refractive index increment measured by 
using a dialyzed macromolecule solution and the dialyzate as reference 
solvent. ) 

Here we present typical examples of systems on which such measure
ments have been carried out, and we show the magnitude of the contribu
tion of such interactions to apparent molecular weights obtained if the 
proper correction is not made. The systems examined are β-lactoglobulin 
in water-2-chloroethanol medium and D N A in high salt concentration. 

β-Lactoglobulin A in 4 0 % 2-Chloroethanol. Previous light scattering 
and differential refractometry measurements (8, 23) have shown that 
β-lactoglobulin exhibits strong preferential interactions with solvent com
ponents in the water-2-chloroethanol system. Since the preferential 
interaction between protein and 2-chloroethanol in this system was found 
to be maximal at 40% ( v / v ) , the effect of this interaction on the partial 
specific volume of the protein was determined. 

The densities of the solvent and of ^-lactoglobulin A (β-Lg) in 40% 
(v /v ) 2-chloroethanol, in the presence of 0.01M HC1 and 0.02M N a C l , 
were determined, with and without prior dialysis, in a 10-ml pycnometer 
at 20°C. Solutions were prepared as described previously (8, 24). The 
solutions were filtered through millipore filters in syringe adapters just 
before the density measurements. Protein concentrations were determined 
after filtration by ultraviolet absorption at 278 nm. The apparent partial 
specific volume, u a p p , was calculated from the densities using the standard 
equation (21,25): 

where d is the density of the solution in grams/ml, d0 is that of the solvent, 
and C is the protein concentration in grams/ml. 

The results obtained for β-Lg in 40% 2-chloroethanol were: 

The value of the partial specific volume obtained in 0.01M HC1, 
0.02M N a C l was 0.748 ml/gram, in good agreement with the literature 
value of 0.751 (26). 

The significance of such a difference between the partial specific 
volumes measured at constant chemical potential (ϋ 2 ,μ 3) and constant 

Results 

(15) 

v2,oz = 0.715 dz 0.003 ml/gram 
£ 2 . μ 3 = 0.675 dz 0.002 ml/gram. 
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solvent composition (v2tVns) can be illustrated as follows. The molecular 
weight of β-lactoglobulin in 40% 2-chloroethanol was measured by sedi
mentation equilibrium. W i t h U 2 , M 3 = 0.675, the molecular weight found 
was 19,900, in fair agreement with the value of 18,800 obtained with the 
same protein preparation in the absence of dénaturant. On the other 
hand, if u 2 > m 3 was used, the apparent molecular weight obtained was 20% 
too high. In light scattering, where the corresponding parameter is the 
refractive index increment, use of the dn/dC2 value measured without 
prior dialysis resulted in an apparent molecular weight which was 60% 
too high. 

Wi th the measured values of t>2, the preferential interaction parameter 
was calculated using Equation 14. W i t h ds = 1.092 grams/ml and 
û 3 ,m 3 = 0.822 ml /gram (8), (dg 3 /dg 2 ) r , M l , M 3 was found to be 0.437 gram 
of 2-chloroethanol per gram of protein. This must be compared with 
0.716 gram/gram previously determined by light scattering and dif
ferential refractometry (8, 23). This agreement can be regarded as 
acceptable since the value of this parameter is obtained from a small 
difference between two large numbers. A value of ( d g 3 / d g 2 ) r , M l , / i 3 of 
0.437 gram/gram when inserted into Equation 13, with application of the 
proper conversion parameters, results in a (1 - j - D ) 2 contribution in 
small-angle x-ray scattering of 1.32. Thus, neglect of preferential inter
action would result in a reported molecular weight which is 32% too high. 

Knowledge of the partial specific volume of a protein in the dé
naturant, v2,g3, which is essential for determining its molecular weight by 
small-angle x-ray scattering, permits also the calculation of the volume 
change upon denaturation since 

Δ 7 = M2 [v2,o3 (in dénaturant) — v2 (native)] (16) 

where Δν is the molar volume change on denaturation. Since furthermore 
the extent of preferential interaction with solvent components in the 
dénaturant must also be known to determine the molecular weight ac
curately, these auxiliary measurements provide important information 
related to the mechanism of denaturation of the protein. 

For the denaturation of β-Lg in 40% 2-chloroethanol, the presently 
reported partial specific volume measurements result in a AV value of 
—590 ml/mole. This value is very close to that previously reported for 
the denaturation of this protein by 6.4M urea, —610 ml/mole (27). A l 
though this similarity of AV values is striking, it might be the result of a 
fortuitous compensation of various effects. The change in volume calcu
lated from the difference in partial specific volumes is the sum of a number 
of contributions (28), such as differences in électrostriction in the two 
media, changes in the density of solvent components when they interact 
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with protein, as well as the actual difference between the volumes of the 
native and denatured protein molecules. In 6.4M urea, β-Lg is denatured 
to a disordered conformation while in 40% 2-chloroethanol, the product 
is close to 50% α-helical (8), the side chains being highly exposed to 
contact with solvent components in both cases. Since the nature of the 
solvent differs greatly in the two cases, the various protein-solvent inter
action effects may be expected to make different contributions to AV. 
The overwhelming effect with β-Lg may nevertheless be one of the anni
hilation of voids inside the native structure when it unfolds. 

Table. I. Small-Angle X - R a y Scattering Measurements of Preferential 
Interaction of D N A with Solvent Components in Concentrated 

Salt Solutions 

(dCe.s/dge.i) 
(M/L)/(MIDI D (el/el) (gram/gram) 

NaCl 
0.012 0.980 -0 .010 -0.0072 0.63 
0.029 0.968 -0 .017 -0.0086 0.32 
0.060 0.980 -0 .010 -0.0075 0.13 
0.122 0.875 -0 .063 -0 .053 0.47 
0.187 0.760 -0 .127 -0 .120 0.69 

NaBr 
0.077 0.893 -0 .034 -0 .036 0.53 
0.115 0.777 -0 .073 -0 .080 0.80 
0.159 0.690 -0 .105 -0 .119 0.86 

α Data of Luzzati et al. {29), recalculated as described in the text. 

D N A in Concentrated Salt Solutions. Small-angle x-ray scattering 
experiments involving a system in which macromolecule-solvent inter
actions are significant have been reported on D N A in concentrated salt 
solutions (29, 30). Since a D N A molecule is very long compared with the 
dimensions of a fluctuating volume element while the diameter of a double 
helix is not, the quantity measured in this case is the mass per unit length, 
M / L , rather than the molecular weight, M (31). Therefore, in Equation 
13, M (1 + D ) 2 must be replaced by (M/L) (1 + D ) 2 . Using the re
cently reported salt concentration dependence of the partial specific 
volume of D N A (32), v2,g3, the small-angle x-ray scattering data (29) 
were recalculated and normalized to the theoretical value at zero salt con
centration. Analysis of the resulting data in terms of Equation 13 is pre
sented in Table I, where component 1 is water, component 2 is D N A , and 
component 3 is the salt. In this case, the situation is opposite to that 
described above for β-Lg in the presence of 2-chloroethanol. In the D N A -
salt system, the value of D becomes progressively more negative as the 
salt concentration increases. Equation 13 shows that a negative value of 
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D corresponds to a positive value of ( dps/dg2 ) T,P,gs> i-e-> to an increase in 
the chemical potential of the salt when D N A is added. This repulsion 
of the salt by the nucleic acid in the given system leads to a net preferen
tial hydration of the macromolecule. This is a simple consequence of the 
fact that at equilibrium the activities of the salt in the domain of the 
macromolecule and in the bulk solvent must be equal. Since in the 
presence of the macromolecule the activity coefficient of the salt increases, 
its concentration must decrease. This deficiency in salt concentration 
relative to the bulk solvent*is given (in electron units) in column 4 of 
Table I. When expressed as preferential hydration, this effect assumes the 
values shown in the last column of the table in units of gram of water/ 
gram of D N A . These values are in general agreement with the literature 
(33,34). The large spread in the extent of preferential hydration reflects 
simply normal experimental error. For example, when M a p p / M (where 
M a p p = M ( l + D) 2—i .e., the apparent molecular weight measured in the 
given solvent) is of the order of 0.95, a 5% error in the determination of 
M a p p results in an error by a factor of two in the preferential interaction 
parameter. 

Discussion 
The two systems treated here are good illustrations of the magnitude 

of preferential interactions between solvent components and macro
molecules in biological systems. The results of these interactions are com
monly translated in large positive or negative deviations of the apparent 
molecular weight from the true value. For proteins in guanidine hydro
chloride, a medium frequently used for determining the molecular weights 
of enzyme subunits, the preferential interaction with the dénaturant fre
quently attains values of up to 0.20 gram guanidine hydrochloride per 
gram of protein (28, 35). In terms of molecular weight measurements, 
this raises the apparent molecular weight by as much as 25% both in sedi
mentation equilibrium and light scattering experiments (36, 37, 38). 
Therefore, failure to ascertain the contribution of solvent interactions in 
a molecular weight measurement can easily introduce an uncertainty into 
the determination of the number of subunits in an associated system when 
that number is three or greater. In making molecular weight measure
ments in mixed solvents, it is rarely possible to predict or "guess at" the 
magnitude, or even sign, of the preferential interaction. In the case of 
guanidine hydrochloride, (dg3 /dg 2 )z\Mi,M 3 varies between 0 and 0.20 (28, 
35). A striking example is afforded by ribonuclease in two solvent sys
tems, each consisting of water and an alcohol, i.e., 2-chloroethanol and 
2-methyl-2,4-pentanediol. In the first system, the alcohol interacts prefer
entially with the protein; in the second the protein is preferentially 
hydrated (39). 
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It seems desirable to consider further the meaning of the solvent 
interactions which intervene in molecular weight measurements. As 
shown in Equation 13, the deviation from the true molecular weight, D, 
is a direct measure only of the change in chemical potential of one com
ponent caused by the addition of another component. Within the approxi
mation that (ομ3/οτηζ)τ,Ρ)τη2 = RT/ms, the intercomponent thermody
namic interaction is equal to 

where a is the ratio of the auxiliary parameters of components 3 and 2, 
namely refractive index increments in light scattering, electron density 
increments in small-angle x-ray scattering and buoyancy terms in sedimen
tation equilibrium, and ^ ( e ) = l/RT In γ { is defined by \H = RT In ra; + 

Application of Equation 17 to the two systems discussed here shows 
that dissolution of β-lactoglobulin in 40% 2-chloroethanol in the final 
conformation assumed by the protein in this medium stabilizes the system 
since ( d /x 2

( e ) /d ra 3 ) = —6,000 cal/mole protein/mole 2-chloroethanol 
in 1000 grams of water. This means that in this system the protein has a 
stronger affinity for the alcohol than for water relative to the bulk solvent 
composition. As a result, excess alcohol is found in the domain of the 
protein. Exactly the opposite is true for the D N A in salt system. Here, 
the obtained values of D result in a destabilization of the system by the 
salt since ( d /x 2

( e ) /d ra 3 ) = 50-100 ca l / (mo le /A ) of D N A per mole of salt 
in 1000 grams of water. For a double helix of 100 base pairs this amounts 
to a destabilization of the order of 10 kcal/mole of salt added. As pointed 
out above, this results in excess water in the domain of the macromolecule 
—i.e., in preferential hydration of the D N A . 

The preferential interaction measured by thermodynamic techniques 
is, therefore, strictly an activity coefficient effect, which may be expressed 
in terms of a "preferential binding" parameter, ( dg 3 /dg 2 ) τ , μ ι , μ 3 since 

The "preferential interaction" is, therefore, an expression of the affinity 
of one component for another in the most general sense, and while the 
term preferential binding is frequently used to express this effect, binding 
in this context in no way indicates immobilization of solvent molecules at 

(17) 

+ (Τ,ρ). 

(18) 
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specific sites on a macromolecule, such as by clathrate formation; it is 
only an expression of a general change in activity coefficient. Conversely, 
since the methods of measurement give a value of the interactions which 
is an average over all the constituent parts of a macromolecule ( e.g., over 
all the amino acid residues of a protein ), the results do not preclude dif
ferent strengths of interaction at various points of the macromolecule or 
even regions on the macromolecule at which different solvent components 
interact preferentially. Thus, locally, on a residue level of resolution, the 
pattern of interactions may be quite complex (9, 23). 

In a mixed solvent system a macromolecule may display an overall 
preferential interaction for one of the solvent components, but this does 
not eliminate interactions with the other solvent component as well. For 
example, in the water-2-chloroethanol system, particular regions of the 
protein molecule, such as ionized side chains, must be interacting with 
water molecules. Therefore, the extent of preferential interaction observed 
must be related to the absolute interactions of the protein with the 
solvent components. In fact, it can be shown (40) that: 

where A i and A 3 are the absolute interactions of components 1 and 3 with 
component 2 expressed in grams of component i per gram of component 
2. Therefore, if the absolute interaction of one component with protein 
is known and if it is expressed in terms of binding, such as degree of 
hydration, a measurement of the preferential interaction parameter allows 
one immediately to calculate the extent to which the other solvent com
ponent is interacting with the macromolecule. Using Equation 19 and the 
assumption that the absolute extent of hydration of a protein changes little 
on unfolding, the degrees of protein solvation by the dénaturant have been 
calculated for a number of systems (40) and related to the extent of 
denaturation. 

A consequence of Equation 19 is that preferential and absolute inter
actions, when expressed as binding, do not necessarily vary in parallel 
manner when the solvent composition is changed. The values of A 3 and 
(dgs/dg2)T,m,n3 may actually assume opposite signs. This is easily illus
trated with the help of Figure 1. In the model system depicted, it is 
assumed that the protein binds a constant amount of water at all solvent 
compositions; thus A1 remains constant. It also binds a monotonely in 
creasing amount of the dénaturant ( A 3 increases) as the proportion of the 
latter is increased in the medium. Relative to the bulk solvent composi
tion, however, the net observed effect is one of preferential binding of 
dénaturant, when the latter is present in small amounts in the solvent, 

(19) 
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Figure 1. Schematic of preferential interactions. 
Ρ : protein; W : water; D : dénaturant. 

followed by a point of zero preferential binding when the solvent compo
sition in the domain of the macromolecule equals that of the bulk solvent; 
finally a region is attained, at high dénaturant concentration, in which the 
observed preferential interaction is with water. In terms of molecular 
weight measurements, the observed pattern is one of initially too high 
apparent molecular weights, followed by a decrease toward the correct 
value, and finally a region where the measured molecular weights would 
be too low. Such a situation has been found for a number of proteins 
in the water-2-chloroethanol system (9,23). 

Appendix 

Although this paper deals specifically with molecular weight meas
urements in mixed solvents, it seems worthwhile to consider briefly other 
types of interactions—namely, those leading to intermacromolecule 
complexes. In such systems, the stoichiometry and thermodynamics of 
association may be deduced if the molecular weights are measured as a 
function of concentration. Small-angle x-ray scattering, however, affords 
the possibility of measuring, in addition to the molecular weight, a num
ber of other parameters (13, 31, 41)—namely, the radius of gyration, R9, 
the hydrated volume of the macromolecule, V , the surface-to-volume ratio, 
S/V, the surface per particle, S/n, and the density in solution of the 
macromolecule. It is interesting to see what kinds of averages are ob
tained for these parameters when the system is polydisperse, as is true in 
associating systems. 
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If the electron densities of the macromolecules do not change on 
association, all the parameters may be examined, starting with the knowl
edge that the intensity of scattering in a mixture is equal to the sum of 
the scattering intensities of all the components. This leads to the well-
known results (42) that in small-angle x-ray scattering and light scatter
ing, the molecular weight measured is a weight average while the radius 
of gyration is an average of type 

^ ν C% % R^g,{ 
= (20) Σ Ci Mi 

i 

Although this average may appear to be a z-average, the situation is 
complex since the dependence of Rg>i on the molecular weight is a func
tion of the shape of the particle (43). 

A similar analysis has been applied now to the other structural 
parameters. The results show that the averages of the various structural 
parameters are of different types. 

( 1 ) The hydrated molecular volume of species i, Vh in A 3 , is given by 
(31): 

γ = Ce.i Me.i (1 - gl ψ2)2 ^ 
S* 00 

4 x p s J s2 Δ Ii (s) ds 
where all the symbols have their previous meaning. In a polydisperse 
system, the measured volume is an average of type 

<F >" - v Œ ( 2 2 ) 

<—TT 
where Me>w is the weight-average molecular weight, Ce>i is the concentra
tion of species i in electrons per A 3 , and Ce is the total concentration. 

(2) The surface-to-volume ratio, S/V, measured in a mixture is 

4 π 2 Σ l im S 4 Δ / . ( s ) X S . 

% Jo 
s2 Δ /,· (s) ds Σ Vi 

i 

Σ σ< d/Mi 

Σ Vi Cil Mi 

(23) 

where σ{ is the surface of a molecule of species i, and vt is its volume. 
Therefore, in a polydisperse system, the quantity measured is the ratio 
of the total surface of the macromolecules to their total volume. 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ch

02
6

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



26. TIMASHEFF Small Angle X-Ray Scattering 341 

(3) Since the surface measured is the total interface between 
macromolecules and solvent, in a polydisperse system, the average of the 
surface per particle is a number average: 

(4) Finally, the average excess electron density of the hydrated 
particles over that of the solvent, Δρ = p2 — pi, is 

This is a weight average, from which a weight average degree of hydra
tion of the macromolecules may be estimated. 
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I N D E X 

A 
Absolute interaction 338 
Absorbance monitoring, effluent . . . 322 
Absorption spectrum 278 
Absorption, atomic 200 
Accuracy 4 

of G P C , precision and 109 
A C T H 289 
Activity coefficient 276 

effect 337 
Acker's method 316 
Adsorption 56 
Agarose 315 

amino acid residues determined 
on 10% 319 

columns, gel permeation studies 
on 310 

gel columns 315 
myoglobin on 10% 324 

Albright and Williams, procedure. . 254 
Amide-proton chemical shift 293 
Amino acid residues determined on 

10% agarose 319 
Analysis 

of block copolymer 157 
macromass 78 
and separation, simultaneous . . . 321 
of volatiles in polymers 71 

Analyzer, energy 80 
Andrew's method 322 
Angiotension 295 
Anionic block copolymer 155 
Anionic polystyrenes 9 
Antibiotic polypeptides and 

hormones 286 
Apparatus for optical mixing 

measurement 38 
Apparent weight-average 

molecular weight 261,278 
Approximate solution of 

certain IPP's 222 
Approximate solutions of 

chemical separation 
equations with diffusion 207 

Archibald method 254,261,265, 
277, 280 

sedimentation equilibrium 
experiments and the 264 

Association 286 
-dissociation equilibrium 298 
forces, intersubunit 327 
mixed 271 

equilibrium condition for . . . . 261 
molecular 289 

Association ( Continued ) 
nonideal mixed 277 
sequential 303 
test for type of 270 

Asymmetrical bimodel M W D . . . . 222 
Atomic absorption 200 
Autocorrelation function 37, 51 
Average degree of polymerization 

of cellulose by G P C 178 
Average molecular weight 

viscosities for NBS standards . 173 
Averages from gel-permeation 

chromatography, molecular 
weight 148 

Β 
Bacitracin A 287 
Balance equations, mass 275 
Basic sedimentation equilibrium 

equation 236, 267, 272, 278 
Basis-generation chromatograms . . 169 
Beam velocity 77 
Beating experiment 34 
Binding 290,338 
Biochemical separation systems . . . 207 
Biopolymer molecular weights 

in interacting systems 327 
Biopolymers 286 
Biphenyl, polyethylene in 253 
Block copolymers 

analysis of 154, 157 
intrinsic viscosity of . . . 156 
Poisson 158 

Branched "comb-shaped" polymers, 
highly 94 

Branched molecules, star-shaped . . 93 
Branched polyethylenes 109 
Branching 92 

in elastomers 85 
factors 86 

Brownian motion 27 
Bueche model 93 
Butadiene block copolymer, styrene- 156 
Butylithium polybutadienes 91 

C 

Calibrating a G P C system 112 
Calibration 

curves 315 
hydrodynamic volume 118 
secondary molecular weight . . 121 

gel permeation chromatography. 117 
parameter, universal 148 
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Calibration ( Continued ) 
in 2,2,2-trifluoroethanol, 

poly ( methyl methacrylate ) 
for 117 

universal 189 
Carbon tetrachloride 61 
Cell mass and volume 265 
Cellulose 190 

by G P C , average degree of 
polymerization of 178 

molecular weight averages o f . . . 187 
molecular weight distribution of. 187 
nitrate 187 

Centerpiece 
non-sector-shaped 240 
sector-shaped 240, 254 
six-channel, equilibrium or 

Yphantis . . . 240,241 
Centrifugation, pressure effects on 

velocity 211 
Chain-length distributions in 

celluloses by GPC 178 
Charge density 289 
Chemical equilibrium 265 

concentrations 269 
Chemical separation equations 

with diffusion 207 
Chemical shift, amide-proton 293 
2-Chloroethanol 333 
Chromatogram widths, reverse-flow 167 
Chromatograms 

basis-generating 169 
monodisperse 168 

Chromatograph, plasma 79 
Chromatographic mobility 59 
Chromatographic system, dual . . . . 64 
Chromatography 

in analyzing reaction products, 
mass 70 

gas 287 
gel permeation . . .9, 98, 126, 138, 164, 

178,187, 310 
calibration 117 
molecular weight averages 

from 148 
mass 63 
thin-layer 55 

Chymotrypsinogen 321 
Coefficient 

activity 276 
partition 307 
second virial 263 
for a solute, distribution 313 

Coherence area 39 
Coil 

random 312,313,316,317 
size 92 

Complexes, intermacromolecule . . . 339 
Composition distribution 154 
Composition of a polymer sample.. 72 
Computer simulation 304 
Concentration ( s ) 

chemical equilibrium 269 

Concentration ( s ) ( Continued ) 
and concentration-gradient 

distributions 239 
of each reactant, total 276 
gradients 219,268 
initial 269 
profiles 211 

Conformation 286 
of a polypeptide 291 

Conformational energy maps 292 
Conservation of mass equations. 269, 270 
Continuous M W D , how to obtain a 249 
Convective transport mechanism . . 208 
Conventional sedimentation 

equilibrium experiments 267 
Conventions used to define 

nonideality 276 
Copolymer 

block 155 
G P C analysis of 154,157 
intrinsic viscosity of styrene-

butadiene 156 
Poisson block 158 

Core map 146 
Cottrell pump 5 
Countercurrent distribution 287 
Crossover molecular weight 95 
Crystallography, x-ray 287 
Curve, calibration 315 
Cyanogen bromide cleavage 

products of proteins 323 
Cytochrome-c 323 

D 

DARS system 140 
Data acquisition I l l 

and reduction in G P C 138 
Data reduction 144 
Data tape, processing a 145 
Degradation in the electrospray . . . 82 
Denaturation, volume change on . . 334 
Denatured proteins 317 
Densitometry 58 
Densimetry 332 
Density 

charge 289 
excess electron 341 
increment 283 

electron 330 
Desorption 56 
Detectors, reproducibility measure

ments by G P C 108 
Detergents 327 
Determination of number-average 

molecular weights by 
ebulliometry 

Determination of polypeptide 
chain molecular weight 310 

Dialysis 290 
thin film 286 

Dielectric constant 32 
Diffraction studies, x-ray 287 
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Diffusion 218 
approximate solutions of chemical 

separation equations with . . 207 
coefficients related to molecular 

weight 41 
constant 210 
equation 209 
sedimentation 43 

Diffusional size 290 
Dimerization 304 
Dimethylformamide 197 
Dissociating agents 327 
Dissociation 327 

equilibrium association- 298 
Distribution 

coefficient for a solute 313 
composition 154 
concentration and concentration-

gradient 239 
countercurrent 287 
from equilibrium sedimentation, 

molecular weight 216 
exponential 12 
logarithmic normal 13 
molecular weight 9,55,175 

from polystyrene 
chromatograms 164 

from sedimentation equilibrium 235 
Poisson 9, 11, 155 

D N A 45,335 
Donnelly's method for MWD's . .243, 257 
DP values by G P C without 

measurements of intrinsic 
viscosity 179 

Ε 
Ebulliometer 2 
Ebulliometric constant 5 
Ebulliometry, termination of 

number-average molecular 
weights by 1 

E. colt HPr 323 
Effluent absorbance monitoring . . . 322 
Effluent weight 315 
Einstein's theory 27 
Einstein-Simha viscosity expression 148 
Elastomers, branching in 85 
Electrodynamics 29 
Electron density, excess 341 
Electron density increment 330 
Electrophoresis, pore gradient . . . . 210 
Electrospray, degradation in the . . 82 
Electrospray mass spectroscopy . . . 73 
Eluotropic series 56 
Energy analyzer 80 
Energy maps, conformational . . . . 292 
Enzyme subunits, molecular 

weights of 336 
Equation 

basic sedimentation 
equilibrium 267,272 

conservation of mass 269, 270 
diffusion 209 

Equation (Continued) 
with diffusion, approximate 

solution of chemical 
separation 207 

Fredholm integral 220 
Lamm 212 
Mark-Houwink 155 
mass balance 272, 275 
for small angle x-ray scattering.. 330 
transport 207 

Equilibrium 
association-dissociation 298 
chemical 265 

concentrations 269 
condition for any mixed 

association 261 
equation, basic sedimentation . . 272 
experiment, sedimentation . . . 267, 277 

at different speeds 261, 265 
sedimentation 260 

molecular weight distribution 
from 216 

Equivalence ratio 155 
Escape rate 289 
Excess electron density 341 
Excluded volume effect 190 
Experiment 

Archibald 277 
light scattering 260,261,266, 

279,280, 282 
sedimentation equi l ibrium. . . . 267, 277 

at different speeds 261 
Exponential distribution 12 

F 
Filtration studies, gel 315 
Flory-Huggins theory 13 
Fluctuating polarization vector . . . 30 
Formaldehyde resins, molecular 

weight characterization of 
resole phenol- 194 

Fourier convolution theorem 
method 236 

Fourier transformation 213 
Fractionation 60, 198 

error 13 
of linear polyethylene, G P C . . . . 98 
method, summative- 9 
of P M M A , G P C 128 
of polystyrene standards 165 
preparative G P C 117 

Friedholm integral equation 220 

G 
Gas chromatography 287 
Gel 210 

columns, agarose 315 
filtration studies 315 
permeation chromatogram 164 
permeation chromatography (see 

G P C ) 
Glucagon 289 
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GPC ( gel permeation 
chromatography) . . 9 , 20, 109, 126, 

138,178,187, 310 
on agarose columns 310 
analysis of block copolymers. . . . 154 
average degree of polymerization 

of cellulose by 178 
calibration 117 
chain-length distributions in 

various celluloses by 178 
data acquisition and reduction in 138 
data treatment 103 
detectors, reproducibility 

measurements by 108 
D P values by 179 
fractionation of P M M A 128 
fractionation, preparative 117 
molecular weight averages 

from 148,190 
precision and accuracy of 109 
system, calibrating a 112 
and viscometry, molecular 

weight averages by 188 
Gradient, concentration 268 
Gradient distributions, concentra

tion and concentration 239 
Gramicidin SA 287,294 
Guanidine HC1 327 
Guanidinium chloride 310,312 

H 
Half-escape times 294 
Heat input 3 
Heater, immersion 2 
Hexafluoro-2-propanol 3 
High resolution N M R 286, 291 
Highly branched "comb-shaped" 

polymers 94 
Homodyne spectroscopy 35 
Homologous polymers 45 
Hormones 294 

antibiotic polypeptides and . . . . 286 
Hydrated molecular volume 340 
Hydration, preferential 336 
Hydrodynamic radius 311 

for a polymer 318 
Hydrodynamic volume 117, 189, 204 

calibration curves 118 
equivalence ratio 155 

Hydrogen bonding 293 

I 
Ideal solutions 261 
Ideality, test for 268,270 
Immersion heater 2 
INDOR technique 294 
Infrared spectroscopy 103 
Insulin 289 
Interactions 

molecular 286 
parameter, preferential 334 
self-association, molecular 290 
solvent 336 

Intermacromolecule complexes . . . 339 
Intersubunit association forces . . . . 327 
Intrinsic viscosity 88,105,195,198 

by G P C without measurements of 
average DP values 179 

molecular weight for P M M A 
in T F E 129 

of styrene-butadiene block 
copolymer 156 

IUPAC samples 98 

L 
Labels for polypeptide chains . . . . 322 
/3-Lactoglobulin A 333 
Lamm equation 212 
Laplace transform 244 

method 236 
Light scattering 19,32,87 

experiments 260, 261, 266, 279 
techniques 29 
theory of molecular 27 

Light, statistical nature of scattered 32 
Linear 

polybutadienes 89 
polyethylene (NBS standard). . . 113 
polystyrene 227 
programming 248 

regularization and 224 
random coil 317 

Liquid reference 5 
Logarithmic normal distribution... 13 
Lorentizian profiles 28 
8-Lysine vasopressin 295 
Lysozyme 81,317,321 

M 
Macromass analysis 78 
Macromolecules in biological 

systems 336 
Macromolecule-solvent interactions 335 
Magnetic electron multiplier 78 
Mark-Houwink 189 

constants for polystyrene 189 
data 203 
equation 155 
exponent 151 
expression 153 
parameters 121, 205 

Mass 
balance equations 272, 275 
cell 265 
chromatography 63 

for identification 67 
equations, conservation o f . . . . 269, 270 
filter, quadrupole 79 
spectroscopy 287 

electrospray 73 
Materials, standard reference 17 
Mathematical model 299,305 
Measuring molecular weights 65 
Measurements, precision of 3 
Mechanical pump 5 
Mechanism, convective transport . . 208 

 P
ub

lic
at

io
n 

D
at

e:
 J

un
e 

1,
 1

97
3 

| d
oi

: 1
0.

10
21

/b
a-

19
73

-0
12

5.
ix

00
1

In Polymer Molecular Weight Methods; Ezrin, M.; 
Advances in Chemistry; American Chemical Society: Washington, DC, 1973. 



INDEX 347 

Melt viscosity 105 
Membrane osmometry 127 
Method, Acker's 316 
Method, Andrew's 322 
Minicomputer 139, 142 
Mixed associations 260,271,301 

equilibrium condition for 261 
nonideal 277 

Model, mathematical 299,305 
Molecular 

association 289 
interactions 286 

self-association 290 
length 101 
light scattering, theory of 27 
weight 88 

apparent weight-average . . . . 261 
averages 144 

of cellulose 187 
from G P C 148 
by viscometry 188 

calibration curve, P M M A . . . . 130 
calibration curve, secondary . . 121 
characterization from P M M A . . 128 
characterization of resole 

phenol-formaldehyde 
resins 194 

crossover 95 
determination in a dual 

chromotographic system 64 
determination, polypeptide 

chain 310 
diffusion coefficients related to 41 
distribution ( see also M W D ) 

9, 175, 216, 219, 222, 243 
of cellulose 187 
from polystyrene 

chromatograms 164 
from sedimentation 
from sedimentation equilib

rium experiments 216,235 
by ebulliometry 1 
of enzyme subunits 336 
measurements 65, 198 
number-average 1, 127, 195 
for P M M A in T F E 129 
and retention index 68 
small angle x-ray scattering 

measurements of 
bipolymer 327 

of two commercial 
polyethylenes 105 

viscometric and G P C weight 
average 190 

and viscosities 201 
viscosities for NBS standards.. 173 
weight-average 190, 263 

volume, hydrated 340 
Molecules, random-coil 288 
Monodisperse chromatograms 168 
Monomer-polymer reaction 

stoichiometry 298 
"Much focussing factor" 78 
Multicomponent system 279,331 

M W D 
asymetrical bimodal 222 
by Donnelly's method 243,257 
of a low molecular weight 

polymer 216 
obtaining a continuous 249 
symmetrical trimodal 223 
using regularization, unimodel . . 219 

Myoglobin on 10% agarose 324 

Ν 
Narrow-distribution polymers . . . . 9 
NBS standards 173 

average molecular weight 
viscosities for 173 

NMR, high resolution 286,291 
Nonideal 

mixed associations 277 
solutions 250,276 
term 250 

Nonideality, conventions used to 
define 276 

Non-sector-shaped centerpieces.. 248, 256 
Novolak resins 194 
Number-average molecular weights 195 

by ebulliometry 196 
Newtonian viscosities 106 

Ο 
Optical 

density 161 
mixing 27 

apparatus 38 
techniques 29 

spectroscopy 28 
system, Rayleigh 273 

O R D spectrum 288 
Organic solvents 328 
Osmometry 18, 87, 103 

membrane 127 
Oxytocin 288,295 

Ρ 
Parameters, Mark-Houwink 205 
Partial specific volume . . . .264, 271, 333 
Partition coefficients 307 
Perturbation procedure 209 
Phase ratio 56 
Phenol-formaldehyde resins, resole 194 
Photocurrent 36 
Photoelectric scanner 277, 283 
Photomultiplier tube 35 
Plasma chromatograph 79 
P M M A 

G P C fractionation of 128 
molecular weight 127,128 
molecular weight calibration 

curve 130 
Poisson block copolymer 158 
Poisson distribution 9,11, 155,157 
Polarization vector, fluctuating . . . . 30 
Poly(7-benzyl glutamate) 45 
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Poly,butadienes 85, 89 
butyllithium 91 
linear 89 
viscosity of 85 

Polydispersity . . . .9, 46, 92,149,192,196 
Polyethylene 108 

in biphenyl 253 
branched 109 
fractionation of linear 98 
molecular weights of two 

commercial , 105 
NBS standard, linear 113 
standard reference polymers . . . 19 

Polymer 
analysis of volatiles in 71 
behavior in T L C 58 
homologous 45 
hydrodynamic radius for 318 
M W D of a low molecular weight 216 
narrow-distribution 9 
sample, composition of a 72 

Polymerization 298, 301 
of cellulose by G P C , average 

degree of 178 
Poly ( methyl methacrylate ) 

(see also P M M A ) 117,156 
Polymyxin Β 287 
Polypeptide 289,320 

chain molecular weight 
determination 310 

conformation of 291 
and hormones, antibiotic 286 
linear random coils 313 

Polystyrene 121 
anionic 9 
chromatograms, molecular weight 

distributions from 164 
latex spheres 28 
linear 227 
Mark-Houwink constants for . . . 189 
standards 18,56,99,151 

fractionation of 165 
in tetrahydrofuran 122 

Poly (vinyl acetate) 85,121,151 
Poly (vinyl chloride) 121,151 
Pore gradient electrophoresis 210 
Pore size 290 
Precision and accuracy of G P C . . . 109 
Precision of measurements 3 
Preferential hydration 336 
Preferential interaction 

parameter 332, 334 
Preferential interactions between 

solvent and macromolecules . . 336 
Preparative G P C fractionation . . . . 117 
Pressure effects on velocity 

centrif ligation 211 
Procedure of AlBright and Williams 254 
Processing a data tape 145 
Processing equilibrium sedimenta

tion data 229 
Processing velocity sedimentation 

data 227 
Profiles, concentration 211 

Programming, linear 248 
Programming a minicomputer . . . . 142 
Proteins 311,323 

denatured 317 
red cell membrane 322 

Proteolytic digestion products . . . . 322 
Proton chemical shift, amide 293 
Pump, mechanical 5 

Q 
Q-factor 188 
Quadrupole mass fiber 79 
Quartz crystal thermometer 2 

R 
Radius, hydrodynamic 311 

for a polymer 318 
Random coil 312 

crosslinked 316 
linear 317 
molecules 288 
polypeptide linear 313 

Rate, escape 289 
Ratio, equivalence 155 
Rayleigh 

intensity 26 
optical system 273 
ratio 40 
and schlieren optics 277 

Reactant, total concentration of 
each 276 

Reaction products, mass chroma
tography in analyzing 70 

Reaction stoichiometry thermo
dynamic point 306 

Red cell membrane proteins 322 
Reduction, data 144 

and acquisition 138 
Refractive index 

increments 264,271,272 
Refractometer 109 
Regularization and linear 

programming 224 
Regularization, unimodal M W D 

using 219 
Reproducibility of measurements 

by G P C detectors 108 
Resins, novolak 194 
Resole phenol-formaldyhyde 

resins 194,204 
Response factor curve 133 
Retention index, molecular 

weight and 68 
Retention volume 188 
Reverse-flow chromatogram widths. 167 

S 
Scanner, photoelectric 277 
Scattering experiments, light 260 
Scattering intensity 330 
Schlieren optics 273 

Rayleigh and 277 
Scholte's method 247 
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Schulz distribution 47 
Second virial coefficient 263 

of the polymeric solute 252 
Secondary molecular weight 

calibration curve 121 
Sector-shaped centerpiece. . 240, 247, 254 
Sedimentation 

data, processing equilibrium . . . 229 
data, processing velocity 227 
diffusion 43 
equilibrium 19,260 

equation, basic 236,267,272 
experiment 267, 277 

and the Archibald method . . 264 
done at different speeds. .261, 265 

molecular weight distribution 
from 235 

velocity 217 
"Seed beam" technique 77 
Self-beat spectroscopy 25 
Self-beat techniques 37 
Separation equations with diffusion 207 
Separation, simultaneous analysis 

and 321 
Separation systems, biochemical . . 207 
Sequential association 303 
Shift, amide-proton chemical . . . . 293 
Simultaneous analysis and 

separation 321 
Simpson integration coefficients . . . 221 
Six-channel, equilibrium or 

Yphantis centerpiece 240 
Size, diffusional 290 
Size, pore 290 
Skimmer 76 
Small angle x-ray scattering 

measurements of biopolymer 
molecular weights in inter
acting systems 327 

Sodium ion activity 205 
Sodium ion content 199 
Sodium sulfate 202 
Solute concentration 5 
Solute, distribution coefficient for a 313 
Solution 

ideal 261 
nonideal 250,276 
viscosity 88 

method 96 
Solvent 

components and macrocolecules 
in biological systems 336 

concentration profile 59 
interactions 336 

macromolecule— 335 
substrate interactions 56 

Specific volume, partial 264, 271, 333 
Spectroscopy 

electrospray mass 73 
homodyne 35 
infrared 103 
mass 287 
optical 28 
self-beat 25 

Spectrum, absorption 278 
Standard reference materials . . 17, 19, 21 
Star-shaped branched molecules . . 93 
Statistical nature of scattered light. 32 
Stoichiometry 308 

monomer-polymer reaction . . . . 298 
thermodynamic point, reaction . . 306 

Stokes-Einstein relationship 42,289 
Summative fractionation 9,10 
Superheating 5 
Surface per particle 341 
Surface to volume ratio 340 
Symmetrical trimodal M W D 223 

Τ 
Temperature gradients 108 
Temperature sensing element . . . . 2 
Test for ideality 268,270 
Test for the type of association 

present 270 
Tetrahydrofuran 121, 151 

polystyrene standards in 122 
T F E , instrinsic viscosity-molecular 

weight relationship for P M M A 
in 129 

Theory of molecular light 
scattering 27 

Thermistors 2 
Thermometer, quartz crystal 2 
Thermopiles 2 
Thin film dialysis 286 
Thin-layer chromatography 55 

for molecular weight 
distribution 55 

Thompson scattering equation . . . . 328 
Three-component system 280 
Time autocorrelation function 32 
Tikhonov method of regularization. 216 
T L C , polymer behavior in 58 
Transport equation 207 
Trifluoroethanol, P M M A for cali

bration in 2,2,2- 261 
True weight-average molecular 

weight 263 
Two-component equation for small 

angle x-ray scattering 330 
Tyrocidines 287,289 

U 
Ultracentrifugation 214 
Unimodal M W D using regulation. . 219 
Universal calibration method . . 148, 149 
Urea, concentrated 327 

V 
Vapor jacket 2 
Vasopressin 288 
Velocity distribution 82 
Velocity sedimentation data 

processing 227 
Virial coefficient, second 265 
Viscometric and G P C weight 

average molecular weights . . . 190 
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Viscometry 87,127 
molecular weight averages by . . 188 

Viscosity 
Einstein-Simha 148 
intrinsic 88,105,195,198 
measurements 198 
melt 105 
molecular weights and 201 
Newtonian 106 
parameters 152 
of polybutadienes 85 
solution 88,96 
of styrene-butadiene block 

copolymer 156 
Volatile products from thermal 

analyzers 71 
Volatiles in polymers, analysis of. . 71 
Volume 

cell 265 
change on denaturation 334 
effect, excluded 190 
hydrated molecular 340 
hydrodynamic 117 
partial specific 271,333 

Water-2-chloroethanol 338 
Weight 

effluent 315 
average molecular weight.238, 261,263 

viscometric and G P C 190 
Wiener-Khinchine theorem 51 

X 
X-ray crystallography 287 
X-ray diffraction studies 287 
X-ray scattering measurements, 

small angle 327 

Y 
Yphantis centerpiece 241 

Ζ 

Zimm's method 26 
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